
Giulia Isabella                                                                          8th November 2025                                                                                      UCLA

2406.13737 [M. Correia, GI]

The Born Regime:

 2503.13593 [S. Caron-Huot, M. Correia, GI, M. Solon] 

From Love Numbers to the Analyticity 
of Gravitational Scattering

 2511.xxxxx [M. Correia, T. Gopalka GI, A. Wolz] 



Inspiral RingdownMerger

Introduction



Inspiral RingdownMerger

Introduction



Introduction

Eikonal regime Born regime

Extracting observables

Computational simplification

bb ≫ λi λ ≫ λi

λ

?
M

ω ≪ M
S(s, b) ∼ e

i
ℏ I(s,b)



Inspiral RingdownMerger

Introduction

Point-particle  
PM expansion

Finite Size  
effects



Inspiral RingdownMerger

Introduction

Point-particle  
PM expansion

Finite Size  
effects

EFT Love numbers



Introduction

Eikonal regime Born regime

Extracting observables

Computational simplification

bb ≫ λi λ ≫ λi

λ

?
M

ω ≪ M
S(s, b) ∼ e

i
ℏ I(s,b)



The Born regime



Inspiration from the eikonal

T = V V V+ + …

Amplitude in the eikonal regime Effective-one-body equation

(∇2 + |p |2 ) ψ(x) = V(x) ψ(x)

V = ?

1808.02489 [C. Cheung, I. Rothstein, M. Solon] 

ψ ∼ e
i
ℏ I(s,b)

Relation to radial action:

…

Todorov, 1970 

2406.13737 [M. Correia, GI] 
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T = V V V+ + …

2406.13737 [M. Correia, GI] 

Amplitude in the Born regime

V = − ( 4MG
r

+
15G2M2

2r2 ) ω2 −
G2M2

2r3
∂r + 𝒪(G3)

Almost…

Amplitude vs Potential

Wave equation

(∇2 + ω2) ϕ(x) = V(x) ϕ(x)

Schwarzschild potential in isotropic coordinates:

…
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UV divergences!

VLove ∼ δ3(x)

+Love numbers 
as counterterms



T = V V V+ + …

2406.13737 [M. Correia, GI] 
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T = V V V+ + …

2406.13737 [M. Correia, GI] 
Todorov, 1970 

Amplitude in the Born regime

Amplitude vs Potential

Effective wave equation

V = Vgrav + VLove

…

(∇2 + ω2) ϕ(x) = V(x) ϕ(x)



T = V V V+ + …

2406.13737 [M. Correia, GI] 
Todorov, 1970 

Amplitude in the Born regime

Amplitude vs Potential

Effective wave equation

V = Vgrav + VLove

Yes, we can
We can solve a differential equation 
instead of computing the amplitude 

directly!

…

(∇2 + ω2) ϕ(x) = V(x) ϕ(x)



Love numbers matching



EFT Matching UV



Sworld = − M∫ dτ + ∑
n,ℓ

Cℓn (∇ℓ ϕ+) ∂n
τ (∇ℓ ϕ−)

Point particle

λ =
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ω

≫ Lω ≪ M

Love numbers
Cℓn

EFT Matching UV
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Point particle

λ =
1
ω

≫ Lω ≪ M

Love numbers

GMω ≪ 1

EFT Matching UV

Cℓn

Sworld = − M∫ dτ + ∑
n,ℓ

Cℓn (∇ℓ ϕ+) ∂n
τ (∇ℓ ϕ−)

Schwarzschild Black hole

Regge-Wheeler ∂μ ( −g gμν∂νϕ) = 0

2nd order ODE

BCs at horizon

Solution known in partial waves (BHPT)



 2401.08752 [M. Ivanov, Y. Li, J. Parra-Martinez,  
                                Z.  Zhou] 

State of the art for Black Hole Love number matching

Scalar wave Gravitational wave

𝒪(G3)

 2503.13593 [S. Caron-Huot, M. Correia, GI,  
                                M. Solon] 𝒪(G7)

 2511.02372 [O. C-S, D. Glazer, A. Joyce, 
                               M. J. Rodriguez, L. Santoni] 

𝒪(G7)



The effective wave equation

∼ 1/rn ∼ δ3(x)

( d2

dr2
−

(ℓ − ϵ)(ℓ − ϵ + 1)
r2

+ ω2) ψ(r) = V(r) ψ(r)

Solve the effective wave equation with  
a Born series
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G2
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New results
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Scalar Black Hole Love numbers



Fℓ (ω) =
∞

∑
n=0

(iω)n Cℓn

μ
d

dμ
F̄2(ω) = −

4π
15

G5M5 [ 32
9
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ℓ = 0

ℓ = 1

ℓ = 2

Quadratic RG

RG equations for Love numbers



We have an EFT, now what?
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Setup

[ d2

dx2
+ ω2 − V(x)] ϕ(ω, x) = 0

x → + ∞x → − ∞

Horizon Spatial infinity

Tortoise coordinates: Regge-Wheeler : ∂μ ( −g gμν∂νϕ) = 0

1+1d problemϕL ∼ e−iωx ϕR ∼ eiωx

x = r + Rs log ( r
Rs

− 1)
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Relation S-matrix and retarded Green’s function

S-matrix  
(or reflection coefficient)

Sℓ (ω) = −
Aout(ω)
Ain(ω)

ϕL(ω, x → − ∞) = e−iωx ϕR(ω, x → − ∞) = eiωx

ϕL(ω, x → + ∞) = Ain(ω) e−iωx + Aout(ω) eiωx



Relation S-matrix and retarded Green’s function

S-matrix  
(or reflection coefficient)

Retarded Green’s 
function

[ d2

dx2
+ ω2 − V(x)] GR (ω, x) = δ(x − x′￼)

Sℓ (ω) = −
Aout(ω)
Ain(ω)

GR (ω, x, x′￼) =
1

2iωAin
[ϕL(x) ϕR(x′￼) θ(x′￼− x)

+ϕL(x′￼) ϕR(x) θ(x − x′￼)]

ϕL(ω, x → − ∞) = e−iωx ϕR(ω, x → − ∞) = eiωx

ϕL(ω, x → + ∞) = Ain(ω) e−iωx + Aout(ω) eiωx



Relation S-matrix and retarded Green’s function

ϕL(ω, x → + ∞) = Ain(ω) e−iωx + Aout(ω) eiωx

S-matrix  
(or reflection coefficient)

Retarded Green’s 
function

[ d2

dx2
+ ω2 − V(x)] GR (ω, x) = δ(x − x′￼)

Sℓ (ω) = −
Aout(ω)
Ain(ω)

GR (ω, x, x′￼) =
1

2iωAin
[ϕL(x) ϕR(x′￼) θ(x′￼− x)

+ϕL(x′￼) ϕR(x) θ(x − x′￼)]

GR(ω, x, x′￼) ⟶ −
1

2iω [eiω(x−x′￼) − Sℓ (ω) eiω(x+x′￼)]
x, x′￼→ ∞



Analyticity for generic potentials

J.R. Taylor (1983) 
R.G. Newton (2013)



Warmup: Volterra equations for the wavefunction

ϕL(ω, x) = e−iωx +
1

2iω ∫
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ϕR(ω, x) = eiωx +
1
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Right BCs

Solutions of wave equation

Integral solutions
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ϕL(ω, x) = e−iωx +
1

2iω ∫
x

−∞
[eiω(x−x′￼) − eiω(x′￼−x)] V(x′￼) ϕL(ω, x′￼) dx′￼

ϕR(ω, x) = eiωx +
1

2iω ∫
∞

x
[eiω(x−x′￼) − eiω(x′￼−x)] V(x′￼) ϕR(ω, x′￼) dx′￼

Right BCs

Solutions of wave equation

ϕL(ω, x) = e−iωx χL(ω, x)

ϕR(ω, x) = eiωx χR(ω, x)

Integral solutions



Warmup: Volterra equations for the wavefunction

G0(ω, x − x′￼) =
e2iω(x−x′￼) − 1

2iω

Integral solutions Right BCs

Solutions of wave equation

ϕL(ω, x) = e−iωx χL(ω, x)

ϕR(ω, x) = eiωx χR(ω, x)

χL(ω, x) = 1 + ∫
x

−∞
G0(ω, x − x′￼) V(x′￼) χL(ω, x′￼) dx′￼

χR(ω, x) = 1 + ∫
∞

x
G0(ω, x − x′￼) V(x′￼) χR(ω, x′￼) dx′￼



Warmup: Volterra equations for the wavefunction

χL(ω, x) = 1 + ∫
x

−∞
G0(ω, x − x′￼) V(x′￼) χL(ω, x′￼) dx′￼

χR(ω, x) = 1 + ∫
∞

x
G0(ω, x − x′￼) V(x′￼) χR(ω, x′￼) dx′￼

G0(ω, x − x′￼) =
e2iω(x−x′￼) − 1

2iω

Integral solutions Right BCs

Solutions of wave equation

Solve the Volterra equations iteratively

χL(ω, x) = ∑
n

χ(n)
L (ω, x)

ϕL(ω, x) = e−iωx χL(ω, x)

ϕR(ω, x) = eiωx χR(ω, x)



Warmup: Volterra equations for the wavefunction

xx1…xn

χ(n)
L (ω, x) = ∫ G0(ω, x − x1)⋯G0(ω, xn−1 − xn) V(x1)⋯V(xn) dx1⋯dxn

x > x1 > … > xn > − ∞
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x > x1 > … > xn > − ∞

|G0(ω, x − x′￼) | =
e2iω(x−x′￼) − 1

2iω

< 0
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Warmup: Volterra equations for the wavefunction

xx1…xn

|χ(n)
L (ω, x) | ≤ ∫ |G0(ω, x − x1) |⋯ |G0(ω, xn−1 − xn) | |V(x1) |⋯ |V(xn) | dx1⋯dxn

x > x1 > … > xn > − ∞

Im ω > 0

≤
1

|ω |n ∫ |V(x1) |⋯ |V(xn) | dx1⋯dxn

x > x1 > … > xn > − ∞

=
1
n! [ 1

|ω | ∫
x

−∞
|V(x1) | dx1]

n
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uniform convergence



Warmup: Volterra equations for the wavefunction

ω

xx1…xn

|χL(ω, x) | = |∑
n

χ(n)
L (ω, x) | ≤ e

1
|ω | ∫x

−∞ |V(x′￼)|dx′￼  is analytic in the 
UHP

χL(ω, x)

 is analytic in the 
UHP

GR(ω, x, x′￼)
Simplest incarnation of causality

GR(t − t′￼, x) = 0 , t − t′￼ < 0

uniform convergence
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More analyticity from the potential

V(x)
θmax

−θmax

V(x → ∞) ≲
1

|x |

xx1…xn

V(x)



ω

More analyticity from the potential

θmax

−θmax

x = yeiθ

x1…
xn

θ

θ

Im eiθω > 0

V(x)

V(x → ∞) ≲
1

|x |

|χL(ω, yeiθ) | = |∑
n

χ(n)
L (ω, yeiθ) | ≤ e

1
|ω | ∫y

−∞ |V(eiθy′￼)|dy′￼



ω

More analyticity from the potential

θmax

−θmax

x = yeiθ

x1…
xn

θ

θ

|χL(ω, yeiθ) | = |∑
n

χ(n)
L (ω, yeiθ) | ≤ e

1
|ω | ∫y

−∞ |V(eiθy′￼)|dy′￼

Im eiθω > 0

V(x)

V(x → ∞) ≲
1

|x |

−θmax

χL ω



Analyticity of connection coefficients

ϕL(ω, x) = e−iωx +
1

2iω ∫
x

−∞
[eiω(x−x′￼) − eiω(x′￼−x)] V(x′￼) ϕL(ω, x′￼) dx′￼

Ain(ω) = 1 −
1

2iω ∫
∞

−∞
V(x′￼) χL(ω, x′￼) dx′￼ Aout(ω) =

1
2iω ∫

∞

−∞
e−2iωx′￼V(x′￼) χL(ω, x′￼) dx′￼

x → ∞



Analyticity of connection coefficients

ϕL(ω, x) = e−iωx +
1

2iω ∫
x
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Analyticity of connection coefficients

ϕL(ω, x) = e−iωx +
1

2iω ∫
x

−∞
[eiω(x−x′￼) − eiω(x′￼−x)] V(x′￼) ϕL(ω, x′￼) dx′￼

Ain(ω) = 1 −
1

2iω ∫
∞

−∞
V(x′￼) χL(ω, x′￼) dx′￼ Aout(ω) =

1
2iω ∫

∞

−∞
e−2iωx′￼V(x′￼) χL(ω, x′￼) dx′￼

θmax

−θmax

Aout

x → ∞

−θmax

Ain
ω



Analyticity of the S-matrix

θmax

−θmax

V(x → ∞) ≲
1

|x |

θmax

−θmax

Meromorphic

Sℓ (ω) = −
Aout(ω)
Ain(ω)



Analyticity of the S-matrix

Sℓ (ω) = −
Aout(ω)
Ain(ω)

θmax

V(x → ∞) ≲
1

|x |

θmax

−θmax

Meromorphic Ain = 0
Quasi-normal  

modes (QNMs)



Analyticity of the Black Hole S-matrix



The Schwarzschild potential

[ d2

dx2
+ ω2 − V(x)] ϕ(ω, x) = 0

Tortoise coordinates: Regge-Wheeler : ∂μ ( −g gμν∂νϕ) = 0 x = r + Rs log ( r
Rs

− 1)

V (r(x)) = (1 −
Rs

r ) ( ℓ(ℓ + 1)
r2

+
Rs

r3
(1 − s2))

Spin of the  
scattered wave

Angular momentum



The Schwarzschild potential

V (r(x)) = (1 −
Rs

r ) ( ℓ(ℓ + 1)
r2

+
Rs

r3
(1 − s2))
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Proven analyticity of the Black Hole amplitude
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Proven analyticity of the Black Hole amplitude
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Explore solvable regimes

Consistency with

-  Small frequency expansion

-  Coulomb potential
-  High frequencies limit

GR(ω, x, x′￼) ⟶ −
1

2iω [eiω(x−x′￼) − Sℓ (ω) eiω(x+x′￼)]
x, x′￼→ ∞
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Do not miss the answers to these questions  
during Anna’s Gong Show!



Conclusion

Eikonal regime Born regime

S(s, b) ∼ e
i
ℏ I(s,b)

Extracting observables

Computational simplification

bb ≫ λi λ ≫ λi

λ

Mω ≪ M

T = V V V+ + …

Effective Wave equation

Computational simplification


