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MOTIVATION
Planar N=4 SYM: playground for new ideas in scattering amplitudes

Four-point amplitudes: restricted kinematics, powerful symmetries
Bern-Dixon-Smirnov (BDS) ansatz

Kinematical part fully fixed, leading IR divergence predicted by integrability
(Beisert, Eden, Staudacher 2006)

Higher-point amplitudes: non-trivial IR finite kinematical part

Powerful techniques: symbols, hexagon bootstrap, flux-tube S-matrix,.....

(Bern, Dixon, Smirnov 2005)

(Goncharov, Spradlin, Vergu, Volovich) (Basso, Sever, Vieira)(Dixon, McLeod, von Hippel, Caron-Huot, Drummond, 
Henn, Dulat, Papathanasiou, Gurdogan, Wilhelm)

Remainder function, ratio function -- start at 6pt



MOTIVATION
Loop integrand - rational function of loop and external momenta

Very complex even at 4pt if we go to high loop order

In D=4: presence of IR divergencies - regularization

Perturbation theory: finite radius of convergence

Can we determine some quantities to all loop orders in     ?

We need to control the integrand to all loops + find a way to integrate + resum

-> re-derive integrability predictions from amplitudes + more
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g2 = g2YMN
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gYM ! 0, N ! 1 t'Hooft limit
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We will work with IR finite object (Wilson loop): negative geometries



MOTIVATION

Are these data lost after integration (how do they transform into numbers)?

The integrand must be complicated because it contains a lot 
of “data”, infinite number of cuts that must be satisfied

Amplituhedron: new geometric definition for the all-loop integrand
Can we use it to calculate the integrand to all loops?

If yes, can we integrate, resum and explore strong coupling?

Can we calculate the IR divergence from amplitudes? Where is integrability there?

Is the full IR finite object (Wilson loop) exactly calculable?



INTRODUCTION



EARLY RESULTS
One-loop amplitude calculated in 1982, (full) two-loop in 1997

In 2003 Anastasiou, Bern, Dixon and Kosower: 
planar sector (large N limit) of the amplitude

Observed relation between two-loop and 
one-loop in dimensional regularization

Lars Brink
1943-2022



BDS ANSATZ
In 2005, Bern, Dixon and Smirnov calculated 3-loop amplitude 

cusp-anomalous dimension calculated in 2006 by 
Beisert, Eden and Staudacher from integrability

The integrand obtained using unitarity methods, after 
integration they found the same iterative structure

Conjecture:

integrand
already given
in 1997 paper



HIGHER LOOPS
In next two years, 4-loop and 5-loop integrands were constructed
(Bern, Czakon, Dixon, Kosower, Smirnov, 2006) (Bern, Carrasco, Johansson, Kosower, 2007)

✤ analytic results not known, leading IR divergence verified at 4-loops numerically
✤ numerators can be chosen to be invariant under dual conformal symmetry

(Drummond, Henn, Korchemsky, Sokatchev, 2008)

Today calculated up to 12-loops using f-graphs
(Bourjaily, Heslop, Tran, 2016) (Bourjaily, He, Shi, Tang, 2025)(He, Shi, Tang, Zhang, 2024)



LOOP INTEGRAND
In 2010, we took the planar integrand seriously and formulated recursion 
relations for N=4 SYM in momentum twistor space

✤ the integrand is a unique rational function 

✤ various ways how to expand it

Properties of the loop integrand

<latexit sha1_base64="jUh+rBK6gIz4pWjJB8DEPF2SguE="></latexit>

I`�loop
n,k (AB1, AB2, . . ., AB`, Z1, Z2, . . ., Zn)
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hABi j j+1i
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hABiABji

✤ symmetric function of all loop lines
✤ the only poles are: or
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ABi

✤ cuts in momentum twistor space: localizing 
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ABi - intersection with other lines

(Hodges, 2009)



AMPLITUDE LOGARITHM
As we learnt from BDS ansatz logarithm of the amplitude is a special 
function with mild IR divergence

<latexit sha1_base64="5B/kvraxyOqxIWUzoyLcEswZs7U="></latexit>
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It makes sense to construct the integrand for the logarithm from 
products of amplitudes, which makes this property manifest

two-loop 4pt example:
<latexit sha1_base64="6KeN0PwHgQT746Picsy3yEemHgU="></latexit>

eI(2)
4 (ABi, Zj) = I(2)

4 (AB,CD)� I(1)
4 (AB)⇥ I(1)

4 (CD)

<latexit sha1_base64="5n4/5xQxUHWzGlhLfslgAaAN3YY="></latexit>

eI(2)
4 =

h1234i3(hAB13ihCD24i+ hAB24ihCD13i)
hAB12ihAB23ihAB34ihAB41ihABCDihCD12ihCD23ihCD34ihCD41i

(Arkani-Hamed, Bourjaily, Cachazo, Trnka, 2010) (Drummond, Henn, 2010)

not a planar object!

IR property: vanishing in collinear regions <latexit sha1_base64="maeDN6SK/En7yUpedXA/0BoLoco=">AAACKXicbZDLSgMxFIYz9VbHW9Wlm2ArCEqZqYguq25cVrAX2hmGM2nahmYuJhmllL6OG1/FjYKibn0R03YW2nog8OX/zyE5vx9zJpVlfRqZhcWl5ZXsqrm2vrG5ldveqckoEYRWScQj0fBBUs5CWlVMcdqIBYXA57Tu96/Gfv2eCsmi8FYNYuoG0A1ZhxFQWvJy5ULBbHoX2BGs21MgRPSAm17p2LlLoK3pcsax8RF2gMc90JcTs1DwcnmraE0Kz4OdQh6lVfFyr047IklAQ0U4SNmyrVi5QxCKEU5HppNIGgPpQ5e2NIYQUOkOJ5uO8IFW2rgTCX1ChSfq74khBFIOAl93BqB6ctYbi/95rUR1zt0hC+NE0ZBMH+okHKsIj2PDbSYoUXygAYhg+q+Y9EAAUTpcU4dgz648D7VS0T4tWjelfLmcxpFFe2gfHSIbnaEyukYVVEUEPaJn9IbejSfjxfgwvqatGSOd2UV/yvj+AU1Xo48=</latexit>ZA ! Z2, ZB ! Z1 + ↵Z3

in fact, only non-zero residue when we move all loop lines in the collinear region
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integrate over

integrate over

rational function

all are
IR finite

IR divergent, BDS ansatz
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lnML

integrate over

integrate over
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IL(`1)

<latexit sha1_base64="zFRbf1JThuDXq1S9MizuL36q0sc=">AAAB83icbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiFw8eKthaaELZbCft0s0m7G6EUvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvCjjTGnP+7ZKa+sbm1vlbXtnd2//oHJ41FZpLim2aMpT2YmIQs4EtjTTHDuZRJJEHB+j0c3Mf3xCqVgqHvQ4wzAhA8FiRok2UuC6doCc9+5s1+1Vql7Nm8NZJX5BqlCg2at8Bf2U5gkKTTlRqut7mQ4nRGpGOU7tIFeYEToiA+waKkiCKpzMb546Z0bpO3EqTQntzNXfExOSKDVOItOZED1Uy95M/M/r5jq+CidMZLlGQReL4pw7OnVmATh9JpFqPjaEUMnMrQ4dEkmoNjHZJgR/+eVV0q7X/Iuad1+vNq6LOMpwAqdwDj5cQgNuoQktoJDBM7zCm5VbL9a79bFoLVnFzDH8gfX5Az9sj9w=</latexit>

`L

<latexit sha1_base64="5z/LSHphjEfzboUO1pCG19BDaVc=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhvBjSUpiC6Lbly4qGAf0IYwmd62QycPZiZiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee4KEM6kc59sora1vbG6Vt82d3b39A+uw0pZxKii0aMxj0Q2IBM4iaCmmOHQTASQMOHSCyc3M7zyCkCyOHtQ0AS8ko4gNGSVKS75VsW2zD5z72V12nru5adu+VXVqzhx4lbgFqaICTd/66g9imoYQKcqJlD3XSZSXEaEY5ZCb/VRCQuiEjKCnaURCkF42vz3Hp1oZ4GEsdEUKz9XfExkJpZyGge4MiRrLZW8m/uf1UjW88jIWJamCiC4WDVOOVYxnQeABE0AVn2pCqGD6VkzHRBCqdFymDsFdfnmVtOs196Lm3NerjesijjI6RifoDLnoEjXQLWqiFqLoCT2jV/Rm5MaL8W58LFpLRjFzhP7A+PwBMJ2Slw==</latexit>

`L�1

<latexit sha1_base64="0jdPJ6onESiUPpriXAyS9s8XOxc=">AAAB9XicbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiF48V7Ae0sWy203bpZhN2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmtOd9W4W19Y3NreK2vbO7t39QOjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbjygVi8W9niQYRGQo2IBRoo304Lp2FznvZdWp7bq9UtmreHM4q8TPSRly1Hulr24/pmmEQlNOlOr4XqKDjEjNKMep3U0VJoSOyRA7hgoSoQqy+dVT58wofWcQS1NCO3P190RGIqUmUWg6I6JHatmbif95nVQProKMiSTVKOhi0SDljo6dWQROn0mkmk8MIVQyc6tDR0QSqk1QtgnBX355lTSrFf+i4t1Vy7XrPI4inMApnIMPl1CDW6hDAyhIeIZXeLOerBfr3fpYtBasfOYY/sD6/AHiP5DO</latexit>

`2

<latexit sha1_base64="IGyQvDqDQXiHzDlzrzhiZV9c1kA=">AAAB9XicbVDLSgNBEOyNr7i+oh69DGYFT2E3IHoMevEYwTwgWcPspJMMmX0wM6uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VJIIr7brfVmFtfWNzq7ht7+zu7R+UDo+aKk4lwwaLRSzbAVUoeIQNzbXAdiKRhoHAVjC+mfmtR5SKx9G9niToh3QY8QFnVBvpwXHsLgrRy7yp7Ti9UtmtuHOQVeLlpAw56r3SV7cfszTESDNBlep4bqL9jErNmcCp3U0VJpSN6RA7hkY0ROVn86un5MwofTKIpalIk7n6eyKjoVKTMDCdIdUjtezNxP+8TqoHV37GoyTVGLHFokEqiI7JLALS5xKZFhNDKJPc3ErYiErKtAnKNiF4yy+vkma14l1U3LtquXadx1GEEziFc/DgEmpwC3VoAAMJz/AKb9aT9WK9Wx+L1oKVzxzDH1ifP+C3kM0=</latexit>

`1

weight 2 function
weight (2L-2) function 

<latexit sha1_base64="KvlqB5W22THtcVq9if8YV8pcqF0="></latexit>

z =
hAB12ihAB34i
hAB23ihAB14i

<latexit sha1_base64="LYiSuArgHiZVirSAUhNQQT4QxHA=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIdWFJCmKXBUFcuKhgH9CGMJlO26GTSZiZCDUEN/6KGxeKuPUr3Pk3TtsstHrgwuGce7n3niBmVCrH+TIKS8srq2vFdXNjc2t7x9rda8koEZg0ccQi0QmQJIxy0lRUMdKJBUFhwEg7GF9M/fYdEZJG/FZNYuKFaMjpgGKktORbB7Ztpj2MGLzM/PQ6Pc3crHx/Ytq2b5WcijMD/EvcnJRAjoZvffb6EU5CwhVmSMqu68TKS5FQFDOSmb1EkhjhMRqSrqYchUR66eyFDB5rpQ8HkdDFFZypPydSFEo5CQPdGSI1koveVPzP6yZqUPNSyuNEEY7niwYJgyqC0zxgnwqCFZtogrCg+laIR0ggrHRqpg7BXXz5L2lVK+5Zxbmpluq1PI4iOARHoAxccA7q4Ao0QBNg8ACewAt4NR6NZ+PNeJ+3Fox8Zh/8gvHxDZJ5lO8=</latexit>

FL�1(z)

<latexit sha1_base64="qWeLFW0lqyb4GXRlPo1RFFvLz64=">AAACFnicbVDLSgMxFM34rONr1KWbYEeo0JaZgthlwY1CFxXsA9oyZNK0Dc08SDJCCfMVbvwVNy4UcSvu/BvTaRfaeiBwcs69N7nHjxkV0nG+jbX1jc2t7dyOubu3f3BoHR23RJRwTJo4YhHv+EgQRkPSlFQy0ok5QYHPSNufXM/89gPhgkbhvZzGpB+gUUiHFCOpJc8q2bapehgxeJt69UKPMOa5RdUbRFKkxeyq6qqUuumFaduelXfKTga4StwFyYMFGp71pSfhJCChxAwJ0XWdWPYV4pJiRlKzlwgSIzxBI9LVNEQBEX2VrZXCc60M4DDi+oQSZurvDoUCIaaBrysDJMdi2ZuJ/3ndRA6rfUXDOJEkxPOHhgmDMoKzjOCAcoIlm2qCMKf6rxCPEUdY6iRNHYK7vPIqaVXK7mXZuavka9VFHDlwCs5AAbjgCtTADWiAJsDgETyDV/BmPBkvxrvxMS9dMxY9J+APjM8fjFadEw==</latexit>

IL(`1, . . ., `L�1)

Can we extract an IR finite function from the integrand?

We need to integrate over all loops to get IR divergence

<latexit sha1_base64="enGjE37RWqEX2GWVvOqs/nNSJJI=">AAACGnicbVDLSgMxFM34dnxVXboJtkKFUmYKokvRjYILBdsKnTJkMrdtMPMguaOUod/hxl9x40IRd+LGvzF9LNR6IHByzr03uSdIpdDoOF/WzOzc/MLi0rK9srq2vlHY3GroJFMc6jyRiboJmAYpYqijQAk3qQIWBRKawe3p0G/egdIiia+xn0I7Yt1YdARnaCS/4JZKtncvQkAhQ8g9ziQ9H/gXZQ+k9N1K7oUJ6kFldL3Yt0slv1B0qs4IdJq4E1IkE1z6hQ8zg2cRxMgl07rlOim2c6ZQcAkD28s0pIzfsi60DI1ZBLqdj1Yb0D2jhLSTKHNipCP1Z0fOIq37UWAqI4Y9/dcbiv95rQw7R+1cxGmGEPPxQ51MUkzoMCcaCgUcZd8QxpUwf6W8xxTjaNK0TQju35WnSaNWdQ+qzlWteHwyiWOJ7JBdUiYuOSTH5Ixckjrh5IE8kRfyaj1az9ab9T4unbEmPdvkF6zPbyvBnw4=</latexit>

eIL(`1, . . ., `L)

4pt: single cross ratio

AMPLITUDE LOGARITHM



GAMMA CUSP
But the leading IR divergence is predicted to be known to 
all loop orders -- exact formula <latexit sha1_base64="bw4SApCt6BN4sZa+IUVi1nsxSX4=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosunFZwT6giWUynaRDZ5IwMxFKKLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+8JUkalcpxvo7Syura+Ud40t7Z3dves/YO2TDKBSQsnLBHdAEnCaExaiipGuqkgiAeMdILR9dTvPBAhaRLfqXFKfI6imIYUI6WlvnVk26YXIc7Rfe4JDnEm00k1OjNtu29VnJozA1wmbkEqoECzb315gwRnnMQKMyRlz3VS5edIKIoZmZheJkmK8AhFpKdpjDiRfj77YQJPtTKAYSJ0xQrO1N8TOeJSjnmgOzlSQ7noTcX/vF6mwks/p3GaKRLj+aIwY1AlcBoIHFBBsGJjTRAWVN8K8RAJhJWOzdQhuIsvL5N2veae15zbeqVxVcRRBsfgBFSBCy5AA9yAJmgBDB7BM3gFb8aT8WK8Gx/z1pJRzByCPzA+fwALwpXY</latexit>�cusp(g) (Beisert, Eden, Staudacher 2005)

Fascinating function of coupling: predicted by BES equation

Integrability of the planar N=4 SYM theory

It is an input into a number of computational methods

very special property:
only single zeta values

at weak coupling

<latexit sha1_base64="vWbuWVPQon1WHMN67m7gZnSfVG0=">AAACGHicbVBNS8NAEN3Urxq/qh69LLaCp5oIoheh6MVjBdsKTRs2241dutmE3YlQQ36GF/+KFw+KeO3Nf+P246CtDwYe780wMy9IBNfgON9WYWl5ZXWtuG5vbG5t75R295o6ThVlDRqLWN0HRDPBJWsAB8HuE8VIFAjWCgbXY7/1yJTmsbyDYcI6EXmQPOSUgJH80kmlYntPDIg/wJfY02nkZ/LSzbselyEMsRcqQjM3z2R3kNuVil8qO1VnArxI3Bkpoxnqfmnk9WKaRkwCFUTrtusk0MmIAk4Fy20v1SwhdEAeWNtQSSKmO9nksRwfGaWHw1iZkoAn6u+JjERaD6PAdEYE+nreG4v/ee0UwotOxmWSApN0uihMBYYYj1PCPa4YBTE0hFDFza2Y9omJAkyWtgnBnX95kTRPq+5Z1bk9LdeuZnEU0QE6RMfIReeohm5QHTUQRc/oFb2jD+vFerM+ra9pa8GazeyjP7BGP1DEnrY=</latexit>

⇣k =
1X

n=1

1

nk

<latexit sha1_base64="zzBguhZ+JTpsGsSpeUWjGtleHhU="></latexit>

�(g) = 8g2 � 8⇡2

3
g4 � 88⇡4

45
g6 � 16

✓
73⇡6

630
+ 4⇣23

◆
g8 + . . .

<latexit sha1_base64="dojEin9V1GHAaY09xoZfAy46N7U=">AAACG3icbVDLSgMxFM3UVx1fVZdugq1QEcvMiOhGKLpxWcE+oFNKJs1MQ5PMkGSEMvQ/3Pgrblwo4kpw4d+YPhbaeiBwOOcebu4JEkaVdpxvK7e0vLK6ll+3Nza3tncKu3sNFacSkzqOWSxbAVKEUUHqmmpGWokkiAeMNIPBzdhvPhCpaCzu9TAhHY4iQUOKkTZSt+CVSrYfIc5ROTqGV9CL4Cn0Q4lwduYzAb1R5vkJHcET6PdirexSqVsoOhVnArhI3Bkpghlq3cKnieKUE6ExQ0q1XSfRnQxJTTEjI9tPFUkQHqCItA0ViBPVySa3jeCRUXowjKV5QsOJ+juRIa7UkAdmkiPdV/PeWPzPa6c6vOxkVCSpJgJPF4UpgzqG46Jgj0qCNRsagrCk5q8Q95EpRps6bVOCO3/yIml4Ffe84tx5xer1rI48OACHoAxccAGq4BbUQB1g8AiewSt4s56sF+vd+piO5qxZZh/8gfX1A5AXnWo=</latexit>

�(g) = 2g � 3 ln 2

2⇡
+ . . .

<latexit sha1_base64="bw4SApCt6BN4sZa+IUVi1nsxSX4=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosunFZwT6giWUynaRDZ5IwMxFKKLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+8JUkalcpxvo7Syura+Ud40t7Z3dves/YO2TDKBSQsnLBHdAEnCaExaiipGuqkgiAeMdILR9dTvPBAhaRLfqXFKfI6imIYUI6WlvnVk26YXIc7Rfe4JDnEm00k1OjNtu29VnJozA1wmbkEqoECzb315gwRnnMQKMyRlz3VS5edIKIoZmZheJkmK8AhFpKdpjDiRfj77YQJPtTKAYSJ0xQrO1N8TOeJSjnmgOzlSQ7noTcX/vF6mwks/p3GaKRLj+aIwY1AlcBoIHFBBsGJjTRAWVN8K8RAJhJWOzdQhuIsvL5N2veae15zbeqVxVcRRBsfgBFSBCy5AA9yAJmgBDB7BM3gFb8aT8WK8Gx/z1pJRzByCPzA+fwALwpXY</latexit>

�cusp(g)

(Basso, Korchemsky, Kotanski 2007)



WILSON LOOP DUALITY

✤  strong coupling: expansion in      
<latexit sha1_base64="aBPrx7OrDEatrNsbhsRm/2w/Eks="></latexit>

F(g, z) = g
z

(z � 1)3
[2(1� z) + (z + 1) log z] + · · ·+O

✓
1

g

◆

✤ weak coupling: expansion in      (known up to 3-loops)      
(Alday, Henn, Sikorowski, 2013)

Lagrangian
insertion

<latexit sha1_base64="qjD3O5zw/XTsioHgyHS/x4ufRwQ=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9OKxgv2Qdi3ZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA8d/BYdT2vVyr7FX8OtEqCnJQhR71X+ur2E5IJKg3hWOtO4KcmnGBlGOF06nYzTVNMRnhAO5ZKLKgOJ/ODp+jMKn0UJ8qWNGiu/p6YYKH1WES2U2Az1MveTPzP62QmvgonTKaZoZIsFsUZRyZBs+9RnylKDB9bgoli9lZEhlhhYmxGrg0hWH55lTSrleCi4t9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP84djnE=</latexit>

g2

<latexit sha1_base64="MiGbu0YHDEtppv7/w+OrGN6LVBE=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnupuQfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ8N7gYuJ7XK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4cTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBZ8e+r5dpNHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH4QyjkE=</latexit>

1/g
(Alday, Buchbinder, Tseytlin, 2011)

Same object appeared in the study of Wilson loops
<latexit sha1_base64="d1MfMnVekj/71wvj4B6O+GPRCBA="></latexit>

hWF (x1, x2, x3, x4)L(x0)i
hWF (x1, x2, x3, x4)i

=
g2

⇡2

h1234i2

hAB12ihAB23ihAB34ihAB41iF(g, z)

We can extract                from this function without hitting a divergence              
<latexit sha1_base64="9xbkvj1vBGngVEbxhhXXDnJAsAo=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosutBlBfuAJoTJdNIOnUnCzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nTBmVynG+jdLK6tr6RnnT3Nre2d2z9g/aMskEJi2csER0QyQJozFpKaoY6aaCIB4y0glH11O/80CEpEl8r8Yp8TkaxDSiGCktBdaRbZveDeIcBbknOMSZTCfVwZlp24FVcWrODHCZuAWpgALNwPry+gnOOIkVZkjKnuukys+RUBQzMjG9TJIU4REakJ6mMeJE+vnshwk81UofRonQFSs4U39P5IhLOeah7uRIDeWiNxX/83qZii79nMZppkiM54uijEGVwGkgsE8FwYqNNUFYUH0rxEMkEFY6NlOH4C6+vEza9Zp7XnPu6pXGVRFHGRyDE1AFLrgADXALmqAFMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHaJ5W5</latexit>

�cusp(g)
(Alday, Henn, Sikorowski, 2013) (Arkani-Hamed, Henn, JT, 2021)(Henn, Korchemsky, Mistlberger, 2019)

<latexit sha1_base64="w+Uv6UVOUr2tp54t9flFaBX2lQg="></latexit>

g
@

@g
�cusp(g) = � 1

⇡

Z ⇡

�⇡
d�F (g, z = ei�)

(Engelund, Roiban, 2011, 2012)

subleading term impossibly hard to calculate

(Henn, Korchemsky, Mistlberger 2019)



QUESTIONS
Big Question 1: Can we derive the gamma cusp formula 
from amplitudes? How is it related to the structures in 
the loop integrand/combinatorics of the Amplituhedron?

Big Question 2: Is it possible to find the exact solution for 
full amplitudes, non-trivial functions of kinematics? 

Resummation of perturbation theory? 
Positive geometry, cluster algebras etc. at strong coupling?

Our method: different organization of perturbation 
theory using negative (Amplituhedron-like) geometries



AMPLITUHEDRON
(Arkani-Hamed, JT 2013)

(Arkani-Hamed, Thomas, JT 2017)



AMPLITUHEDRON
In 2013 together with Nima we found a new geometric construction 

for planar integrands in N=4 SYM

This is a generalization of our earlier work on the on-shell diagrams 
and positive Grassmannian and Hodges’ polytopes

(Arkani-Hamed, JT, 2013) (Arkani-Hamed, Thomas, JT, 2017) (Ferro, Lukowski, 2022)

(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT, 2012) (Hodges 2009) (Arkani-Hamed, Bourjaily, Cachazo, Hodges, JT, 2010)
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(

“Volume”: differential form 
with logarithmic singularities 
on the boundaries of the space

Amplituhedron defined 
by a set of inequalities

in the kinematical space

Tree-level amplitudes
and loop integrands

<latexit sha1_base64="rV+oU2jrFnWjMBcPLyTIRknRXmw=">AAACGHicbVA9SwNBEN2L3+dX1NJmMREsNN4Joo0QsbFTwaiQi2FvM0mW7MexuyeE436GjX/FxkIRWzv/jZuYQhMfDDzem2FmXpxwZmwQfHmFqemZ2bn5BX9xaXlltbi2fmNUqinUqOJK38XEAGcSapZZDneJBiJiDrdx72zg3z6ANkzJa9tPoCFIR7I2o8Q6qVncL5f9LKKE49O8mcndXn6fRcD5XhZpgblSSZ7jExxdCOgQv1xuFktBJRgCT5JwREpohMtm8TNqKZoKkJZyYkw9DBLbyIi2jHLI/Sg1kBDaIx2oOyqJANPIho/leNspLdxW2pW0eKj+nsiIMKYvYtcpiO2acW8g/ufVU9s+bmRMJqkFSX8WtVOOrcKDlHCLaaCW9x0hVDN3K6Zdogm1LkvfhRCOvzxJbg4q4WEluDooVaujOObRJtpCOyhER6iKztElqiGKHtEzekVv3pP34r17Hz+tBW80s4H+wPv8Br7EnlE=</latexit>

A`�loop
n,k = ⌦

General Amplituhedron is 
curvy: complicated 
boundary structure

(Franco, Galloni, Mariotti, JT, 2014) 
(Lukowski, Moerman, 2020) 

(Dian, Heslop, Stewart, 2022)

How to calculate     ?
<latexit sha1_base64="QYiIVscllpqac5oheCTaIbXQay8=">AAAB83icbVBNS8NAEN3Urxq/qh69LDaCp5IURI8FL96sYD+gCWWznbRLdzdhdyOU0r/hxYMiXv0z3vw3btsctPXBwOO9GWbmxRln2vj+t1Pa2Nza3invunv7B4dHleOTtk5zRaFFU56qbkw0cCahZZjh0M0UEBFz6MTj27nfeQKlWSofzSSDSJChZAmjxFgp9Dw3vBcwJK7n9StVv+YvgNdJUJAqKtDsV77CQUpzAdJQTrTuBX5moilRhlEOMzfMNWSEjskQepZKIkBH08XNM3xhlQFOUmVLGrxQf09MidB6ImLbKYgZ6VVvLv7n9XKT3ERTJrPcgKTLRUnOsUnxPAA8YAqo4RNLCFXM3orpiChCjY3JtSEEqy+vk3a9FlzV/Id6tdEo4iijM3SOLlGArlED3aEmaiGKMvSMXtGbkzsvzrvzsWwtOcXMKfoD5/MHP/6P2w==</latexit>

⌦



Triangulation in terms of “simplices”: difficult to do in general

AMPLITUHEDRON

This is a generalization of our earlier work on the on-shell diagrams 
and positive Grassmannian and Hodges’ polytopes

(Arkani-Hamed, JT, 2013) (Arkani-Hamed, Thomas, JT, 2017) (Ferro, Lukowski, 2022)

(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT, 2012) (Hodges 2009) (Arkani-Hamed, Bourjaily, Cachazo, Hodges, JT, 2010)

In 2013 together with Nima we found a new geometric construction 
for planar integrands in N=4 SYM



Amplituhedron geometry is labeled by 4 labels:
<latexit sha1_base64="kTIVzl+5kSKpL/3qvxjuaYl6/Po=">AAACBHicbVDLSsNAFJ3UV42vqMtuBhvBRSlJQXRZdeOygn1AE8JkOm2HTiZhZiKUkIUbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufeeMGFUKsf5Nkpr6xubW+Vtc2d3b//AOjzqyDgVmLRxzGLRC5EkjHLSVlQx0ksEQVHISDec3Mz87gMRksb8Xk0T4kdoxOmQYqS0FFgV2zYzDyMGr/Ig47VJzSOM1aLctO3Aqjp1Zw64StyCVEGBVmB9eYMYpxHhCjMkZd91EuVnSCiKGclNL5UkQXiCRqSvKUcRkX42fyKHp1oZwGEsdHEF5+rviQxFUk6jUHdGSI3lsjcT//P6qRpe+hnlSaoIx4tFw5RBFcNZInBABcGKTTVBWFB9K8RjJBBWOjdTh+Auv7xKOo26e1537hrV5nURRxlUwAk4Ay64AE1wC1qgDTB4BM/gFbwZT8aL8W58LFpLRjFzDP7A+PwBXfuV/g==</latexit>

An,k,`,m
number of external legs

helicity number,
we restrict to k=0

(MHV amplitudes)

number of loops

"dimensionality" of kinematics,
we assume m=4

AMPLITUHEDRON DEFINITON
(Arkani-Hamed, JT 2013) (Arkani-Hamed, Thomas, JT 2017)

Geometry = set of inequalities for kinematical variables 

Amplitude (tree-level, loop integrand) = canonical form

which define a geometric region

calculates a volume of the region



POSITIVE GEOMETRY
Space of dimension D given by polynomial inequalities
(kinematics) -> (parameters      )<latexit sha1_base64="irPIToBlGruZNV5f7u1n30naOFQ=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv2QdinZNNuGJtklyYql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rUeqNEvkvRmnNBR4IFnMCDZWevA896nHXM/rlcp+xZ8DrZIgJ2XIUe+Vvrr9hGSCSkM41roT+KkJJ1gZRjidut1M0xSTER7QjqUSC6rDyfzgKTqzSh/FibIlDZqrvycmWGg9FpHtFNgM9bI3E//zOpmJr8MJk2lmqCSLRXHGkUnQ7HvUZ4oSw8eWYKKYvRWRIVaYGJuRa0MIll9eJc1qJbis+HfVcu0ij6MIJ3AK5xDAFdTgFurQAAICnuEV3hzlvDjvzseiteDkM8fwB87nDzmYjqw=</latexit>xi

Canonical form 
<latexit sha1_base64="jtU+lFxQrKr271Ku0HIuIpXOmf0=">AAAB83icbVBNS8NAEN3Urxq/qh69LDaCp5IURY8FL96sYGuhCWWznbRLdzdhdyOU0r/hxYMiXv0z3vw3btsctPXBwOO9GWbmxRln2vj+t1NaW9/Y3Cpvuzu7e/sHlcOjtk5zRaFFU56qTkw0cCahZZjh0MkUEBFzeIxHNzP/8QmUZql8MOMMIkEGkiWMEmOl0PPc8E7AgLie16tU/Zo/B14lQUGqqECzV/kK+ynNBUhDOdG6G/iZiSZEGUY5TN0w15AROiID6FoqiQAdTeY3T/GZVfo4SZUtafBc/T0xIULrsYhtpyBmqJe9mfif181Nch1NmMxyA5IuFiU5xybFswBwnymgho8tIVQxeyumQ6IINTYm14YQLL+8Str1WnBZ8+/r1cZFEUcZnaBTdI4CdIUa6BY1UQtRlKFn9IrenNx5cd6dj0VrySlmjtEfOJ8/PGKPzw==</latexit>

⌦
with logarithmic singularities 

on boundaries
<latexit sha1_base64="71+dJUFW+j0LyruMljJhBkzcssc="></latexit>

⌦D ��!
x=0

dx

x
⌦D�1

form on the boundary

<latexit sha1_base64="HjR10LtSAQALGdg32GUAEx0RCuM=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyEuilJUXRZEMRlBfuANoTJdNIOnUzizESsofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJo1I5zrdRWFpeWV0rrpsbm1vbO9buXlPGqcCkgWMWi3aAJGGUk4aiipF2IgiKAkZawfBy4rfuiZA05rdqlBAvQn1OQ4qR0pJvHdi2eeUPyw8+Pen2yR10TNv2rZJTcaaAi8TNSQnkqPvWV7cX4zQiXGGGpOy4TqK8DAlFMSNjs5tKkiA8RH3S0ZSjiEgvm14/hsda6cEwFrq4glP190SGIilHUaA7I6QGct6biP95nVSFF15GeZIqwvFsUZgyqGI4iQL2qCBYsZEmCAuqb4V4gATCSgdm6hDc+ZcXSbNacc8qzk21VDvN4yiCQ3AEysAF56AGrkEdNAAGj+AZvII348l4Md6Nj1lrwchn9sEfGJ8/cEGSlQ==</latexit>

Fk(xi) � 0

F1(x) = x� x1 > 0

F2(x) = x2 � x > 0

x = x1 x = x2

⌦ =
dx (x1 � x2)

(x� x1)(x� x2)
= dlog

✓
x� x1

x� x2

◆Example:
line segment



Triangle

x > 0

y > 0

x = (0, 1� y)

y = (0,1)

<latexit sha1_base64="XQ708DTcjFI7LguDXK9clOXFyBc=">AAACEHicbVDLSsNAFJ3UV42vqks3g61YwZakKLoRCm7cWcE+oAllMpm0QycPZibSEPoJbvwVNy4UcevSnX/jtM1CWw9cOJxzL/fe40SMCmkY31puaXlldS2/rm9sbm3vFHb3WiKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtDK8nfvuBcEHD4F4mEbF91A+oRzGSSuoVjksl3br1SR/BK2h5HOHUHVmnbjJOR0nZrIwqyclYL5V6haJRNaaAi8TMSBFkaPQKX5Yb4tgngcQMCdE1jUjaKeKSYkbGuhULEiE8RH3SVTRAPhF2On1oDI+U4kIv5KoCCafq74kU+UIkvqM6fSQHYt6biP953Vh6l3ZKgyiWJMCzRV7MoAzhJB3oUk6wZIkiCHOqboV4gFQqUmWoqxDM+ZcXSatWNc+rxl2tWD/L4siDA3AIysAEF6AObkADNAEGj+AZvII37Ul70d61j1lrTstm9sEfaJ8/tomacg==</latexit>

⌦ =
dx dy

xy(1� x� y)

<latexit sha1_base64="QbGEnu9qfwQxQBkeScbu/mArrdY=">AAACGXicbVBNS8NAEN34WeNX1aOXxVbQgyUpil4EwYs3q1hbaELYbCd16W4SdjfSEvI3vPhXvHhQxKOe/Dduaw9+PRh4vDfDzLww5Uxpx/mwpqZnZufmSwv24tLyymp5bf1aJZmk0KQJT2Q7JAo4i6GpmebQTiUQEXJohf3Tkd+6BalYEl/pYQq+IL2YRYwSbaSg7FSrdu5JgS9BFUE+PHYK7J0L6BF8jL1IEpp3B0U+2HH3BruFXa0G5YpTc8bAf4k7IRU0QSMov3ndhGYCYk05UarjOqn2cyI1oxwK28sUpIT2SQ86hsZEgPLz8WcF3jZKF0eJNBVrPFa/T+REKDUUoekURN+o395I/M/rZDo68nMWp5mGmH4tijKOdYJHMeEuk0A1HxpCqGTmVkxviIlDmzBtE4L7++W/5Lpecw9qzkW9crI/iaOENtEW2kEuOkQn6Aw1UBNRdIce0BN6tu6tR+vFev1qnbImMxvoB6z3T6AxniI=</latexit>

Resy=0⌦ =
dx

x(1� x)
check we get lower

dimensional form correct: 

canonical form
on a line x=(0,1)

<latexit sha1_base64="t6LLb0bhxthLIhnE+nMbCLD0BQQ=">AAAB8nicbVBNS8NAEJ34WeNX1aOXxUbwYkmKogcPBS8eK9gPSEPZbDft0s0m7G7EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTGnX/bZWVtfWNzZLW/b2zu7efvngsKWSTBLaJAlPZCfEinImaFMzzWknlRTHIaftcHQ79duPVCqWiAc9TmkQ44FgESNYG8l3HHt8450/2Y7TK1fcqjsDWiZeQSpQoNErf3X7CcliKjThWCnfc1Md5FhqRjid2N1M0RSTER5Q31CBY6qCfHbyBJ0apY+iRJoSGs3U3xM5jpUax6HpjLEeqkVvKv7n+ZmOroOciTTTVJD5oijjSCdo+j/qM0mJ5mNDMJHM3IrIEEtMtEnJNiF4iy8vk1at6l1W3ftapX5RxFGCYziBM/DgCupwBw1oAoEEnuEV3ixtvVjv1se8dcUqZo7gD6zPH/iLjws=</latexit>

y < 1� x

POSITIVE GEOMETRY



Polygon

x > 0

y > 0

<latexit sha1_base64="YcHuGpC79GqzhAutBxMXIi7xXAw=">AAAB8HicbVA9SwNBEJ2LX/H8ilraLOYEq3AXFC0sAjaWEUyiJEfY2+wlS3b3jt09MYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz86KUM218/9sprKyurW8UN92t7Z3dvdL+QVMnmSK0QRKeqPsIa8qZpA3DDKf3qaJYRJy2ouH11G89UqVZIu/MKKWhwH3JYkawsdKD57lPV4Hred1S2a/4M6BlEuSkDDnq3dJXp5eQTFBpCMdatwM/NeEYK8MIpxO3k2maYjLEfdq2VGJBdTieHTxBJ1bpoThRtqRBM/X3xBgLrUcisp0Cm4Fe9Kbif147M/FlOGYyzQyVZL4ozjgyCZp+j3pMUWL4yBJMFLO3IjLAChNjM3JtCMHiy8ukWa0E5xX/tlquneVxFOEIjuEUAriAGtxAHRpAQMAzvMKbo5wX5935mLcWnHzmEP7A+fwBrmmOUQ==</latexit>

x < 1

<latexit sha1_base64="amd8ejowmOamG9aYO99JMvxWGGQ=">AAAB8nicbVBNS8NAEJ34WeNX1aOXxUYQhJIURQ8eCl48VrAfkIay2W7apZtN2N2IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWHKmdKu+22trK6tb2yWtuztnd29/fLBYUslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4eh26rcfqVQsEQ96nNIgxgPBIkawNpLvOPb4xjt/sh2nV664VXcGtEy8glSgQKNX/ur2E5LFVGjCsVK+56Y6yLHUjHA6sbuZoikmIzygvqECx1QF+ezkCTo1Sh9FiTQlNJqpvydyHCs1jkPTGWM9VIveVPzP8zMdXQc5E2mmqSDzRVHGkU7Q9H/UZ5ISzceGYCKZuRWRIZaYaJOSbULwFl9eJq1a1busuve1Sv2iiKMEx3ACZ+DBFdThDhrQBAIJPMMrvFnaerHerY9564pVzBzBH1ifP/V7jwk=</latexit>

y < 1 + x

<latexit sha1_base64="Ddcrt12xd88vnAgvc9P0KP6x89c=">AAAB+HicbVDLSsNAFL2prxofjbp0M9gIFaQkRdGNUHDjsoJ9QBvKZDpph04ezEzEGvolblwo4tZPceffOG2z0OqBC4dz7uXee/yEM6kc58sorKyurW8UN82t7Z3dkrW335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3w989v3VEgWR3dqklAvxMOIBYxgpaW+VbJt8wFdoYpz6p6Ytt23yk7VmQP9JW5OypCj0bc+e4OYpCGNFOFYyq7rJMrLsFCMcDo1e6mkCSZjPKRdTSMcUull88On6FgrAxTEQlek0Fz9OZHhUMpJ6OvOEKuRXPZm4n9eN1XBpZexKEkVjchiUZBypGI0SwENmKBE8YkmmAimb0VkhAUmSmdl6hDc5Zf/klat6p5XndtauX6Wx1GEQziCCrhwAXW4gQY0gUAKT/ACr8aj8Wy8Ge+L1oKRzxzALxgf33jKj6w=</latexit>

x = (0, 1)
<latexit sha1_base64="GlrQC2WZG52SbfQwUa6tLFiwEhQ=">AAAB+nicbVDLSsNAFJ3UV42vVJduBhuhopSkKLoRCm5cVrAPaEOZTCft4GQSZiZqiP0UNy4UceuXuPNvnLZZaOuBC4dz7uXee/yYUakc59soLC2vrK4V182Nza3tHau025JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2f3c18dv3REga8VuVxsQL0ZDTgGKktNS3SrZtpvASVpwT9/jxyLTtvlV2qs4UcJG4OSmDHI2+9dUbRDgJCVeYISm7rhMrL0NCUczI2OwlksQI36Eh6WrKUUikl01PH8NDrQxgEAldXMGp+nsiQ6GUaejrzhCpkZz3JuJ/XjdRwYWXUR4ninA8WxQkDKoITnKAAyoIVizVBGFB9a0Qj5BAWOm0TB2CO//yImnVqu5Z1bmpleuneRxFsA8OQAW44BzUwTVogCbA4AE8g1fwZjwZL8a78TFrLRj5zB74A+PzB8JlkGQ=</latexit>

y = (0, 1 + x)

<latexit sha1_base64="E4C9bw5SgqI1r9U8BgwePAJcbvY=">AAACFXicbVDLSgMxFM34rOOr6tJNsBVaaMtMUXQjFNy4s4J9QKeUTJppQzOZIclIh6E/4cZfceNCEbeCO//GTNuFth643MM595Lc44aMSmVZ38bK6tr6xmZmy9ze2d3bzx4cNmUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljq5Tv/VAhKQBv1dxSLo+GnDqUYyUlnrZUj5vOrc+GSB4BR1PIJzwwrgUFyfJOC6My3axEJfTNjHz+V42Z1WsKeAyseckB+ao97JfTj/AkU+4wgxJ2bGtUHUTJBTFjExMJ5IkRHiEBqSjKUc+kd1ketUEnmqlD71A6OIKTtXfGwnypYx9V0/6SA3lopeK/3mdSHmX3YTyMFKE49lDXsSgCmAaEexTQbBisSYIC6r/CvEQ6WiUDtLUIdiLJy+TZrVin1esu2qudjaPIwOOwQkoABtcgBq4AXXQABg8gmfwCt6MJ+PFeDc+ZqMrxnznCPyB8fkDz5qbZg==</latexit>

⌦ =
n(x, y)

xy(x� 1)(y � x� 1)

we can write

Two ways to fix the numerator

POSITIVE GEOMETRY



Triangulation

x > 0

y > 0

<latexit sha1_base64="YcHuGpC79GqzhAutBxMXIi7xXAw=">AAAB8HicbVA9SwNBEJ2LX/H8ilraLOYEq3AXFC0sAjaWEUyiJEfY2+wlS3b3jt09MYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz86KUM218/9sprKyurW8UN92t7Z3dvdL+QVMnmSK0QRKeqPsIa8qZpA3DDKf3qaJYRJy2ouH11G89UqVZIu/MKKWhwH3JYkawsdKD57lPV4Hred1S2a/4M6BlEuSkDDnq3dJXp5eQTFBpCMdatwM/NeEYK8MIpxO3k2maYjLEfdq2VGJBdTieHTxBJ1bpoThRtqRBM/X3xBgLrUcisp0Cm4Fe9Kbif147M/FlOGYyzQyVZL4ozjgyCZp+j3pMUWL4yBJMFLO3IjLAChNjM3JtCMHiy8ukWa0E5xX/tlquneVxFOEIjuEUAriAGtxAHRpAQMAzvMKbo5wX5935mLcWnHzmEP7A+fwBrmmOUQ==</latexit>

x < 1

<latexit sha1_base64="amd8ejowmOamG9aYO99JMvxWGGQ=">AAAB8nicbVBNS8NAEJ34WeNX1aOXxUYQhJIURQ8eCl48VrAfkIay2W7apZtN2N2IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWHKmdKu+22trK6tb2yWtuztnd29/fLBYUslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4eh26rcfqVQsEQ96nNIgxgPBIkawNpLvOPb4xjt/sh2nV664VXcGtEy8glSgQKNX/ur2E5LFVGjCsVK+56Y6yLHUjHA6sbuZoikmIzygvqECx1QF+ezkCTo1Sh9FiTQlNJqpvydyHCs1jkPTGWM9VIveVPzP8zMdXQc5E2mmqSDzRVHGkU7Q9H/UZ5ISzceGYCKZuRWRIZaYaJOSbULwFl9eJq1a1busuve1Sv2iiKMEx3ACZ+DBFdThDhrQBAIJPMMrvFnaerHerY9564pVzBzBH1ifP/V7jwk=</latexit>

y < 1 + x

<latexit sha1_base64="mv/PElOw/eEmEWDBOv0KKkg4+yI=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURS9CwYvHCvYD2lA22027dLMJuxsxhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63S2vrG5lZ5297Z3ds/qBwetVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTG5nfueRSsVi8aCzhPoRHgkWMoK1kfqOY2foBtWfbMcZVKpuzZ0DrRKvIFUo0BxUvvrDmKQRFZpwrFTPcxPt51hqRjid2v1U0QSTCR7RnqECR1T5+fzmKTozyhCFsTQlNJqrvydyHCmVRYHpjLAeq2VvJv7n9VIdXvs5E0mqqSCLRWHKkY7RLAA0ZJISzTNDMJHM3IrIGEtMtInJNiF4yy+vkna95l3W3Pt6tXFRxFGGEziFc/DgChpwB01oAYEEnuEV3qzUerHerY9Fa8kqZo7hD6zPHz7Wjyo=</latexit>

y = 2x

spurious line: y=2x

divides the space into 
two triangles

POSITIVE GEOMETRY



Triangulation

x > 0

y > 0

<latexit sha1_base64="YcHuGpC79GqzhAutBxMXIi7xXAw=">AAAB8HicbVA9SwNBEJ2LX/H8ilraLOYEq3AXFC0sAjaWEUyiJEfY2+wlS3b3jt09MYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz86KUM218/9sprKyurW8UN92t7Z3dvdL+QVMnmSK0QRKeqPsIa8qZpA3DDKf3qaJYRJy2ouH11G89UqVZIu/MKKWhwH3JYkawsdKD57lPV4Hred1S2a/4M6BlEuSkDDnq3dJXp5eQTFBpCMdatwM/NeEYK8MIpxO3k2maYjLEfdq2VGJBdTieHTxBJ1bpoThRtqRBM/X3xBgLrUcisp0Cm4Fe9Kbif147M/FlOGYyzQyVZL4ozjgyCZp+j3pMUWL4yBJMFLO3IjLAChNjM3JtCMHiy8ukWa0E5xX/tlquneVxFOEIjuEUAriAGtxAHRpAQMAzvMKbo5wX5935mLcWnHzmEP7A+fwBrmmOUQ==</latexit>

x < 1

<latexit sha1_base64="amd8ejowmOamG9aYO99JMvxWGGQ=">AAAB8nicbVBNS8NAEJ34WeNX1aOXxUYQhJIURQ8eCl48VrAfkIay2W7apZtN2N2IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeWHKmdKu+22trK6tb2yWtuztnd29/fLBYUslmSS0SRKeyE6IFeVM0KZmmtNOKimOQ07b4eh26rcfqVQsEQ96nNIgxgPBIkawNpLvOPb4xjt/sh2nV664VXcGtEy8glSgQKNX/ur2E5LFVGjCsVK+56Y6yLHUjHA6sbuZoikmIzygvqECx1QF+ezkCTo1Sh9FiTQlNJqpvydyHCs1jkPTGWM9VIveVPzP8zMdXQc5E2mmqSDzRVHGkU7Q9H/UZ5ISzceGYCKZuRWRIZaYaJOSbULwFl9eJq1a1busuve1Sv2iiKMEx3ACZ+DBFdThDhrQBAIJPMMrvFnaerHerY9564pVzBzBH1ifP/V7jwk=</latexit>

y < 1 + x

<latexit sha1_base64="mv/PElOw/eEmEWDBOv0KKkg4+yI=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURS9CwYvHCvYD2lA22027dLMJuxsxhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63S2vrG5lZ5297Z3ds/qBwetVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTG5nfueRSsVi8aCzhPoRHgkWMoK1kfqOY2foBtWfbMcZVKpuzZ0DrRKvIFUo0BxUvvrDmKQRFZpwrFTPcxPt51hqRjid2v1U0QSTCR7RnqECR1T5+fzmKTozyhCFsTQlNJqrvydyHCmVRYHpjLAeq2VvJv7n9VIdXvs5E0mqqSCLRWHKkY7RLAA0ZJISzTNDMJHM3IrIGEtMtInJNiF4yy+vkna95l3W3Pt6tXFRxFGGEziFc/DgChpwB01oAYEEnuEV3qzUerHerY9Fa8kqZo7hD6zPHz7Wjyo=</latexit>

y = 2x

spurious line: y=2x

divides the space into 
two triangles

<latexit sha1_base64="CrD3bmcbLSWm81lP3LFa9DTCiNw="></latexit>

⌦1 =
dx dy

x(y � x� 1)(y � 2x)

<latexit sha1_base64="OeQ/NsSKHJFGbKvkupeJlw1kSkI="></latexit>

⌦2 = � 2dx dy

(x� 1)y(y � 2x)

<latexit sha1_base64="0wVjNaoTsRkPbPaNM6l48FScsC8="></latexit>

⌦ = ⌦1 + ⌦2 =
(1 + x)dx dy

xy(x� 1)(y � x� 1)

spurious pole cancels

POSITIVE GEOMETRY



(Arkani-Hamed, JT 2013) (Arkani-Hamed, Thomas, JT 2017)

`Geometry of lines in 
<latexit sha1_base64="Y+vf5iMvO3MmwdyAWwN73AUeLRg=">AAAB+3icbVDLSsNAFL2prxpfsS7dBBvBVUkqosuiG5cV7APaWCbTaTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOEDMqlet+G6W19Y3NrfK2ubO7t39gHVbaMkoEJi0csUh0AyQJo5y0FFWMdGNBUBgw0gmmN7nfeSRC0ojfq1lM/BCNOR1RjJSWBlbFccx+iNQkCNJm9nBuOs7Aqro1dw57lXgFqUKB5sD66g8jnISEK8yQlD3PjZWfIqEoZiQz+4kkMcJTNCY9TTkKifTTefbMPtXK0B5FQj+u7Ln6eyNFoZSzMNCTeUy57OXif14vUaMrP6U8ThTheHFolDBbRXZehD2kgmDFZpogLKjOauMJEggrXZepS/CWv7xK2vWad1Fz7+rVxnVRRxmO4QTOwINLaMAtNKEFGJ7gGV7hzciMF+Pd+FiMloxi5wj+wPj8AUtukqg=</latexit>

P3

A1

A2

A`

B` B2

B1

Dj =

✓
1 xj 0 �yj
0 wj 1 zj

◆
each line

xj , yj , wj , zj > 0

(xj � xk)(zj � zk) + (wj � wk)(yj � yk) < 0

Triangulation: divide the geometry into "simplices" -- very hard

Known triangulation: loop BCFW recursion relations 

Definition of the L-loop space:

(Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, JT 2010) (Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT 2012)

(Galashin, in progress)

FOUR-POINT AMPLITUHEDRON



AMPLITUHEDRON DEFINITON
(Arkani-Hamed, JT 2013) (Arkani-Hamed, Thomas, JT 2017)

`Geometry of lines in 
<latexit sha1_base64="Y+vf5iMvO3MmwdyAWwN73AUeLRg=">AAAB+3icbVDLSsNAFL2prxpfsS7dBBvBVUkqosuiG5cV7APaWCbTaTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOEDMqlet+G6W19Y3NrfK2ubO7t39gHVbaMkoEJi0csUh0AyQJo5y0FFWMdGNBUBgw0gmmN7nfeSRC0ojfq1lM/BCNOR1RjJSWBlbFccx+iNQkCNJm9nBuOs7Aqro1dw57lXgFqUKB5sD66g8jnISEK8yQlD3PjZWfIqEoZiQz+4kkMcJTNCY9TTkKifTTefbMPtXK0B5FQj+u7Ln6eyNFoZSzMNCTeUy57OXif14vUaMrP6U8ThTheHFolDBbRXZehD2kgmDFZpogLKjOauMJEggrXZepS/CWv7xK2vWad1Fz7+rVxnVRRxmO4QTOwINLaMAtNKEFGJ7gGV7hzciMF+Pd+FiMloxi5wj+wPj8AUtukqg=</latexit>

P3

A1

A2

A`

B` B2

B1

Dj =

✓
1 xj 0 �yj
0 wj 1 zj

◆
each line

xj , yj , wj , zj > 0

(xj � xk)(zj � zk) + (wj � wk)(yj � yk) < 0

Triangulation: find “simplices” -- hard in general

Known triangulation: loop BCFW recursion relations 

Definition of the L-loop space:

(Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, JT 2010) (Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT 2012)

nice previous talk by Pasha Galashin on a new exciting work!



NEGATIVE GEOMETRIES
(Arkani-Hamed, Henn, JT 2021)



AMPLITUHEDRON

negative geometries
this talk

General story:
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(
<latexit sha1_base64="2lwbKFAyyLU0fnYQDVbRQ8Hbcgk=">AAACFXicbVDLSgNBEJz17fqKevQymAgeNOwGRC9C0IueVDBRyMYwO+kkQ+axzMwKYdmf8OKvePGgiFfBm3/jJObgq6ChqOqmuytOODM2CD68icmp6ZnZuXl/YXFpeaWwulY3KtUUalRxpa9jYoAzCTXLLIfrRAMRMYeruH889K9uQRum5KUdJNAUpCtZh1FindQq7JRKfhZRwvFp3pI3WQSc72aRFpgrleQ5PsTRmYAuwX6p1CoUg3IwAv5LwjEpojHOW4X3qK1oKkBayokxjTBIbDMj2jLKIfej1EBCaJ90oeGoJAJMMxt9leMtp7RxR2lX0uKR+n0iI8KYgYhdpyC2Z357Q/E/r5HazkEzYzJJLUj6taiTcmwVHkaE20wDtXzgCKGauVsx7RFNqHVB+i6E8PfLf0m9Ug73ysFFpVg9GscxhzbQJtpGIdpHVXSCzlENUXSHHtATevbuvUfvxXv9ap3wxjPr6Ae8t0/9UJzO</latexit>

I`�loop
n = ⌦ Integrand always well-defined:

nice rational function

Then later we would like to integrate:

<latexit sha1_base64="F8O39/FdQ4cq0JomPUDCxxA8Lnk=">AAACKHicbVDLSgMxFM34rOOr6tJNsCO4scwURDdi1Y3uKtgHdMaSSdM2NJMMSUYow3yOG3/FjYgi3folpo+Ftj0QOJxzLrn3hDGjSrvu0FpaXlldW89t2Jtb2zu7+b39mhKJxKSKBROyESJFGOWkqqlmpBFLgqKQkXrYvx359WciFRX8UQ9iEkSoy2mHYqSN1MpfOY593eJPqU8YO019GUEmRJxl8BL6lGuY+hgxeJ8tytiO08oX3KI7Bpwn3pQUwBSVVv7DbwucRIRrzJBSTc+NdZAiqSlmJLP9RJEY4T7qkqahHEVEBen40AweG6UNO0KaZ3Ybq38nUhQpNYhCk4yQ7qlZbyQu8pqJ7lwEKeVxognHk486CYNawFFrsE0lwZoNDEFYUrMrxD0kEdamW9uU4M2ePE9qpaJ3VnQfSoXyzbSOHDgER+AEeOAclMEdqIAqwOAFvIFP8GW9Wu/WtzWcRJes6cwB+Afr5xeqh6Ul</latexit>

A`�loop
n =

Z
I`�loop
n

<latexit sha1_base64="hsofqDPqXnRY3fq5dZJ9w3b4YbY=">AAAB9XicbVBNS8NAEN34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8tmu2mXbjZhd6KE0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYngGlz321pZXVvf2Cxt2ds7u3v75YPDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gfDP1249MaR7Le8gS5kdkKHnIKQEjPTiOfYV7XIaQ2Y7TL1fcqjsDXiZeQSqoQKNf/uoNYppGTAIVROuu5ybg50QBp4JN7F6qWULomAxZ11BJIqb9fHb1BJ8aZYDDWJmSgGfq74mcRFpnUWA6IwIjvehNxf+8bgrhpZ9zmaTAJJ0vClOBIcbTCPCAK0ZBZIYQqri5FdMRUYSCCco2IXiLLy+TVq3qnVfdu1qlfl3EUULH6ASdIQ9doDq6RQ3URBQp9Ixe0Zv1ZL1Y79bHvHXFKmaO0B9Ynz9/eJCP</latexit>= 1



AMPLITUHEDRON

negative geometries
this talk

General story:
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(
<latexit sha1_base64="2lwbKFAyyLU0fnYQDVbRQ8Hbcgk=">AAACFXicbVDLSgNBEJz17fqKevQymAgeNOwGRC9C0IueVDBRyMYwO+kkQ+axzMwKYdmf8OKvePGgiFfBm3/jJObgq6ChqOqmuytOODM2CD68icmp6ZnZuXl/YXFpeaWwulY3KtUUalRxpa9jYoAzCTXLLIfrRAMRMYeruH889K9uQRum5KUdJNAUpCtZh1FindQq7JRKfhZRwvFp3pI3WQSc72aRFpgrleQ5PsTRmYAuwX6p1CoUg3IwAv5LwjEpojHOW4X3qK1oKkBayokxjTBIbDMj2jLKIfej1EBCaJ90oeGoJAJMMxt9leMtp7RxR2lX0uKR+n0iI8KYgYhdpyC2Z357Q/E/r5HazkEzYzJJLUj6taiTcmwVHkaE20wDtXzgCKGauVsx7RFNqHVB+i6E8PfLf0m9Ug73ysFFpVg9GscxhzbQJtpGIdpHVXSCzlENUXSHHtATevbuvUfvxXv9ap3wxjPr6Ae8t0/9UJzO</latexit>

I`�loop
n = ⌦ Integrand always well-defined:

nice rational function

Then later we would like to integrate:

<latexit sha1_base64="F8O39/FdQ4cq0JomPUDCxxA8Lnk=">AAACKHicbVDLSgMxFM34rOOr6tJNsCO4scwURDdi1Y3uKtgHdMaSSdM2NJMMSUYow3yOG3/FjYgi3folpo+Ftj0QOJxzLrn3hDGjSrvu0FpaXlldW89t2Jtb2zu7+b39mhKJxKSKBROyESJFGOWkqqlmpBFLgqKQkXrYvx359WciFRX8UQ9iEkSoy2mHYqSN1MpfOY593eJPqU8YO019GUEmRJxl8BL6lGuY+hgxeJ8tytiO08oX3KI7Bpwn3pQUwBSVVv7DbwucRIRrzJBSTc+NdZAiqSlmJLP9RJEY4T7qkqahHEVEBen40AweG6UNO0KaZ3Ybq38nUhQpNYhCk4yQ7qlZbyQu8pqJ7lwEKeVxognHk486CYNawFFrsE0lwZoNDEFYUrMrxD0kEdamW9uU4M2ePE9qpaJ3VnQfSoXyzbSOHDgER+AEeOAclMEdqIAqwOAFvIFP8GW9Wu/WtzWcRJes6cwB+Afr5xeqh6Ul</latexit>

A`�loop
n =

Z
I`�loop
n

<latexit sha1_base64="hsofqDPqXnRY3fq5dZJ9w3b4YbY=">AAAB9XicbVBNS8NAEN34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8tmu2mXbjZhd6KE0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYngGlz321pZXVvf2Cxt2ds7u3v75YPDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gfDP1249MaR7Le8gS5kdkKHnIKQEjPTiOfYV7XIaQ2Y7TL1fcqjsDXiZeQSqoQKNf/uoNYppGTAIVROuu5ybg50QBp4JN7F6qWULomAxZ11BJIqb9fHb1BJ8aZYDDWJmSgGfq74mcRFpnUWA6IwIjvehNxf+8bgrhpZ9zmaTAJJ0vClOBIcbTCPCAK0ZBZIYQqri5FdMRUYSCCco2IXiLLy+TVq3qnVfdu1qlfl3EUULH6ASdIQ9doDq6RQ3URBQp9Ixe0Zv1ZL1Y79bHvHXFKmaO0B9Ynz9/eJCP</latexit>= 1

not in this talk: work with Nima Arkani-Hamed, 
Johannes Henn,  Wojciech Flieger, Anders 

Schreiber, Melvyn Nabavi

deformed Amplituhedron



AMPLITUHEDRON

negative geometries
this talk

General story:
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(
<latexit sha1_base64="+UUiFTbSn0cZCFqTHAqwkg728Ts=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWyErkJSEF0W3LisYFuhCWUynbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5gJrsB1v43K2vrG5lZ129zZ3ds/sA6POirNJWVtmopU3odEMcET1gYOgt1nkpE4FKwbjq9nfveBScXT5A4mGQtiMkx4xCkBLfWtE9s2fcEiqGNf8uEIHNO2+1bNddw58CrxSlJDJVp968sfpDSPWQJUEKV6nptBUBAJnAo2Nf1csYzQMRmynqYJiZkKivn1U3yulQGOUqkrATxXf08UJFZqEoe6MyYwUsveTPzP6+UQXQUFT7IcWEIXi6JcYEjxLAo84JJREBNNCJVc34rpiEhCQQdm6hC85ZdXSafheBeOe9uoNZtlHFV0is5QHXnoEjXRDWqhNqLoET2jV/RmPBkvxrvxsWitGOXMMfoD4/MHHGCTDg==</latexit>

(
<latexit sha1_base64="2lwbKFAyyLU0fnYQDVbRQ8Hbcgk=">AAACFXicbVDLSgNBEJz17fqKevQymAgeNOwGRC9C0IueVDBRyMYwO+kkQ+axzMwKYdmf8OKvePGgiFfBm3/jJObgq6ChqOqmuytOODM2CD68icmp6ZnZuXl/YXFpeaWwulY3KtUUalRxpa9jYoAzCTXLLIfrRAMRMYeruH889K9uQRum5KUdJNAUpCtZh1FindQq7JRKfhZRwvFp3pI3WQSc72aRFpgrleQ5PsTRmYAuwX6p1CoUg3IwAv5LwjEpojHOW4X3qK1oKkBayokxjTBIbDMj2jLKIfej1EBCaJ90oeGoJAJMMxt9leMtp7RxR2lX0uKR+n0iI8KYgYhdpyC2Z357Q/E/r5HazkEzYzJJLUj6taiTcmwVHkaE20wDtXzgCKGauVsx7RFNqHVB+i6E8PfLf0m9Ug73ysFFpVg9GscxhzbQJtpGIdpHVXSCzlENUXSHHtATevbuvUfvxXv9ap3wxjPr6Ae8t0/9UJzO</latexit>

I`�loop
n = ⌦ Integrand always well-defined:

nice rational function

Then later we would like to integrate:

<latexit sha1_base64="F8O39/FdQ4cq0JomPUDCxxA8Lnk=">AAACKHicbVDLSgMxFM34rOOr6tJNsCO4scwURDdi1Y3uKtgHdMaSSdM2NJMMSUYow3yOG3/FjYgi3folpo+Ftj0QOJxzLrn3hDGjSrvu0FpaXlldW89t2Jtb2zu7+b39mhKJxKSKBROyESJFGOWkqqlmpBFLgqKQkXrYvx359WciFRX8UQ9iEkSoy2mHYqSN1MpfOY593eJPqU8YO019GUEmRJxl8BL6lGuY+hgxeJ8tytiO08oX3KI7Bpwn3pQUwBSVVv7DbwucRIRrzJBSTc+NdZAiqSlmJLP9RJEY4T7qkqahHEVEBen40AweG6UNO0KaZ3Ybq38nUhQpNYhCk4yQ7qlZbyQu8pqJ7lwEKeVxognHk486CYNawFFrsE0lwZoNDEFYUrMrxD0kEdamW9uU4M2ePE9qpaJ3VnQfSoXyzbSOHDgER+AEeOAclMEdqIAqwOAFvIFP8GW9Wu/WtzWcRJes6cwB+Afr5xeqh6Ul</latexit>

A`�loop
n =

Z
I`�loop
n

<latexit sha1_base64="hsofqDPqXnRY3fq5dZJ9w3b4YbY=">AAAB9XicbVBNS8NAEN34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8tmu2mXbjZhd6KE0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYngGlz321pZXVvf2Cxt2ds7u3v75YPDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gfDP1249MaR7Le8gS5kdkKHnIKQEjPTiOfYV7XIaQ2Y7TL1fcqjsDXiZeQSqoQKNf/uoNYppGTAIVROuu5ybg50QBp4JN7F6qWULomAxZ11BJIqb9fHb1BJ8aZYDDWJmSgGfq74mcRFpnUWA6IwIjvehNxf+8bgrhpZ9zmaTAJJ0vClOBIcbTCPCAK0ZBZIYQqri5FdMRUYSCCco2IXiLLy+TVq3qnVfdu1qlfl3EUULH6ASdIQ9doDq6RQ3URBQp9Ixe0Zv1ZL1Y79bHvHXFKmaO0B9Ynz9/eJCP</latexit>= 1

not in this talk: work with Nima Arkani-Hamed, 
Johannes Henn,  Wojciech Flieger, Anders 

Schreiber, Melvyn Nabavi

deformed Amplituhedron



Each graph: positive geometry given by inequalities
Vertex = loop momentum: "one-loop Amplituhedron"

Edges = "quadratic" constraints

Differential form for each geometry = integrand

Cousins of the Amplituhedron: negative geometries

NEGATIVE GEOMETRIES
(Arkani-Hamed, Henn, JT, 2021)

single Amplituhedron 
geometry for the amplitude

sum over geometries for the 
logarithm of the amplitude

<latexit sha1_base64="RJblMSUzyAw/bWfhnhiTcWJedts="></latexit>

hABi12i, hABi23i, hABi34i, hABi14i > 0, hABi13i, hABi24i < 0

<latexit sha1_base64="QttZyqwjXsvtzPZEahXwZbyo5rg=">AAACCXicbVC7TsMwFL0prxJeAUYWixaJqUqQEEyowMJYJPqQmqhyXLc1dZzIdpCqqCsLv8LCAEKs/AEbf4PbZoCWI13p+Jx7dX1PmHCmtOt+W4Wl5ZXVteK6vbG5tb3j7O41VJxKQusk5rFshVhRzgSta6Y5bSWS4ijktBkOryd+84FKxWJxp0cJDSLcF6zHCNZG6jioXLZ9jkWfU3R51WGm7n05e1+4drnccUpuxZ0CLRIvJyXIUes4X343JmlEhSYcK9X23EQHGZaaEU7Htp8qmmAyxH3aNlTgiKogm14yRkdG6aJeLE0Jjabq74kMR0qNotB0RlgP1Lw3Ef/z2qnunQcZE0mqqSCzRb2UIx2jSSyoyyQlmo8MwUQy81dEBlhiok14tgnBmz95kTROKt5pxb09KVWreRxFOIBDOAYPzqAKN1CDOhB4hGd4hTfryXqx3q2PWWvBymf24Q+szx84qpd4</latexit>

hABiABji > 0

fewer edges 
= simpler geometryblue: red:

<latexit sha1_base64="KrvMQQyAryi2xSOxl7lc/xdIvaE=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CAxVUklBANDKQtjkehDaqLIcZ3W1HEi20Gqos4s/AoLAwix8gVs/A1umwEKR7rS8Tn36vqeMGVUKsf5MkpLyyura+V1c2Nza3vH2t1ryyQTmLRwwhLRDZEkjHLSUlQx0k0FQXHISCccXU39zj0Rkib8Vo1T4sdowGlEMVJaCqxD2zY9hviAEXjZCKiuO0/M3xfQMW07sCpO1ZkB/iVuQSqgQDOwPr1+grOYcIUZkrLnOqnycyQUxYxMTC+TJEV4hAakpylHMZF+PjtlAo+10odRInRxBWfqz4kcxVKO41B3xkgN5aI3Ff/zepmKzv2c8jRThOP5oihjUCVwmgvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF0/+S9q1qntadW5qlXqjiKMMDsAROAEuOAN1cA2aoAUweABP4AW8Go/Gs/FmvM9bS0Yxsw9+wfj4BpV+l6I=</latexit>

hABiABji < 0



Individual negative geometries: no physical meaning

NEGATIVE GEOMETRIES
(Arkani-Hamed, Henn, JT, 2021)

"Basis" for the logarithm of the amplitude
Designed to have correct IR properties

integration gives       divergence
<latexit sha1_base64="Jzmj+KnA3dKznRyNpmeMQJDRRm8=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDaCq5IURJdFNy4r2Ac0sUymk3boZCbMTIQSCm78FTcuFHHrT7jzb5y2WWjrgQuHc+7l3nuilFGlPe/bKq2srq1vlDftre2d3T1n/6ClRCYxaWLBhOxESBFGOWlqqhnppJKgJGKkHY2up377gUhFBb/T45SECRpwGlOMtJF6zpHr2kEsEc79SR6QVFEm+H1tYrtuz6l4VW8GuEz8glRAgUbP+Qr6AmcJ4RozpFTX91Id5khqihmZ2EGmSIrwCA1I11COEqLCfPbDBJ4apQ9jIU1xDWfq74kcJUqNk8h0JkgP1aI3Ff/zupmOL8Oc8jTThOP5ojhjUAs4DQT2qSRYs7EhCEtqboV4iEwi2sRmmxD8xZeXSatW9c+r3m2tUr8q4iiDY3ACzoAPLkAd3IAGaAIMHsEzeAVv1pP1Yr1bH/PWklXMHII/sD5/AMrWllQ=</latexit>

1

✏2

never true with standard diagrams

Very rough relation between 
geometries and diagrams: 
internal propagators = quadratic 
inequalities in the geometry



LOOPS OF LOOPS (CYCLES)

Natural hierarchy of geometries: more “loops” = more complicated

General Amplituhedron geometry



TREE-LEVEL/ZERO-CYCLE
(Arkani-Hamed, Henn, JT, 2021)

Tree-level approximation: only keep geometries with tree graphs

We found a closed form for the numerator of any tree graph!

The numerator takes a factorized form

of the 2-loop numerators

Same formula does not hold for a loop graph

satisfies many consistency 
constraints  but not all 

(vanishing on double pole)

Need to find a specific correction which 
does not spoil any cuts we already matched



ONE-CYCLE
(Brown, Oktem, Paranjape, JT, 2023)

One-cycle: we found a numerator for a general one-cycle graph
✤ First step: find an integrand for a graph with a closed loop

Write the numerator as
<latexit sha1_base64="/aMMPUKAGDFzMm5ps3TWVtxVd+g="></latexit>

NG =
Y

links

N (�)
ij +Rloop

extremely constrained,
write ansatz of all terms

<latexit sha1_base64="9/MpyeHkFkBciPcGmtnPbLHm4ws="></latexit>

R(3)
loop = c1

�
hAB112ihAB134ihAB212ihAB234ihAB312ihAB334i+. . .

 

+ c2
�
hAB112ihAB134i(hAB212ihAB334i+hAB312ihAB234i)(hAB213ihAB324i+hAB313ihAB224i)+. . .

 

For example: for 3-cycle we have two terms

Solve from the double pole cancelation: <latexit sha1_base64="3sztD0jsERk7LkV59Gw4I89VrS8=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWAjuNCSFMVuCgU3LivYB7QhTKaTduhkEmYmQgl146+4caGIW//CnX/jtM1CW8/lwuGce5m5J0gYlcpxvo3Cyura+kZx09za3tnds/YPWjJOBSZNHLNYdAIkCaOcNBVVjHQSQVAUMNIORjdTv/1AhKQxv1fjhHgRGnAaUoyUlnzryLZN7LuwBi/Pe7qwX6lduKZt+1bJKTszwGXi5qQEcjR866vXj3EaEa4wQ1J2XSdRXoaEopiRidlLJUkQHqEB6WrKUUSkl80umMBTrfRhGAvdXMGZ+nsjQ5GU4yjQkxFSQ7noTcX/vG6qwqqXUZ6kinA8fyhMGVQxnMYB+1QQrNhYE4QF1X+FeIgEwkqHZuoQ3MWTl0mrUnavys5dpVSv5nEUwTE4AWfABdegDm5BAzQBBo/gGbyCN+PJeDHejY/5aMHIdw7BHxifP+XmkqY=</latexit>c1 = 4, c2 = �1 Generalized to any cycle

✤ Second step: add tree branches
<latexit sha1_base64="sw3sJGK0vrMDe0pQQIAwe+pVgXc="></latexit>

NG =

0

@
Y

loop links

N (�)
ij +Rloop

1

A⇥
Y

other links

N (�)
ij

Solved for any one-cycle graph!



HIGHER CYCLES
We do not know how to find the numerator for a general higher-cycle graph 

= as hard as solving the four-point problem completely

Useful strategy: loop decomposition denote:

<latexit sha1_base64="wfXhOPzUY6nUwmdZcgRhElStwHA="></latexit>

R(134)
loop ⇥N (�)

12 N (�)
24

<latexit sha1_base64="7X8qH0AGe62CWOzHDzPJiVZ2XA4=">AAACGHicbVDLTsJAFJ3iC+sLdelmIpjAQmwRI0sSN64MGnkkFJvpMMCEaaeZmZqQpp/hxl9x40Jj3LLzbxygC0VPcpOTc+7Nvfd4IaNSWdaXkVlZXVvfyG6aW9s7u3u5/YOW5JHApIk546LjIUkYDUhTUcVIJxQE+R4jbW98NfPbj0RIyoN7NQlJz0fDgA4oRkpLbu6sUDDv3NgRPmSch8lDXLQr1fNSAh1FfSLhjRvb1Zl8WkrMQsHN5a2yNQf8S+yU5EGKhpubOn2OI58ECjMkZde2QtWLkVAUM5KYTiRJiPAYDUlX0wDppb14/lgCT7TShwMudAUKztWfEzHypZz4nu70kRrJZW8m/ud1IzWo9WIahJEiAV4sGkQMKg5nKcE+FQQrNtEEYUH1rRCPkEBY6SxNHYK9/PJf0qqU7YuydVvJ12tpHFlwBI5BEdjgEtTBNWiAJsDgCbyAN/BuPBuvxofxuWjNGOnMIfgFY/oNiqqc6A==</latexit>

R(1243)
loop ⇥N (�)

14

new two-loop object<latexit sha1_base64="wbPBJM8qzdGf37rKgnaw/ZPF6mY="></latexit>
R(124)

loop ⇥N (�)
13 N (�)

34

<latexit sha1_base64="FNsf6UpOpLdoagyiFnd1X0DN4rs=">AAACK3icbZDLSsNAFIYn9VbjLerSTbAR6sKSpIpdFt24kgr2Am0Mk+m0HTq5MDMRSsj7uPFVXOjCC259D6dtxNr6w8DHf87hzPm9iBIuTPNdyS0tr6yu5dfVjc2t7R1td6/Bw5ghXEchDVnLgxxTEuC6IILiVsQw9D2Km97wclxv3mPGSRjcilGEHR/2A9IjCAppudqFYajXbmLZ6V1SPDlOJdunv1yeYas8wz++ahiuVjBL5kT6IlgZFECmmqs9d7ohin0cCEQh523LjISTQCYIojhVOzHHEURD2MdtiQH0MXeSya2pfiSdrt4LmXyB0Cfu7EQCfc5Hvic7fSgGfL42Nv+rtWPRqzgJCaJY4ABNF/ViqotQHwendwnDSNCRBIgYkX/V0QAyiISMV5UhWPMnL0LDLllnJfPGLlQrWRx5cAAOQRFY4BxUwRWogTpA4AE8gVfwpjwqL8qH8jltzSnZzD74I+XrG/BGozE=</latexit>

N (�)
12 N (�)

24 N (�)
34 N (�)

13 N (�)
14

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>

)

one-loop (and tree) objects
tree objects

Only few cases solved at the moment, new ideas needed



FULL FOUR-LOOP RESULT
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, to appear)

Using a hybrid Amplituhedron/generalized unitarity method we 
can construct the integrand for all L=4 negative geometries 

But this is not really a power of this method (unless we solve 
everything): as mentioned data available up to 12-loops



IR FINITE FUNCTION
FROM NEGATIVE GEOMETRIES



Wilson loop: freeze one of the loops and integrate over others

INTEGRATING GEOMETRIES

Simplest one-loop result: 

Three-loop result: three different contributions

Tree graphs

One-loop graph

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>)

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>)

Same loop order, tree graphs are simpler - consistent with simple integrand

(Arkani-Hamed, Henn, JT, 2021)

<latexit sha1_base64="LYiSuArgHiZVirSAUhNQQT4QxHA=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIdWFJCmKXBUFcuKhgH9CGMJlO26GTSZiZCDUEN/6KGxeKuPUr3Pk3TtsstHrgwuGce7n3niBmVCrH+TIKS8srq2vFdXNjc2t7x9rda8koEZg0ccQi0QmQJIxy0lRUMdKJBUFhwEg7GF9M/fYdEZJG/FZNYuKFaMjpgGKktORbB7Ztpj2MGLzM/PQ6Pc3crHx/Ytq2b5WcijMD/EvcnJRAjoZvffb6EU5CwhVmSMqu68TKS5FQFDOSmb1EkhjhMRqSrqYchUR66eyFDB5rpQ8HkdDFFZypPydSFEo5CQPdGSI1koveVPzP6yZqUPNSyuNEEY7niwYJgyqC0zxgnwqCFZtogrCg+laIR0ggrHRqpg7BXXz5L2lVK+5Zxbmpluq1PI4iOARHoAxccA7q4Ao0QBNg8ACewAt4NR6NZ+PNeJ+3Fox8Zh/8gvHxDZJ5lO8=</latexit>

FL�1(z)
<latexit sha1_base64="MUUEiREFSe7NVEdDNu5GRzsMsHE=">AAACA3icbVDLSsNAFJ3UV42vqDvdBBvBVUkKYpcFNy4EK9gHNCFMJrft0MmDmYlSQsGNv+LGhSJu/Ql3/o3TNgttPXDhcM693HtPkDIqpG1/a6WV1bX1jfKmvrW9s7tn7B+0RZJxAi2SsIR3AyyA0RhakkoG3ZQDjgIGnWB0OfU798AFTeI7OU7Bi/Agpn1KsFSSbxxZlu4+0BAkZSHk7k0EAzzxr3XL8o2KXbVnMJeJU5AKKtD0jS83TEgWQSwJw0L0HDuVXo65pITBRHczASkmIzyAnqIxjkB4+eyHiXmqlNDsJ1xVLM2Z+nsix5EQ4yhQnRGWQ7HoTcX/vF4m+3Uvp3GaSYjJfFE/Y6ZMzGkgZkg5EMnGimDCqbrVJEPMMZEqNl2F4Cy+vEzatapzXrVva5VGvYijjI7RCTpDDrpADXSFmqiFCHpEz+gVvWlP2ov2rn3MW0taMXOI/kD7/AHJBZZK</latexit>

e⌦Lfrom



All contributions calculated: 

THREE-LOOP WILSON LOOP
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, to appear)

all HPLs (harmonic polylogs) of variable z
Symbol:



All contributions calculated: 

(Dixon, Oktem, Paranjape, JT, Xu, Zhang, to appear)

spurious symbol letters

More cycles: more complicated symbol 

It would be great to link it to spurious 
cuts of the integrand

THREE-LOOP WILSON LOOP



At higher loops, the integration technology does not exist

HIGHER LOOPS
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, to appear)

For certain geometries, we can use a differential equation trick:

<latexit sha1_base64="Pp1fbl+qbZ8wAShk1/5VaMbEU74=">AAAB8XicbVBNTwIxEJ3FL1y/UI9eGlkTT2SXxOiR4MUjJgJG2JBu6UJDt920XSMh/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCopWWmCG0SyaW6j7CmnAnaNMxwep8qipOI03Y0up757UeqNJPizoxTGiZ4IFjMCDZWevA8t1uXT67n9Uplv+LPgVZJkJMy5Gj0Sl/dviRZQoUhHGvdCfzUhBOsDCOcTt1upmmKyQgPaMdSgROqw8n84ik6s0ofxVLZEgbN1d8TE5xoPU4i25lgM9TL3kz8z+tkJr4KJ0ykmaGCLBbFGUdGotn7qM8UJYaPLcFEMXsrIkOsMDE2JNeGECy/vEpa1UpwUfFvq+VaPY+jCCdwCucQwCXU4AYa0AQCAp7hFd4c7bw4787HorXg5DPH8AfO5w/NL48J</latexit>⇤

<latexit sha1_base64="MrVPc5gdxh/+hMLqpadSqoVzu+8=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB5LvXisYD+gCWWz3bRLN5uwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZVyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh9G7h956oVCwRj3qW0iDGY8EiRrA2ku84tt9i43HNdpxhperW3SXQJvEKUoUC7WHlyx8lJIup0IRjpQaem+ogx1Izwunc9jNFU0ymeEwHhgocUxXky5vn6MooIxQl0pTQaKn+nshxrNQsDk1njPVErXsL8T9vkOnoNsiZSDNNBVktijKOdIIWAaARk5RoPjMEE8nMrYhMsMREm5hsE4K3/vIm6Tbq3nXdfWhUm60ijjJcwCXUwIMbaMI9tKEDBFJ4hld4szLrxXq3PlatJauYOYc/sD5/ANJVj5U=</latexit> <latexit sha1_base64="MrVPc5gdxh/+hMLqpadSqoVzu+8=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB5LvXisYD+gCWWz3bRLN5uwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZVyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh9G7h956oVCwRj3qW0iDGY8EiRrA2ku84tt9i43HNdpxhperW3SXQJvEKUoUC7WHlyx8lJIup0IRjpQaem+ogx1Izwunc9jNFU0ymeEwHhgocUxXky5vn6MooIxQl0pTQaKn+nshxrNQsDk1njPVErXsL8T9vkOnoNsiZSDNNBVktijKOdIIWAaARk5RoPjMEE8nMrYhMsMREm5hsE4K3/vIm6Tbq3nXdfWhUm60ijjJcwCXUwIMbaMI9tKEDBFJ4hld4szLrxXq3PlatJauYOYc/sD5/ANJVj5U=</latexit>  
<latexit sha1_base64="XPA+ug5ODALtS0P1zkX7W2263xk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8pmu2mXbnbD7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b2dtfWNza7u04+7u7R8clo+OW1pmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYqe157o3ref1yxa/6c6BVEhSkAgUa/fJXbyBJllBhCMdadwM/NWGOlWGE06nbyzRNMRnjIe1aKnBCdZjPz52ic6sMUCyVLWHQXP09keNE60kS2c4Em5Fe9mbif143M/F1mDORZoYKslgUZxwZiWa/owFTlBg+sQQTxeytiIywwsTYhFwbQrD88ipp1arBZdV/qFXqt0UcJTiFM7iAAK6gDvfQgCYQGMMzvMKbkzovzrvzsWhdc4qZE/gD5/MHZkaNow==</latexit>=

This allows us to solve classes of geometries:

for example:



GAMMA CUSP CONTRIBUTION

They all cancel in the Wilson loop!
Simple analysis suggest that higher cycles:

<latexit sha1_base64="BgFJvTcTGq/zchtvSYnNwHhhIsU=">AAACEXicbZC7SgNBFIZnvcb1FrW0WUwEwRB2A6Jl0MYyglEhCcvZyYkOmb0wc1aIy76Cja9iY6GIrZ2db+Mk2cLbDwMf/zlnZs4fJFJoct1Pa2Z2bn5hsbRkL6+srq2XNzYvdJwqjm0ey1hdBaBRigjbJEjiVaIQwkDiZTA8Gdcvb1FpEUfnNEqwF8J1JAaCAxnLL+9Vq3b3Dgn8DHyvBn6j1u3HpA1lXZQy28+9PLerVb9ccevuRM5f8AqosEItv/xhLuJpiBFxCVp3PDehXgaKBJeY291UYwJ8CNfYMRhBiLqXTTbKnV3j9J1BrMyJyJm43ycyCLUehYHpDIFu9O/a2Pyv1klpcNTLRJSkhBGfPjRIpUOxM47H6QuFnOTIAHAlzF8dfgMKOJkQbROC93vlv3DRqHsHdfesUWkeF3GU2DbbYXvMY4esyU5Zi7UZZ/fskT2zF+vBerJerbdp64xVzGyxH7LevwBIiJtq</latexit>

⇣a1,a2,...,a`+1

This is something totally hidden in the negative geometry expansion
(also likely in Feynman diagrams -- there are no data)

(Dixon, Oktem, Paranjape, JT, Xu, Zhang, to appear)

We can extract the contribution to gamma cusp from full function

Integrability? How is this related to the integrand/geometry?

Multiple Zeta Values (MZV)
<latexit sha1_base64="lo7UYRromhZOIsfnNzLLHy9JsDg="></latexit>
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GAMMA CUSP CONTRIBUTION

They all cancel in the Wilson loop!
Simple analysis suggest that higher cycles:

<latexit sha1_base64="BgFJvTcTGq/zchtvSYnNwHhhIsU=">AAACEXicbZC7SgNBFIZnvcb1FrW0WUwEwRB2A6Jl0MYyglEhCcvZyYkOmb0wc1aIy76Cja9iY6GIrZ2db+Mk2cLbDwMf/zlnZs4fJFJoct1Pa2Z2bn5hsbRkL6+srq2XNzYvdJwqjm0ey1hdBaBRigjbJEjiVaIQwkDiZTA8Gdcvb1FpEUfnNEqwF8J1JAaCAxnLL+9Vq3b3Dgn8DHyvBn6j1u3HpA1lXZQy28+9PLerVb9ccevuRM5f8AqosEItv/xhLuJpiBFxCVp3PDehXgaKBJeY291UYwJ8CNfYMRhBiLqXTTbKnV3j9J1BrMyJyJm43ycyCLUehYHpDIFu9O/a2Pyv1klpcNTLRJSkhBGfPjRIpUOxM47H6QuFnOTIAHAlzF8dfgMKOJkQbROC93vlv3DRqHsHdfesUWkeF3GU2DbbYXvMY4esyU5Zi7UZZ/fskT2zF+vBerJerbdp64xVzGyxH7LevwBIiJtq</latexit>
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RESUMMATION
(Dixon, Oktem, Paranjape, JT, Xu, Zhang, to appear)



RESUMMATION

✤ approximate amplitude at each loop order and resum to all loops

Planar N=4 SYM is special: no non-perturbative contributions
<latexit sha1_base64="CDuVDeOMsYwSAzGpJL3rct1bQFY="></latexit>

Mexact
4 =

1X

L=0

g2LM(L)
4

Only known (to me) example is the ladder resummation
(Broadhurst, Davydychev, 2010)

<latexit sha1_base64="1pzhU/aiLYeRR/IHoEDYeyEgR2Y=">AAACFnicbVC7TsMwFHV4lvAqMLJYNEgsrZJKiI6VWBiLRB9SUyrHcVKrdhxsB1FF+QoWfoWFAYRYERt/Q9J2gJYzHZ1zr+65x4sZVdq2v42V1bX1jc3Slrm9s7u3Xz447CiRSEzaWDAhex5ShNGItDXVjPRiSRD3GOl648vC794TqaiIbvQkJgOOwogGFCOdS8Ny1bJMV1EOyW1aDTPo3iXIhy73xEMaCAmt0A1D6FgZhKZlDcsVu2ZPAZeJMycVMEdrWP5yfYETTiKNGVKq79ixHqRIaooZyUw3USRGeIxC0s9phDhRg3T6VgZPc8WHRYpARBpO1d8bKeJKTbiXT3KkR2rRK8T/vH6ig8YgpVGcaBLh2aEgYVALWHQEfSoJ1mySE4QlzbNCPEISYZ03aeYlOIsvL5NOveac1+zreqXZmNdRAsfgBJwBB1yAJrgCLdAGGDyCZ/AK3own48V4Nz5moyvGfOcI/IHx+QNJJJw/</latexit>

⇠ e�g for g � 1

✤ compare to strong coupling expansion (if available)

exponentially suppressed vs linear growth

We can try to resum our tree contributions (if possible to integrate all of them)



ZERO CYCLE CONTRIBUTIONS
Let us only consider "tree" graphs (no internal cycles)

Differential operator acting on the graphs (integrand)

<latexit sha1_base64="X70qxHw7P63Kh6qD6btcmG3qeho="></latexit>

1

2
(z@z)

2
Htree(g, z) + g2eHtree(g,z) = 0

differential equation for the generating function
<latexit sha1_base64="5y+bbi7VWtaHUE8juJxzNAOeVps=">AAACJnicbVDLSgNBEJz1GdfXqkcvg4kQQcJuQPQSCAqSYwTzgCSG2UknGTL7YGZWiMt+jRd/xYuHiIg3P8VJsgdNLGgoqrrp7nJDzqSy7S9jZXVtfWMzs2Vu7+zu7VsHh3UZRIJCjQY8EE2XSODMh5piikMzFEA8l0PDHd1M/cYjCMkC/16NQ+h4ZOCzPqNEaalrlXI5M25TwvFt0o3bwsNKACT5wfnTGS5heIjnbmXJTcxcrmtl7YI9A14mTkqyKEW1a03avYBGHviKciJly7FD1YmJUIxySMx2JCEkdEQG0NLUJx7ITjx7M8GnWunhfiB0+QrP1N8TMfGkHHuu7vSIGspFbyr+57Ui1b/qxMwPIwU+nS/qRxyrAE8zwz0mgCo+1oRQwfStmA6JIFTpZE0dgrP48jKpFwvORcG+K2bL12kcGXSMTlAeOegSlVEFVVENUfSMXtEEvRsvxpvxYXzOW1eMdOYI/YHx/QNgc6NB</latexit>

Ftree(g, z) = eHtree(g,z)

solve with boundary conditions

Same operator does not work for loop graphs: 
search for its generalization

(Arkani-Hamed, Henn, JT, 2021)

box operator



STRONG COUPLING

How good is this approximation to the exact result?
Naively, we expect it to be very bad — for infinite L vanishing part of diagrams contribute

Easy to expand at strong coupling:
<latexit sha1_base64="1b1C+aWTrS0Mvdpoa86dFFD7APU="></latexit>

Ftree(g, z) = �
z

(1 + z)2
+O

✓
1

g

◆ misses the leading term

has 1/g expansion

For                we get even more surprising result:
<latexit sha1_base64="9xbkvj1vBGngVEbxhhXXDnJAsAo=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosutBlBfuAJoTJdNIOnUnCzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nTBmVynG+jdLK6tr6RnnT3Nre2d2z9g/aMskEJi2csER0QyQJozFpKaoY6aaCIB4y0glH11O/80CEpEl8r8Yp8TkaxDSiGCktBdaRbZveDeIcBbknOMSZTCfVwZlp24FVcWrODHCZuAWpgALNwPry+gnOOIkVZkjKnuukys+RUBQzMjG9TJIU4REakJ6mMeJE+vnshwk81UofRonQFSs4U39P5IhLOeah7uRIDeWiNxX/83qZii79nMZppkiM54uijEGVwGkgsE8FwYqNNUFYUH0rxEMkEFY6NlOH4C6+vEza9Zp7XnPu6pXGVRFHGRyDE1AFLrgADXALmqAFMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHaJ5W5</latexit>

�cusp(g)
<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

exact

our tree approximation

qualitatively correct behavior at strong coupling

(Arkani-Hamed, Henn, JT, 2021)



OPEN QUESTIONS
How do we reconstruct                      behavior at strong coupling? 

<latexit sha1_base64="FAhwBmaUfEDNZUc/+bX6NK8aQB8=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZCBSlJQeyyIIjLCvYBTSiT6aQdOpOEmYlQQ8GNv+LGhSJu/Ql3/o3TNgttPXDhcM693HtPkDAqleN8G4WV1bX1jeKmubW9s7tn7R+0ZJwKTJo4ZrHoBEgSRiPSVFQx0kkEQTxgpB2MrqZ++54ISePoTo0T4nM0iGhIMVJa6llHtm1mHkYMXk/Kg/OHM+hJyuHAtO2eVXIqzgxwmbg5KYEcjZ715fVjnHISKcyQlF3XSZSfIaEoZmRieqkkCcIjNCBdTSPEifSz2Q8TeKqVPgxjoStScKb+nsgQl3LMA93JkRrKRW8q/ud1UxXW/IxGSapIhOeLwpRBFcNpILBPBcGKjTVBWFB9K8RDJBBWOjZTh+AuvrxMWtWKe1Fxbqulei2PowiOwQkoAxdcgjq4AQ3QBBg8gmfwCt6MJ+PFeDc+5q0FI585BH9gfP4Aka6U3w==</latexit>

F(g, z) ⇠ g

<latexit sha1_base64="t2AsJB5OuY8SyxBVwoqIAD66H/M="></latexit>

�tree(g) ! g

✓
8

⇡
+ �(1) + �(2) + . . .

◆
= 2g

And what about cusp anomalous dimension?

<latexit sha1_base64="7CgmLYGk6hWpRxOobdQouvZ3k30=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4Ckmh2GXBjcsK9gFtKJPppB06M4kzE6XEfoobF4q49Uvc+TdO2yy09cCFwzn3cu89Ucqo0r7/bW1sbm3v7Jb27P2Dw6Njp3zSVkkmMWnhhCWyGyFFGBWkpalmpJtKgnjESCeaXM/9zgORiibiTk9TEnI0EjSmGGkjDZyy69p9RTm5h1WvVrNdd+BUfM9fAK6ToCAVUKA5cL76wwRnnAiNGVKqF/ipDnMkNcWMzOx+pkiK8ASNSM9QgThRYb44fQYvjDKEcSJNCQ0X6u+JHHGlpjwynRzpsVr15uJ/Xi/TcT3MqUgzTQReLoozBnUC5znAIZUEazY1BGFJza0Qj5FEWJu0bBNCsPryOmlXvaDm+bfVSqNexFECZ+AcXIIAXIEGuAFN0AIYPIJn8ArerCfrxXq3PpatG1Yxcwr+wPr8ATbGkVY=</latexit>

' 2.55 Is it just a small negative correction?
Do tree graphs dominate or are there massive 

cancelations between various orders?

Can we derive BES equation from amplitudes?

Natural next step: one-cycle resummation --- too hard at the moment



TRIANGLE RESUMMATION
Consider classes of geometries starting with triangle:

they also satisfy the same differential 
equation with a source term

We have an explicit result for this sum (not very compact formula)

(Dixon, Oktem, Paranjape, JT, Xu, Zhang, to appear)

Gamma cusp calculation, strong coupling expansion
<latexit sha1_base64="cfgygDCTVrQ6xBCz1C1TQToiHog=">AAACDHicbVDLSgMxFM34rOOr6tJNsCPUTZkpFF0W3bisYB/QmZZMmk5Dk8yQZIQy9APc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPmDCqtOt+W2vrG5tb24Ude3dv/+CweHTcUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc38z89gORisbiXk8SEnAUCTqkGGkj9Yslx7H9CHGOepkvOcSpSqbl6AL6inIY9Wq245iUW3HngKvEy0kJ5Gj0i1/+IMYpJ0JjhpTqem6igwxJTTEjU9tPFUkQHqOIdA0ViBMVZPNjpvDcKAM4jKV5QsO5+nsiQ1ypCQ9NkiM9UsveTPzP66Z6eBVkVCSpJgIvFg1TBnUMZ83AAZUEazYxBGFJzV8hHiGJsDb92aYEb/nkVdKqVrxaxb2rlurXeR0FcArOQBl44BLUwS1ogCbA4BE8g1fwZj1ZL9a79bGIrln5zAn4A+vzBw/amRE=</latexit>

�cusp(g) ⇠ g5 too strong but "partially summable"

We can now extend it to box being a "source" -- same feature



HOW TO RESUM?
Question: which negative geometries we can resum?

Gamma cusp: are there any which dominate in the computation?

Geometric series of diagrams suppressed at strong coupling
<latexit sha1_base64="IpDC+xSJdTWWVsCvO3CQ7zcGgB4="></latexit>

F(g, z) =
1X

k=0

(g6Ftri(z))
k =

1

1� g6 Ftri(z)
⇠ 1

g6

The exact strong coupling behavior is something between what 
we have and a geometric series:

In any case, this is a great playground -- nice resummation toys, 
something we do not have with normal diagrams



CONCLUSION



SOLVING N=4 SYM THEORY
Nice IR finite object (amplitude/Wilson loop): 
new expansion using negative geometries

At four-point: function of a single cross-ratio, some data available 
at weak and strong coupling, our method: negative geometries

MZV in gamma cusp  --> how do they cancel in gamma cusp?
integrability/geometry connection

Can we find a subset of negative geometries that dominate at 
strong coupling? Derive BES formula for gamma cusp?



THANK YOU!


