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suGra ∼ (sYM)2 hints

Hints that gravity calculations have a (Yang-Mills)2 flavour to them:

1. String Spectrum: Closed string states in the light-cone gauge are
created by acting on the vacuum with a pair of open string creation
operators. [Goddard-Goldstone-Rebbi-Thorn ’72]

2. String Amplitudes: KLT is a formula for closed string tree amplitudes in
terms of open string ones. [Kawai-Lewellen-Tye ’85]

3. Supergravity Spectrum: Tensoring the state content between a pair of
(N , Ñ ) super-Yang-Mills (sYM) theories, results in the state content of
some N + Ñ supergravity (suGra) theory. [Salam-Strathdee ’82]

4. Supergravity Amplitudes: The double-copy is a prescription for
consistently substituting colour with kinematic factors to turn sYM
amplitudes into suGra ones. [Bern-Carrasco-Johansson ’08]
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Directions since the double-copy

The double copy marks the rebirth of “Gravity as the square of Yang-Mills”
through various contexts:

• N = 8 UV finiteness
[Bern-Carrasco-Chen-Davies-Dennen-Dixon-Johansson-Kosower-Nohle-Roiban-Zeng...]

• CHY amplitude formalism
[Cachazo-Guevara-He-Mizera-Yuan...]

• Ambitwistor string models
[Adamo-Casali-Geyer-Lipstein-Mason-Monteiro-Roehrig-Skinner-Tourkine...]

• New gauge-gravity structures
[A-Hamed-Carrasco-Casali-Cheung-Chiodaroli-He-Huang-Mogull-Ochirov-Schlotterer-Shen-Yuan-Zhang...]

• Classical double-copy of solutions
[B-Abbas-DeSmet-Luna-Monteiro-Nicholson-O’Connell-Ochirov-Wersterberg-White...]

• Symmetries and classification
[Anastasiou-Borsten-Chiodaroli-Duff-Gunaydin-Hughes-Johansson-Marrani-Nagy-Roiban-Zoccali...]
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Content classification of suGras

D \ Q 32 24 20 16 12 8 4

11 G

10 G G, V

9 G G, V

8 G G, V

7 G G, V

6 G, G′ G, G′ G, G′, V, T G, G′, V, T, H

5 G G G, V G, V, H

4 G G G G, V G, V′ G, V, H G, V, C

The scalars are maps to a target space called the scalar manifold which is:

12 ≤ Q ≤ 32 : H-S

4 ≤ Q ≤ 8 : H-S, H-NS, NH

We focus on the Homogeneous cases where G/H.
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Framework
Gauge theories have independent SO(D− 2)× IntL/R × GL/R. After squaring
we have SO(D− 2)× IntL × IntR × δ4DU(1).

Left \ Right (v, 1)A (s, xR)
A (1, yR)

A (s, zR)
a (1,wR)

a

(v, 1)A (v⊗ v, 1, 1) (v⊗ s, 1, xR) (v, 1, yR)

(s, xL)
A (s⊗ v, xL, 1) (s⊗ s, xL, xR) (s, xL, yR)

(1, yL)
A (v, yL, 1) (s, yL, xR) (1, yL, yR)

(s, zL)
a (s⊗ s, zL, zR) (s, zL,wR)

(1,wL)
a (s,wL, zR) (1,wL,wR)

1. Decompose into irreps:

v⊗ v = graviton⊕ 2-form⊕ 1, s⊗ s =
∑

p-form, v⊗ s = s⊕ gravitino

2. Collect fields of the same type into reps of IntL × IntR × δ4DU(1).

3. Check for possible enhancements and compare to H.
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N = 2 suGras - Properties

• The N = 2 Gplet can couple to both Vplets and Hplets.

• The Gplet does not include any scalars. The Vplets and Hplets contain
scalars each parametrising an independent scalar manifold.

• The scalar manifold of a homogeneous N = 2 supergravity can be
written as:

M =
G
H
× GH (1)

• The manifold parametrised by the Vplet scalars (G/H) must be
Projective Special Kähler. So the problem of classifying different theories
of Vplets becomes that of classifying Projective SK manifolds.
[deWit-Lauwers-Phelippe-Su-VanProyen ’84]

• The manifold parametrised by the Hplet scalars (G/H) must be
Quaternionic. So the problem of classifying different theories of Hplets
becomes that of classifying Quaternionic manifolds. [Cecotti-Ferrara-Girardello ’89]
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N = 2 suGras - Theories

Theory H andH # of multiplets, (min) Comments

Non Symmetric = U(1) × SO(q + 2) × Sq(P, Ṗ) 1 + q + 2 + r, (3) (q, P, Ṗ) = (≥ −1, P, Ṗ)

Generic Jordan = U(1) × U(1) × SO(q + 2) 1 + q + 2, (2) (q, P, Ṗ) = (≥ −1, 0, 0)

Magical ⊃ U(1) × U(1) × SO(n + 2) × Sn(1, 0) 3(n + 1), (6) (q, P, Ṗ) = (n, 1, 0)

Minimally coupled ⊃ U(1) × U(1) × U(P) P + 1, (1) G/H ∼= CPP+1

T3 model = U(1) 1 Pure suGra in D = 5

Non Symmetric = SU(2)ns × SO(l + 3) × Sl(K, K̇) l + 4 + s/2, (2) (l, K, K̇) = (≥ −3, K, K̇)

Generic Jordan = SU(2) × SU(2)′ × SO(l + 4) l + 4, (1) (l, K, K̇) = (≥ −3, 0, 0)

Magical ⊃ SU(2) × SU(2)′ × SO(m + 4) × Sm(1, 0) 3m + 4, (7) (l, K, K̇) = (n, 1, 0)

Minimally coupled = SU(2) × U(K) K, (0)

Projective = SU(2) × Sp(K) K, (0) G/H ∼= HPK

Exceptional model = SU(2) × SU(2)′ 2

[Gunaydin-Sierra-Townsend ’83 ’84, deWit-VanProeyen ’84 ’95, Cecotti-Ferrara-Girardello ’89, Cecotti ’89,

Strominger ’90, deWit-Vanderseypen-VanProeyen ’93]
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The Gauge theories - for Vplets

The Left NL = 2 theory: U(1)st × U(1)× SU(2)× GL and

VA ⊕ Ca =
[
10

2 ⊕ 2−1
1 ⊕ 1−2

0 ⊕ 12
0 ⊕ 21

−1 ⊕ 10
−2

]A
⊕
[
11

1 ⊕ 20
0 ⊕ 1−1

−1

]a
(2)

The Right NR = 0 theory: U(1)st × SO(q + 2)× Fq × GR and

VA ⊕ (q + 2)φA ⊕ (r)λa =
[
(1, 1)2 ⊕ (1, 1)−2 ⊕ (q + 2, 1)0

]A
⊕
[
r̄1 ⊕ r−1

]a
(3)

3pt coupling + BCJ⇒ r = (spin, def). Then Fq = Sq(P, Ṗ).

q SO(q + 2) Fq r r̄ r(q, P, Ṗ)

−2 -//- U(P) P̄−1 P1 P

−1 -//- SO(P) P P P
0 U(1) SO(P) × SO(Ṗ) (P, 1)−1 + (1, Ṗ)−1 (P, 1)1 + (1, Ṗ)1 P + Ṗ
1 SU(2) SO(P) (2, P) (2, P) 2P
2 SU(2)2 U(P) (2, 1, P̄)−1 + (1, 2, P̄)−1 (2, 1, P)1 + (1, 2, P)1 4P
3 Sp(2) Sp(P) (4, 2P) (4, 2P) 8P
4 SU(4) Sp(P) × Sp(Ṗ) (4, 2P) + (4, 2Ṗ) (4̄, 2P) + (4̄, 2Ṗ) 8P + 8Ṗ
5 SO(7) Sp(P) (8, 2P) (8, 2P) 16P
6 SO(8) U(P) (8s, P̄)−1 + (8c, P̄)−1 (8s, P)1 + (8c, P)1 16P

[Chiodaroli-Gunaydin-Johansson-Roiban ’16]
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5 SO(7) Sp(P) (8, 2P) (8, 2P) 16P
6 SO(8) U(P) (8s, P̄)−1 + (8c, P̄)−1 (8s, P)1 + (8c, P)1 16P

[Chiodaroli-Gunaydin-Johansson-Roiban ’16]



Motivation Introduction N = 2 suGras YM origin ofN = 2 suGras The T3 model Outlook

The Gauge theories - for Vplets + Hplets

The Left NL = 2 theory: U(1)st × U(1)× SU(2)× GL and

VA ⊕ Ca =
[
10

2 ⊕ 2−1
1 ⊕ 1−2

0 ⊕ 12
0 ⊕ 21

−1 ⊕ 10
−2

]A
⊕
[
11

1 ⊕ 20
0 ⊕ 1−1

−1

]a
(4)

Extend NR = 0: U(1)st × SO(q + 2)× Fq × SU(2)′ × SO(l + 4)×Fl × GR and

2(l + 4)Φa ⊕ (t)ϕa =
[
(1, 1; 2, l + 4, 1)0 ⊕ (1, 1; 1, t)0

]a
(5)

and again t = (spin, def). The reality properties give:

l SO(l + 4) Fl t t(l, K, K̇)

−4 -//- U(K) K̄−1 + K1 2K
−4 -//- Sp(K) 2K 2K

−3 -//- Sp(K) 2K 2K
−2 U(1) U(K) K(−1,1) + K̄(1,−1) 2K

−1 SU(2) SO(K) (2, K) 2K
0 SU(2)2 SO(K) × SO(K̇) (2, 1, K, 1) + (1, 2, 1, K̇) 2K + 2K̇
1 Sp(2) SO(K) (4, K) 4K
2 SU(4) U(K) (4, K̄)−1 + (4̄, K)1 8K
3 SO(7) Sp(K) (8, 2K) 16K
4 SO(8) Sp(K) × Sp(K̇) (8s, 2K) + (8c, 2K̇) 16K + 16K̇

[Anastasiou-Borsten-Duff-Marrani-Nagy-Zoccali ’17]
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Squaring
The resulting content is:

G⊕ (1 + q + 2 + r)V⊕ (l + 4 + t/2)H (6)

with representations from the squaring table with respect to:

IntL×IntR×U(1) =
(

U(1)×U(1)×SO(q+2)×Fq

)
×
(

SU(2)×SU(2)′×SO(l+4)×Fl

)
Theory q and l Fq and Fl Comments

Non Symmetric ≥ −1 Sq(P, Ṗ) The δ4DU(1) is absent
Generic Jordan ≥ −1 Sq(0, 0)
Magical n Sn(1, 0) Enhancement after squaring
Minimally coupled −2 U(P) Enhancement after squaring
T3 model ?? ?? Seems impossible to get

Non Symmetric ≥ −3 Sl(K, K̇) SU(2)ns = d.s of SU(2)× SU(2)′

Generic Jordan ≥ −3 Sl(0, 0)
Magical m Sm(1, 0) Enhancement before squaring
Minimally coupled −4 U(K)
Projective −4 Sp(K)
Exceptional model −4 Sp(1) t is the 4 instead of the 2
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Subtracting Vplets
Give the half-Hplet Cgh and the spinors λa

gh ghost statistics [Johansson-Ochirov ’14]

The resulting supergravity thus has content:

G⊕ V⊕ (q + 2)V	 rV (7)

which makes sense only if r ≤ q + 3.

q + 3 r Original Vplets Original Theory Shadow Vplets Shadow Theory
q + 3 + r q + 3− r

1 P = 1 2 Minimally coupled 0 Pure suGra
2 P = 1, 2 3, 4 Non Symmetric 1, 0 ??
3 P + Ṗ = 1, 2, 3 4, 5, 6 Non Symmetric 2, 1, 0 ??
4 2P = 2, 4 6, 8 Magical, Non Symm. 2, 0 ??
5 4P = 4 9 Magical 1 ??

Candidates:
• For 0 : Pure suGra
• For 1 : T3 model (D = 5 argument)
• For 2 : Generic Jordan (The only possible with uplift)
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The T3 model

D = 4 :
[
VA ⊕ Ca

gh

]
⊗
[
VA

4 ⊕ φA ⊕ λa
gh

]
= G4 ⊕ V⊕ V	 V (8)

Which is the Shadow theory?

Which of the two Vplets is V supposed to cancel?

D = 5→ D = 4 :
[
VA⊕Ca

gh

]
⊗
[
VA

5 ⊕λa
gh

]
= G5⊕V	V→ G4⊕V⊕V	V (9)

Following through the states gives

V = 1
3 (V + 2V) (10)
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Outlook

• Check BCJ for numerators from NR = 0 Lagrangian.

• Classify the shadow theories.

• Understand the symmetries argument for cancelling multiplets.

• Extend the analysis to NL = 1.

• Study Non Homogeneous theories starting from NL = NR = 1.

• Classify double-copy constructible suGras.

Thank you!



Motivation Introduction N = 2 suGras YM origin ofN = 2 suGras The T3 model Outlook

Outlook

• Check BCJ for numerators from NR = 0 Lagrangian.

• Classify the shadow theories.

• Understand the symmetries argument for cancelling multiplets.

• Extend the analysis to NL = 1.

• Study Non Homogeneous theories starting from NL = NR = 1.

• Classify double-copy constructible suGras.

Thank you!


	Motivation
	Introduction
	N=2 suGras
	YM origin of N=2 suGras
	The T3 model
	Outlook

