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Scattering Forms

@ This morning we heard about scattering forms, which are
scattering amplitudes expressed as differential forms on kinematic
space.
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Scattering Forms

@ This morning we heard about scattering forms, which are
scattering amplitudes expressed as differential forms on kinematic
space.

@ By transforming amplitudes to forms, we discover unexpected
geometric structures.
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|
Scattering Forms

@ Scattering forms originate from the amplituhedron, a geometry
that determines all on shell amplitudes in planar N’ = 4 SYM. In
particular, the n-point N*MHV amplitude at L-loops is determined

by the (unique) form with d-log singularities on the boundaries
of the amplituhedron A(k,n, L).

A(k,n, L) — Q(A(k,n, L)) — Amplitude(k, n, L)
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Scattering Forms

@ Scattering forms originate from the amplituhedron, a geometry
that determines all on shell amplitudes in planar N’ = 4 SYM. In
particular, the n-point N*MHV amplitude at L-loops is determined

by the (unique) form with d-log singularities on the boundaries
of the amplituhedron A(k,n, L).

A(k,n, L) — Q(A(k,n, L)) — Amplitude(k, n, L)

@ Two ways to generalize:

@ What are all the geometries that have a unique d-log form?

@ What are all the geometries whose d-log form determines physical
quantities?
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Positive Geometries and Canonical Forms

@ With Thomas Lam, we found a large class of such geometries
[arXiv:1703.04541]. The geometries are defined by positivity
conditions, and are called positive geometries. Every positive
geometry has a (unique) d-log form called its canonical form.
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Positive Geometries and Canonical Forms

@ But are there more positive geometries that describe physics?

Positive Geometry — Canonical Form — Physical Quantity
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Positive Geometries and Canonical Forms

@ But are there more positive geometries that describe physics?

Positive Geometry — Canonical Form — Physical Quantity

@ Yes, there are many! Today we focus on the associahedron:

Associahedron — Q(Associahedron) — Bi-adjoint tree amplitude

Yuntao Bai (Princeton University) Positive Geometries and Canonical Forms Dec 2017 5/25



Positive Geometries and Canonical Forms

@ But are there more positive geometries that describe physics?

Positive Geometry — Canonical Form — Physical Quantity

@ Yes, there are many! Today we focus on the associahedron:

Associahedron — Q(Associahedron) — Bi-adjoint tree amplitude

@ We will focus on partial amplitudes m[«|g3] for the standard
ordering v = = (12---n).
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The Associahedron
@ A partial triangulation of the (regular) n-gon is a set of
non-intersecting diagonals.

The set of all partial triangulations of the n-gon can be organized
in a hierarchical web:
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The Associahedron

@ The associahedron of dimension (n — 3) is a polytope whose
codimension d boundaries are in 1-1 correspondence with the
partial triangulations with d diagonals. And the lines connecting
partial triangulations tell us how the boundaries are glued

together.
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The Associahedron
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The Associahedron

@ Partial triangulations are dual to cuts on planar cubic graphs, with
each diagonal corresponding to a cut. So the codimension d

boundaries of the associahedron are dual to d-cuts.
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The Associahedron

@ Partial triangulations are dual to cuts on planar cubic graphs, with
each diagonal corresponding to a cut. So the codimension d
boundaries of the associahedron are dual to d-cuts.

@ The boundaries of the associahedron are therefore dual to the
singularities of a cubic scattering amplitude.
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The Associahedron

@ Partial triangulations are dual to cuts on planar cubic graphs, with
each diagonal corresponding to a cut. So the codimension d
boundaries of the associahedron are dual to d-cuts.

@ The boundaries of the associahedron are therefore dual to the
singularities of a cubic scattering amplitude.

@ It appears that the associahedron knows about the structure of
planar cubic amplitudes. It is therefore natural to look for an
explicit construction of an associahedron within kinematic space.
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|
Cutting Out the Associahedron

@ We first require all planar propagators to be positive:

Si,i41,i42,...i4+m = (pi+--- +pi+m)2 > 0.
Hence the codimension 1 boundaries correspond to planar cuts.
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|
Cutting Out the Associahedron

@ We first require all planar propagators to be positive:
Siit1,i+2,..itm = (Di + 4 Pigm)? > 0.
Hence the codimension 1 boundaries correspond to planar cuts.
@ The inequalities cut out a big simplex in kinematic space of

dimension n(n — 3)/2, but the associahedron is of lower
dimension n — 3.
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Cutting Out the Associahedron

@ We first require all planar propagators to be positive:
Si,i41,i42,...i4+m = (pi+--- +pi+m)2 > 0.
Hence the codimension 1 boundaries correspond to planar cuts.
@ The inequalities cut out a big simplex in kinematic space of
dimension n(n — 3)/2, but the associahedron is of lower
dimension n — 3.
@ We set the variables s;; for all non-adjacent index pairs
1 <i < j <n—1to be negative constants. Namely, s;; = —c;;.
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|
Cutting Out the Associahedron

@ We first require all planar propagators to be positive:
Siit1,i+2,..itm = (Di + 4 Pigm)? > 0.
Hence the codimension 1 boundaries correspond to planar cuts.
@ The inequalities cut out a big simplex in kinematic space of
dimension n(n — 3)/2, but the associahedron is of lower
dimension n — 3.
@ We set the variables s;; for all non-adjacent index pairs
1 <i < j <n—1to be negative constants. Namely, s;; = —c;;.
@ The number of constraints is: w This cuts the space

down to the required dimension: 273 _ (n=2)n=3) _,, _ 3
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The Associahedron in Kinematic Space

@ The intersection between the big simplex and these
equations is an associahedron!
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The Associahedron in Kinematic Space

@ The intersection between the big simplex and these
equations is an associahedron!

@ To show this, we argue that the boundaries of the polytope
correspond to cuts on planar cubic graphs. But this is true by
construction, since the boundaries are defined using cuts.
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|
The Associahedron in Kinematic Space

@ The intersection between the big simplex and these
equations is an associahedron!

@ To show this, we argue that the boundaries of the polytope
correspond to cuts on planar cubic graphs. But this is true by
construction, since the boundaries are defined using cuts.

@ However, we need to argue that double cuts corresponding to
crossing diagonals are forbidden. This follows from the negative
constants.
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The Associahedron

@ We have thus established the kinematic associahedron.
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The Associahedron

@ We have thus established the kinematic associahedron.

@ Here we show a numerical plot (left) for the n = 6 kinematic
associahedron, which is equivalent to the 3D associahedron

(right).

Image created using Mathematica 9

Yuntao Bai (Princeton University) Positive Geometries and Canonical Forms Dec 2017 12/25



The Canonical Form of the Associahedron

@ Now that we have constructed a positive geometry, the next step
in our program is to study its canonical form and look for a
physical interpretation.

Positive Geometry — Canonical Form — Physical Quantity
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The Canonical Form of the Associahedron

@ Now that we have constructed a positive geometry, the next step
in our program is to study its canonical form and look for a
physical interpretation.

Positive Geometry — Canonical Form — Physical Quantity

@ We discover that the canonical form of the kinematic
associahedron is the bi-adjoint amplitude!
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The Canonical For of the Associahedron

@ We first observe that the associahedron is a simple polytope.
Recall: A D-dimensional polytope is simple if each vertex is
adjacent to exactly D facets.
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The Canonical For of the Associahedron

@ We first observe that the associahedron is a simple polytope.
Recall: A D-dimensional polytope is simple if each vertex is
adjacent to exactly D facets.

@ For a simple polytope, the canonical form is:

D
Z /\ dlog(Fi z)

vertex Z =1

where F; 7 = 0 are the equations of the facets adjacent to Z,
ordered by orientation.
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The Canonical For of the Associahedron

@ We first observe that the associahedron is a simple polytope.
Recall: A D-dimensional polytope is simple if each vertex is
adjacent to exactly D facets.

@ For a simple polytope, the canonical form is:

D
Z /\ dlog(Fi z)

vertex Z =1

where F; 7 = 0 are the equations of the facets adjacent to Z,
ordered by orientation.

@ Applying this to the kinematic associahedron, we find

Canonical form = Z Planar cubic graph
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The Canonical Form of the Associahedron

@ The expression for each vertex is the product of d-log of the
equations for the n — 3 adjacent facets. But the facets are given by
the propagators s;, = 0 on the graph. So the expression is just the
d-log of the propagators.

__ ANn—3 dSIi
E /\7,:1 Sli
54 = dlog sa3 dlog s103 dlog sy5
_ ds23 dsi93 dsas
8§23 8123 S45
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The Canonical Form of the Associahedron

@ The expression for each vertex is the product of d-log of the
equations for the n — 3 adjacent facets. But the facets are given by
the propagators s;, = 0 on the graph. So the expression is just the
d-log of the propagators.

__ ANn—3 dSIi
E /\7,21 Sli
54 = dlog sa3 dlog s103 dlog sy5
_ ds23 dsi93 dsas
8§23 8123 S45

4 S
@ The numerator H?;f’ dsy, is the same for each graph when pulled
back onto the (n — 3)-subspace containing the associahedron.
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The Canonical Form of the Associahedron

@ The expression for each graph is therefore:

n—3
Planar cubic graph = (H 1) d"3s

S7.
i=1 L

The quantity in parentheses is the amplitude expression for the
graph.
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The Canonical Form of the Associahedron

@ The expression for each graph is therefore:

n—3
Planar cubic graph = (H 1) d"3s

SI.
i=1 i

The quantity in parentheses is the amplitude expression for the
graph.
@ The terms add to form the bi-adjoint amplitude:

Canonical form = Z Planar cubic graph
= (Amplitude)d"3s
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An Example for n = 4

@ Forn=4,wehave s+t+u=0.
The “big simplex” is s,t > 0 (grey area).
The subspace is u < 0 constant (diagonal line).
The associahedron is the line segment (red).
The canonical form determines the 4 point amplitude.
S

1 1 .
Canonical form = @ - % = < + t) ds = (4pt Amplitude) ds
S S
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Dual Associahedron

@ The amplitude is the volume of the dual associahedron.
Amplitude = Vol(Dual Associahedron)

@ The Feynman diagram expansion is a triangulation of the dual
polytope (with a reference point on the interior).
1 1 1 1

5125123 5235234 5345345 5455451 5515512

5pt amplitude =
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Scattering Equations

@ Recall that the moduli space of n ordered points on a circle (i.e.
the open string worldsheet) is shaped like an associahedron. This
is most easily seen in the space of cross ratios u; ; given by

(0i —0j-1)(0i-1 — 0})
(0i —0j)(0i1 — 0j-1)

ul?] =
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Scattering Equations

@ Recall that the moduli space of n ordered points on a circle (i.e.
the open string worldsheet) is shaped like an associahedron. This
is most easily seen in the space of cross ratios u; ; given by

(0i —0j-1)(0i-1 — 0})
(0i —0j)(0i1 — 0j-1)

ul?] =

@ So there are two associahedra: the kinematic associahedron
and the worldsheet associahedron living in two different spaces.
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Scattering Equations

@ Recall that the moduli space of n ordered points on a circle (i.e.
the open string worldsheet) is shaped like an associahedron. This
is most easily seen in the space of cross ratios u; ; given by

(0i —0j-1)(0i-1 — 0})
(0i —0j)(0i1 — 0j-1)

ul?] =

@ So there are two associahedra: the kinematic associahedron
and the worldsheet associahedron living in two different spaces.

@ The two spaces are related by the scattering equations:
Ei({oa,ssc}) = 0. So it is natural to expect that the two
associahedra are also related.
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Scattering Equations as a Diffeomorphism

@ Observation: If the kinematic variables are on the interior of the
kinematic associahedron, then there exists exactly one solution on
the interior of the worldsheet associahedron.
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Scattering Equations as a Diffeomorphism

@ Observation: If the kinematic variables are on the interior of the
kinematic associahedron, then there exists exactly one solution on
the interior of the worldsheet associahedron.

@ Hence the scattering equations act as a diffeomorphism from
the worldsheet associahedron to the kinematic
associahedron.

| (aftey

| Qg ?

it
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Scattering Equations as a Diffeomorphism

Worldsheet Associahedron

| ]
117
|m}
]

Kinematic Associahedron

Scattering
Equations

=

0<oe<o3<1

S12 = *—f(-"'l:; + 51403)

1
5123 = — 15 (524(03 — 02) + s1403(1 — 02))
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Scattering Equations as a Diffeomorphism

@ Recall: Diffeomorphisms push canonical forms to canonical forms.

diffeomorphism ¢
_—

If A
then Q(A)

B

pushforward by ¢ Q ( B)
—_—>
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Scattering Equations as a Diffeomorphism

@ Recall: Diffeomorphisms push canonical forms to canonical forms.

diffeomorphism ¢
_—

If A
then Q(A)

B

pushforward by ¢ Q(B)
—_—>

@ Applying this to our case with ¢ = scattering equations, we get

diffeomorphism . .
Worldsheet Assoc. —p¢> Kinematic Assoc.

pushforward by ¢ Q(
—_—

2(Worldsheet Assoc.) Kinematic Assoc.)

Yuntao Bai (Princeton University) Positive Geometries and Canonical Forms Dec 2017 22/25



Scattering Equations as a Diffeomorphism

@ Recall: Diffeomorphisms push canonical forms to canonical forms.

diffeomorphism ¢
_—

If A
then Q(A)

B

pushforward by ¢ Q(B)
—_—>

@ Applying this to our case with ¢ = scattering equations, we get

diffeomorphism . .
Worldsheet Assoc. —p¢> Kinematic Assoc.

pushforward by ¢ Q(
—_—

2(Worldsheet Assoc.) Kinematic Assoc.)

d"o /Vol SL(2) pushforward by ¢ . n—3
@ Hence, T (oimoi1) (Amplitude)d™ s
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Scattering Equations as a Diffeomorphism

@ Recall: Diffeomorphisms push canonical forms to canonical forms.

diffeomorphism ¢
_—

If A
then Q(A)

B

pushforward by ¢ Q(B)
—_—>

@ Applying this to our case with ¢ = scattering equations, we get

diffeomorphism . .
Worldsheet Assoc. —p¢> Kinematic Assoc.

pushforward by ¢ Q(
_

2(Worldsheet Assoc.) Kinematic Assoc.)

d"o /Vol SL(2) pushforward by ¢ . n—3
@ Hence, T (oimoi1) (Amplitude)d™ s

@ The scattering equations push the Parke-Taylor form to the
amplitude form!
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CHY Formula as a Pushforward

@ In order words,

3 n”/ Vol SL(2) = (Amplitude)d”3s

sol. o H’ 1 UZ _JHI)

where we sum over all solutions o, ({s.}) of the scattering
equations.
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CHY Formula as a Pushforward

@ In order words,

"o /Vol SL(2) . _3
= (Amplitude)d"
Z Hz 1 (03 — 0iv1) (Amp ) °

sol. o

where we sum over all solutions o, ({s.}) of the scattering
equations.

@ This is equivalent to the CHY formula for the bi-adjoint amplitude:

/H“a/VoI SL(2 2H5 (Z — ) — Amplitude

i=1 Uz_o'z—f—l
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CHY Formula as a Pushforward

@ In order words,

"a/VoI SL(2) . _3
E = (Amplitude)d"
Hz 1 (03 — 0iv1) (Amp ) i

sol. o

where we sum over all solutions o, ({s.}) of the scattering
equations.

@ This is equivalent to the CHY formula for the bi-adjoint amplitude:

/H%/VOI SL(2 2H5 (Z — ) — Amplitude

i=1 Uz_o'z—f—l

@ We have deduced the CHY formula above purely as a
consequence of geometry!
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Summary

@ There is an associahedron in kinematic space whose canonical
form determines the bi-adjoint tree amplitude.
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Summary

@ There is an associahedron in kinematic space whose canonical
form determines the bi-adjoint tree amplitude.

@ The scattering equations act as a diffeomorphism from the
worldsheet associahedron to the kinematic associahedron, which
explains the CHY formula for the bi-adjoint scalar.
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Outlook

@ We discussed three positive geometries that are relevant to
physics. There are many others:

Kinematic Associahedron

Worldsheet Associahedron

Amplituhedron

Cells of the positive Grassmannian

Bi-adjoint polytopes at loop level (work in progress)

Cayley polytopes (work in progress)
o Cosmological polytopes (work in progress)

But why should they appear at all in physics? And what are all

positive geometries that appear in physics?

Positive Geometry — Canonical Form — Physical Quantity
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