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fL (2.27)

where the ‘ladder’ integrands are chosen from our basis (2.19), constructed in the

way described above, and each coe�cient fL is a a single on-shell function:
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Readers familiar with the earlier work in ref. [119] will notice that the repre-

sentation of two loop amplitudes described here is considerably more compact (and

arguably more straightforward). There are several reasons for this.

The primary distinction between the representation of two loop amplitudes in

(2.27) and that described in ref. [119] is that here we have made no use of com-

posite residues such as (2.16). Because these residues are entirely responsible for

the infrared divergences of scattering amplitudes which are known to exponentiate

according to the BDS ansatz described in ref. [152], it is well-motivated to make this

exponentiation manifest in an integrand-level representation. This was achieved in

the formulation described in ref. [119], but at the cost of distinguishing the terms

in (2.27) according to the possible masslessness of the external leg ranges of the

integrals, and using di↵erent cuts/coe�cients for the di↵erent cases—namely, using

composite residues for the massless cases, and those similar to what we described

above whenever composite residues would not exist.

Our choice here to not make such distinctions is primarily pedagogical: breaking

the basis of integrals into more cases requires a degree of unessential complication

and a longer discussion. At three loops, choosing not to exploit composite residues

leads to a considerably more compact formulation, but it is worth mentioning that

we have been unable to make the exponentiation of infrared divergences manifest

at three loops even if these distinctions had been made. As such, it is not merely

the interest of brevity that motivates our choice to ignore any possible composite

residues that may exist. Refining our representation of three loops to make the

exponentiation of infrared divergences manifest would be an interesting exercise, but

must be left for future research.
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3 Prescriptive Representation of All Three Loop Amplitudes
Let us now apply the prescriptive approach to construct a closed-form representation

of all n-point NkMHV amplitudes in planar SYM at three loops. Until now, the only

cases known (for arbitrary multiplicity) were the three loop MHV integrands found

in [9, 119]. In this section, we construct representations valid for all amplitudes,

AL=3
n =

X

W

fW +
X

L

fL , (3.1)

where the integrals span all contact-term topologies of those drawn above, and the

non-contact terms of each are fully determined to match specific field theory cuts fW
and fL. As indicated in (3.1), the possible integrands come in two principle topologies

which we will call ‘wheels’ and ‘ladders’, respectively. In the next subsection, we will

demonstrate that this corresponds to a complete basis for three loop integrands, and

we give a complete enumeration of the contact-term topologies (relative to what is

drawn in (3.1)) that appear in our basis. In the following subsection we illustrate

the cuts which define our basis (and the field theory coe�cients); complete details

are provided in Appendix A. General aspects of (3.1) are discussed in section 3.3.

3.1 Constructing a Diagonal Integrand Basis for Three Loop Integrals

As outlined in section 2.4, the first step in applying prescriptive unitarity is to con-

struct a complete basis of integrals (relevant to a particular quantum field theory).

At two loops, we saw that all integrals (with the correct power counting for SYM)

could be expanded into those involving at most four external propagators—generally,

double-pentagon integrals and contact terms thereof.

At three loops, the same rule applies: any integral involving more than four ex-

ternal propagators is expandable into those with fewer. For (single-loop-momentum)

factors of integrands involving a single internal propagator, the argument is the same

at two loops. New at three loops is the possibility that one loop involves two internal

propagators. The fact that a heptagon involving five external and two internal prop-

agators (with numerators spanning a 50-dimensional space according to (2.11)) can

be decomposed into those involving at most four external propagators is similarly

obvious (in terms of counting), and easy to verify by counting. See Table 2 for more

general counting. This fact demonstrates that general integrands with the wheel

topology (the first terms in (3.1)) can involve at most four external propagators per

loop, and that the ladder integrals drawn in (3.1) are actually reducible into:

⇢
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✦ Integrand bases are stratified by power-counting,  
so amplitudes can be constructed iteratively

✦The maximal-(and next-to-maximal-)weight parts 
of any amplitude are always “cut-constructible”

✦The maximal-weight part of SUGRA has better 
than BCJ power-counting for high enough loops…
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✦Moreover, the only independent integrands with  
          propagators can be chosen to be parity-odd
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✦This procedure continues to work at three loops:
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is also now known—to all orders(!)
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[JB, Herrmann, McLeod, Stankowicz, Trnka (in prep)]
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FIG. 1. Complete basis of cut-constructible two-loop integrals. We give the tensor structure of general numerators and count
the resulting degrees of freedom according to their separation into non-contact vs. contact terms. The counting of numerator
degrees of freedom for the prescriptive basis for ultraviolet-finite theories is given parenthetically for integrands I1, . . . , I12.

It would be much more di�cult to understand the
space of numerators consistent with a given power-
counting if not organized according to inverse propa-
gators. In particular, it would not be easy to express
possible numerators in terms of a bound on the degree
of Lorentz-invariant monomials in `µi . (Such a formu-
lation would depend on the origins chosen for the loop
momenta.) As the example above illustrates, using in-
verse propagators makes it easy to construct the complete
space of numerators for an integrand and to identify all
contact terms among them.

Continuing in this way, it is straightforward to identify
the degrees of freedom of any integrand topology, and
decompose these into non-contact and contact terms. For
either bubble or triangle power-counting at two loops,
it turns out that any integrand with more than eight
propagators is entirely reducible.

(This would not be true if we had restricted ourselves
to integrands with ‘box-like’ power-counting relevant for
SYM: with this power counting, there are (two) inde-
pendent integrand topologies involving nine propagators.
Unfortunately, these integrands are not all independent
of each other, requiring that an independent subset be
chosen before an amplitude’s coe�cients in (1) could be
determined. This is analogous to the situation at one
loop, where pentagon integrals with SYM power count-
ing are not all independent, requiring a choice for the
basis be made.)

The resulting complete basis of integrands relevant
to cut-constructible (parts of) four-dimensional quantum
field theories at two loops is given in fig. 1. Also listed in
fig. 1 is the space of tensor numerators relevant to bub-
ble power-counting, and the breakdown of the resulting

degrees of freedom into non-contact and contact terms.
Also listed (parenthetically) is this counting for the basis
with triangle power-counting.

On-Shell Coe�cients and Basis Diagonalization

Because no integrand in the prescriptive basis of fig. 1
(with either power counting) involves more than eight
propagators, there are no non-trivial choices to make
to define its non-contact degrees of freedom: in every
case, the relevant number of (arbitrary, but indepen-
dent) points along the integrand’s maximal cut (residues
putting all propagators on-shell) are chosen.
It is easy to identify numerators which diagonalize non-

contact degrees of freedom of any integrand; and using
these, one can readily subtract-out their support on the
points in loop-momentum space on which all contact
terms are normalized. The result: every integrand in
fig. 1 has support on exactly one field theory cut, and
vanishes identically on all other defining cuts.
These coe�cients are simply on-shell functions of the

theory—fully dressed with any colour factors, etc. that
label the states involved. For a more general discussion
of how these functions are defined and computed, see,
e.g. refs. []; for illustrative examples of their form and
related computational tools, see e.g. [].
We have explicitly avoided making the choices of the

points along each integrand’s maximal cut at which to
match field theory. These choices (which are essentially
arbitrary) do a↵ect the analytic form of the resulting rep-
resentation (as all parent integrands are defined relative
to the points used to define their daughters), but we will
not a↵ect the resulting representations’ prescriptive form.
For some classes of amplitudes (low multiplicity or low
NkMHV degree), some of these choices may be arguably

[Feng, Huang]
[JB, Herrmann, McLeod, Stankowicz, Trnka (in prep)]



“No-Bubble” Hypothesis for N=8
✦Theories with leading transcendentality should be 

triangle-constructible—thus fully representable 
prescriptively to all orders

15



“No-Bubble” Hypothesis for N=8
✦Theories with leading transcendentality should be 

triangle-constructible—thus fully representable 
prescriptively to all orders

15

✦Even if a theory were not triangle-constructible, the 
leading-weight part of any amplitude would be 
represented in the same basis—merely with 
different (theory-specific) coefficients



“No-Bubble” Hypothesis for N=8
✦Theories with leading transcendentality should be 

triangle-constructible—thus fully representable 
prescriptively to all orders

15

✦Even if a theory were not triangle-constructible, the 
leading-weight part of any amplitude would be 
represented in the same basis—merely with 
different (theory-specific) coefficients

✦ Is           supergravity triangle-constructible? 



“No-Bubble” Hypothesis for N=8
✦Theories with leading transcendentality should be 

triangle-constructible—thus fully representable 
prescriptively to all orders

15

✦Even if a theory were not triangle-constructible, the 
leading-weight part of any amplitude would be 
represented in the same basis—merely with 
different (theory-specific) coefficients

✦ Is           supergravity triangle-constructible? 
‣ can be tested constructively, without integration



“No-Bubble” Hypothesis for N=8
✦Theories with leading transcendentality should be 

triangle-constructible—thus fully representable 
prescriptively to all orders

15

✦Even if a theory were not triangle-constructible, the 
leading-weight part of any amplitude would be 
represented in the same basis—merely with 
different (theory-specific) coefficients

✦ Is           supergravity triangle-constructible? 
‣ can be tested constructively, without integration
If so, a triangle power-counting representation would be 
(asymptotically, arbitrarily) better than BCJ in the UV!



Questions?


