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Motivation

Double copy found huge success in scattering amplitudes, that is,
in perturbation theory around flat background. More recently
non-linear constructions have also been shown to double copy.

I What happens if we combine both, that is, perturbations
around curved backgrounds?

I How can we probe it?



Motivation

Need notion of S-matrix, but not defined for generic spacetimes.
Restrict to asymtotically flat spaces in order to have a notion of
scattering amplitudes. Particularly simple are plane wave
backgrounds.

I Is there a notion of double copy for scattering amplitudes
around plane waves?



Outline

I Plane waves
I gravity
I gauge theory

I Free field solutions
I spin 0 (gauge and gravity)
I unitarity in curved space
I spin 1 (gauge and gravity)
I spin 2 (gravity)

I Amplitudes! (Tim’s talk this afternoon)



Plane wave backgrounds: gravity

Einstein-Rosen coordinates:

ds2 = 2dU dV − γij(U)dy i dy j

Brinkmann coordinates:

ds2 = 2du dv − H(u, x) du2 − dxa dx
a

H(u, x) = H(u)abx
axb

There are D − 1 Killing vectors → D − 1 conserved quantities



Plane wave backgrounds: gravity

Einstein-Rosen ↔ Brinkmann

Ëa i = Hab E
b
i , γij = E a

(i E|a| j)

with change of variables

U = u

V = v +
1

2
Ė i
a Eb i x

axb

y i = E i
a x

a

Define shear tensor
σab = Ė i

a Eb i



Plane wave backgrounds: gravity

out

in

u v

lim
u→±∞

E i ±
a (u) = δia



Plane wave backgrounds: gauge

Working on flat Minkowski space with metric

ds2 = 2du dv − dxa dx
a

impose the same symmetry algebra as gravity plane waves on
generic potential

A = A0(u)dv + Aa(u) dxa

This fixes the plane wave gauge potential and field strength

A = Ȧa(u)xadu, F = Ȧa dx
a ∧ du



Free fields on plane waves: scalars

Solutions to free field scalar equations are built out of solutions to
the Hamilton-Jacobi equation

gµν(∂µφ)(∂νφ) = 0

then

Φ(X ) = Ω(U) eiφk , Ω(U) := |γ−1(U)|1/4 = |E (u)|−
1
2

solves EOM with

φk :=
k0

2
σab x

axb + kiE
i
a x

a + k0 v +
ki kj
2 k0

F ij

where F ij =
∫ u

γ ij(s)ds and {k0, ka} constants.



Free fields on plane waves: scalars

Analogous solution on gauge plane wave

Φ̃(X ) = ei φ̃k

where

φ̃k = k0 v + (ka + eAa) xa +
1

2 k0
f (u)

The function f (u) is the analogue of F ij(u):

f (u) :=

∫ u

ds (ka + eAa(s)) (ka + eAa(s))



Unitarity in curved space

Symplectic form from action induces inner products of states

〈Φ1|Φ2〉 = i

∫
Σ

(
Φ1 ∧ ∗dΦ̄2 − Φ̄2 ∧ ∗dΦ1

)
There are three interesting pairings

〈Φ−1 |Φ
−
2 〉 = 2 k0 δ(k0 − l0) δd−2(ki − li )〈

Φ̄+
1 |Φ

−
2

〉
= δ(k0 + l0) (k0 − l0) Ω−(0)

∫
dd−2x exp

[
i

(
l0
2
σ−ab(0) xaxb

+(ka + liE
− i
a (0))xa +

li lj
2l0

F ij
−(0)

)]
= 0

〈Φ+
1 |Φ

−
2 〉 = 2 k0

(
2π

i l0

) d−2
2

δ(k0 − l0)
e−i(sl+rk,l )√
|b|



Free fields on plane waves: spin raising operators

We use special operators to construct solutions to free field
equations for higher spins

Ra = du δab
∂

∂xb
+ dxa

∂

∂v

These are covariantly constant and it is easy to check that RaΦ
and RaRbΦ are solutions to the respective EOM



Free fields on plane waves: Spin 1

Construct gauge potential (Av = 0 = ∇µAµ) as

Aµ dX
µ =

1

k0
εaRaΦ =

1

k0
εaRa

(
Ω eiφk

)
Aµ = εµ Φ ; εµ dX

µ = εa
(
kj
k0

E j
a + σab x

b

)
du + εa dx

a

This obeys ε · K = gµνεµKν = 0 with KµdX
µ = dφk =

k0 dv+

(
k0

2
σ̇bc x

bxc + ki Ė
i
bx

b +
kikj
2k0

γ ij
)
du+(kiE

i
a+k0 σabx

b)dxa



Free fields on plane waves: Spin 1

Using spin raising on gauge background

aµ dX
µ = ε̃a

(
dxa +

1

k0
(ka + eAa) du

)
eiφ̃k

with

ε̃µ dX
µ = ε̃a

(
dxa +

1

k0
(ka + eAa) du

)
obeying ε̃ · K̃ = 0 with K̃µdX

µ = −ie−iφ̃kDµeiφ̃kdXµ



Free fields on plane waves: Spin 2

Act twice with spin raising operators to find the metric
perturbation (∇µhµσ = 0 = hµµ)

hµν dX
µ dX ν =

1

k2
0

εaRa
(
εbRb Φ

)
=

(
(ε · dX )2 − i

k0
εaεb σ

abdu2

)
Ω eiφk

with same ε as before

εµ dX
µ = εa

(
kj
k0

E j
a + σab x

b

)
du + εa dx

a



Amplitudes in curved space

See Tim Adamo’s talk this afternoon!



Thank you!


