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EFT approach for 2-body problem

! Fourier transform non-relativistic
scattering amplitude to get
long-range potential

M4 = −4
α2m2

am
2
b

q⃗ 2 ⇒ V = −G mamb
r

! Higher order corrections O(Gn)
lead to PN expansion for GR

V (r) =

−Gmamb
r

(
1 + 3G(ma+mb)

r + . . .
)

P2 − P1 = (0, q⃗)
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EFT approach for 2-body problem
We need loop diagrams =⇒ Extract classical piece (F. Cachazo
and A.G., A. Ross and B. Holstein, see also Rothstein’s Talk)

Higher multipoles =⇒ Include Spin in the external particles
(Holstein et al., Bjerrum-Bohr et al., Goldstein et al., Porto et al,
Vines)

Sµ = εµβγα ϵ
∗β
4 ϵγ3(P3 + P4)α
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1-loop Scattering

B. Holstein and A. Ross (0802.0716)
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Plan of the Talk

1. Holomorphic Classical Limit
A.G. (1706.02314)

2. Spinor Helicity Variables for Massive Kinematics
N. Arkani-Hamed and Y.-t. Huang (1709.04891)

3. Leading Singularity (LS)
Freddy Cachazo and A.G. (1705.10262)
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HCL: Kinematics

! P2
1 = P2

2 = m2
a, P

2
3 = P2

4 = m2
b

! P⃗1 + P⃗3 = 0
(COM Fame)

! K := P1 − P2 = (0, q⃗), t = K 2 = −q⃗2

(Momentum Transfer)

! P1+P2
2 = (Ea, p⃗) ,

P3+P4
2 = (Eb,−p⃗) , p⃗ · q⃗ = 0

(Average momentum)

! s = (ma +mb)2
(
1 + p⃗2

mamb

)
+ . . .

(COM Energy)

!
√
−t
m = |q⃗|

m → 0
(Non-relativistic Limit)
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HCL: Spin Considerations

The transverse condition implies the spin 4-vector is spatial

Sµ(P3 + P4)µ = 0 =⇒ Sµ → (0, S⃗)

The Mass (k = 1) and Current (k = 2) multipoles

VS = c1S
i1...i2n
1 qi1 . . . qi2n + c2S

i1...i2n
2 qi1 . . . qi2n−1pi2n

Emerge in the non-relativistic limit from the covariant form

Sµ1···µmKµ1 · · ·Kµj (Paj+1)µj+1 · · · (Pam)νm , aj ∈ {1, 3}

i.e.

εµνραSαKρ(P1)µ(P3)ν →(ma +mb)

(
1 +

p⃗2

2mamb

)
S⃗ · q⃗ × p⃗

ϵ∗µ4 ϵν3KµKν →(S⃗ · q⃗)2 + . . .
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HCL: Definition

! Compute the classical piece of M(t, s)

! Extract multipole terms by tracking at t = 0 i.e.

εµνραSαKρ(P1)µ(P3)ν → K · S
2

√(
s −m2

a −m2
b

)2 − 4m2
am

2
b

! Pi · K = ±K 2 = ±t → 0 requires complexified momenta

! The expressions are fully relativistic → PM Framework
(Damour, Vines, Buonanno)

Covariant Non-relativistic

εµνραSαKρ(P1)µ(P3)ν (ma +mb)
(
1 + p⃗2

2mamb
+O(p⃗ 4)

)
S⃗ · q⃗ × p⃗

ϵ∗µ4 ϵν3KµKν (S⃗ · q⃗)2 +O(p⃗ 2)
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Massive Particles with Arbitrary Spin S

The little group for massive particles is SU(2). A representation for
both P3 = {|λ]α̇, |η]α̇} and P4 = {[λ|α̇, [η|α̇} is given in terms of

|m⟩ = 1

[λη]S
|λ]⊙ . . .⊙ |λ]︸ ︷︷ ︸

m

⊙ |η]⊙ . . .⊙ |η]︸ ︷︷ ︸
2S−m

∈ V S
3 ,

⟨n| = 1

[λη]S
[λ|⊙ . . .⊙ [λ|︸ ︷︷ ︸

n

⊙ [η|⊙ . . .⊙ [η|︸ ︷︷ ︸
2S−n

∈ V̄ S
4 ,

m, n = 0, ..., 2S .

For instance,

ηα ⊙ λβ =
ηαλβ + ηβλα√

2
,

ηα ⊙ λβ ⊙ λγ =
ηαλβλγ + ηβλαλγ + ηγλαλβ√

3
,
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3pt Amplitudes

A(−h)
S = α(mx̄)h =

(m
x

)h
→
(m
x

)h
δα̇1

β̇1
. . . δα̇2S

β̇2S

where mx = [K |P3|η⟩
⟨Kη⟩ and AS : V̄ S

4 ⊗ V S
3 → C.

i.e.

Am+(−h)→n = ⟨n|A(−h)
S |m⟩ =α

(mb

x

)h
⟨n|m⟩ ,

⟨n|m⟩ =(−1)mδm+n,2S

Also

A(+h)
S = α(mx)h

(
1− |λ][λ|

m

)⊗2S

,

= α(mx)h

⎛

⎜⎜⎜⎝
1− 2S

|λ][λ|
m︸ ︷︷ ︸

SµKµ

+

(
2S

2

)
|λ][λ|⊗ |λ][λ|

m2︸ ︷︷ ︸
ϵ∗µ4 ϵν3KµKν

+ . . .

⎞

⎟⎟⎟⎠
.
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3pt Amplitudes
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Tree Level Classical Piece

In the standard approach computations need to be redone for each
spin using different formalisms, i.e.

Sa = 0, Sb = 1 Sa = Sb = 1
2

B. Holstein and A. Ross (0802.0716)
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M(0)
(Sa,Sb,h)

=
1

t

(
A(+h)
3 (P1)A

(−h)
3 (P3) + A(−h)

3 (P1)A
(+h)
3 (P3)

)

=
α2

t

⎛

⎝uh
(
1− |λ̂][λ̂|

ma

)2Sa

+ vh
(
1− |λ][λ|

mb

)2Sb
⎞

⎠

where h = 1 for EM and h = 2 for gravity,

u = s −m2
a −m2

b +
√(

s −m2
a −m2

b

)2 − 4m2
am

2
b = mamb +O(p⃗ 2)

v = s −m2
a −m2

b −
√(

s −m2
a −m2

b

)2 − 4m2
am

2
b = mamb +O(p⃗ 2)
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Plan of the Talk

1. Holomorphic Classical Limit
A.G. (1706.02314)

2. Spinor Helicity Variables for Massive Kinematics
N. Arkani-Hamed and Y.-t. Huang (1709.04891)

3. Leading Singularity (LS)
Freddy Cachazo and A.G. (1705.10262)
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1-loop Leading Singularity (LS)

! 1PN correction requires Gmb√
−t

contribution (also classical
correction in EM)

! Is it possible to use only on-shell
diagrams?

! Leading Singularity: Triangle
triple-cut + residue at S∞

! Captures the double discontinuity
of M1−loop ∝ Gmb√

−t

! HCL: Drop higher orders in t +
simplify the computation
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LS: 1PN spinless correction

M(1) =
∑

h3,h4

∫

ΓLS

d4L δ(L2 −m2
b) δ(k

2
3 ) δ(k

2
4 )A4(P1,−P2, k

h3
3 , kh4

4 )

×A3(P3,−L,−k−h3
3 )A3(−P4, L,−k−h4

4 )

=
2√

(−t)(4m2
b − t)

∫

∞

dy

y
A4(P1, k3, k4)A3(P3, k3)A3(P4, k4)

HCL
=

α2mb√
−t

∫

∞

dy

y
A4(P1, k

−2
3 (y), k+2

4 (y))

=
α4mb√
−t

∫

∞
dy

(
uy(1− y) + vy(1 + y) + (v − u) 1−y2

2

)4

y3(1− y2)2(v − u)2

=
α4mb√
−t

(
5u2 + 6uv + 5v2

)

= G 2π2mb

|q⃗|

(
6m2

am
2
b +

15

2
(ma +mb)

2p⃗ 2 + . . .

)

Full answer: symmetrize ma ↔ mb.
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LS: Arbitrary Spins

Include spin forms:

A4 →

(
uy(1− y) + vy(1 + y) + (v − u) 1−y2

2

)4

y2(1− y2)2(v − u)2

×
(
ûy(1− y) + vy(1 + y) + (v − û)

1− y2

2

)⊗2Sa

A3A3 →
(
1− (1 + y)2

4y

|λ][λ|
mb

)⊗2Sb

with û = u
(
1− |λ][λ|

ma

)
.

i.e. for Sa = Sb = 1
2

M(1)
( 1
2 ,

1
2 )

= α4 (mamb)
2

√
−t

(
c1 + c2

|λ̃][λ̃|
ma

+ c3
|λ][λ|
mb

+ c4
|λ̃][λ̃|
ma

⊗ |λ][λ|
mb

)

where ci = ci (u, v) = ci (s)
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(
1− |λ][λ|

ma

)
.i.e. for Sa = Sb = 1

2

M(1)
( 1
2 ,

1
2 )

= α4 (mamb)
2

√
−t

(
c1 + c2

|λ̃][λ̃|
ma

+ c3
|λ][λ|
mb

+ c4
|λ̃][λ̃|
ma

⊗ |λ][λ|
mb

)

where ci = ci (u, v) = ci (s)
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Can be matched in the HCL to standard EFT operators, leading to
the classical piece of Holstein’s in the COM frame!
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Future Directions

! Higher loop corrections using LS
(A.G. and Cachazo)

! Massless limit Rightarrow Bending
of light (Bjerrum-Bohr et al., A.G.)

! Probe limit Rightarrow Classical
Spacetimes (Rothstein et al.,
Vaidya, Vines)

! Radiative corrections (Goldberger
et al., Porto, Rothstein)
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Thanks!
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