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Motivation

Motivation - Gravity in the IR

curious IR-properties were noticed in gravity integrands:
chiral collinear behavior of gravity integrands

have a little mathematica code that allows me to go to a region where hiji = ✏ and

[ij] = �. What I did for the other regions is the following. I demand that the numerator

vanishes for ✏, � ! 0. This gives me a bunch of equations that relate the coe�cients ai

of the 52 basis elements. Doing so I was able to solve the system of ai such that the

numerator vanishes in all chiral collinear regions. After imposing the solution on the

ansatz, I find exactly Andrews result!

4 Chiral factorizations of tree amplitudes as hiji ! 0 or [ij]! 0

For our later discussion of properties of loop-level amplitudes it is important to inves-

tigate di↵erent limits as one sends external momenta (more precisely � or e�) collinear.

The properties of tree-level amplitudes is going to play a role on the double-cut of

one-loop amplitudes where we do a two-cut around a massless corner.
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In these pictures, the external kinematic for the higher-point blob on the right hand

side is not generic, i.e. it is not really a generic tree-level amplitude but a special form,

where either

h`1`2i = 0 or [`1`2] = 0 . (4.1)

Besides the importance for our loop discussion later, this just reiterates the properties

we claimed at tree level in earlier sections.

Chiral Collinear limits for tree level MHV amplitudes

In order to probe the chiral collinear limits, we need to have access to special kinematics.

The way we probe the chiral collinear limits in practice is via special BCFW-shifts. Say

we want to probe a pole of the form hiji = ✏ and subsequently investigate how a given

amplitude behaves as ✏ ! 0. In order to do that we BCFW-shift either �i or �j by

some arbitrary reference-spinor �r, so that the shifted spinor b�i = �i + z�r. Of course

we also have to shift e�r ! e�r � ze�i to preserve momentum conservation. To approach

the pole, we can then solve the equation

ĥiji(z) = ✏ ) z⇤ = z⇤(✏, �i, �j, �r) (4.2)

Setting ✏! 0 then probes the hiji poles.
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∼ [`11]

〈`11〉
and

〈`11〉
[`11]

respectively

Further gravity properties:
1/z2 scaling of gravity tree-amps under BCFW shifts [Arkani-Hamed,Kaplan]

1/z3 scaling of gravity integrands on triple cuts [EH,Trnka]

If you cut additional loops (that have overlap), then the behavior becomes worse

at higher loop orders. 2-loops ⇠ 1/z2, 3-loops ⇠ 1/z.

If we assert that all subloops behave well, we naturally have the no-triangle

property of gravity.

There is some experimental data in the literature that we can check explicitly,

• [11]: Six-point one-loop N = 8 SUGRA NMHV amplitudes and their IR behavior

• [7] n-pt one-loop MHV amplitudes in N = 8 SUGRA - discusses collinear factor-

izations and loop properties

5.1 One-loop gravity amplitudes

5.1.1 One-loop four-point gravity amplitude and 1/z3 behavior on triple

cuts

The four-point one-loop gravity amplitude for a given helicity configuration is given by

Green, Schwarz and Brink [12],

M1�loop
4 (1�2�3+4+) = istuM tree

4 (1�2�3+4+)
h
I1
4 (s, t) + I1

4 (t, u) + I1
4 (u, s)

i
. (5.1)

One of our proposals was that all gravity amplitudes should behave like 1/z3 for in-

dividual loops if z denotes the remaining parameter of the triple cut. The simplest

example to test this is for one-loop four-point gravity amplitudes. This is somewhat

trivial but maybe it serves as a warmup exercise for more complicated situations. We

can start from the representation in Eq. (5.1) and perform the triple cut associated

with the following on-shell diagram,

`+p3

`

` p4

1
2

3

4

`⇤ = z�4
e�3

If we look at our representation of the amplitude, we have to sum two terms,

M1�loop
4 (1234)

���
`⇤=z�4

e�3

= i
stuM tree

4 (1234)

J
h 1

(`⇤ � p4 � p1)2
+

1

(`⇤ � p4 � p2)2

i
`⇤=z�4

e�3

= i
stuM tree

4 (1234)

z s

h s

h24i(z[23]� [24])h14i(z[13]� [14])

i
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∼ 1

z3

exposing properties share feature: cancellation between local diags
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Motivation

Motivation - Gravity in the UV

open problem: N = 8 SUGRA divergence at 7-loops?
BCJ at maximal cuts:

N ∼ (`1 · `2)8

power counting: integral diverges

I ∼ (d4`)7(` · `)8
(`2)22

∼ log Λ

enhanced cancellations in gravity between diagrams [Bern,Davies,Dennen]

Does divergence cancel? What is the origin of the cancellations?
Is there an integrand understanding of the UV-cancellations
analog to IR-cancellations?
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Motivation

Motivation

Generalized Unitarity understanding of the cancellations?

1-Loop Cancellations: [Bern,Carrasco,Forde,Ita,Johansson]⇒ revisit later!

M =
∑

i
di ci+

∑
i +

∑
i
bi

......

gravity tree amplitudes⇒ good large z
behavior under BCFW-shift

N ≥ 5 sugra: use Forde’s formalism to demonstrate that bubble and
N ≥ 5 sugra: triangle coefficients vanish.

good large z behavior of cut⇒ no pole at infinity⇒ ci = bi = 0!
can compute 7-loop cuts “easily”

idea: improved behavior in the cuts↔ interesting UV statement about
the theory
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Motivation

Outline

1 Gravity in the IR

2 Gravity in the UV
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Gravity in the IR

Gravity on-shell functions [EH, Trnka; Heslop, Lipstein]

3pt-amplitudes: squaring relation

A3 =
〈12〉4

〈12〉〈23〉〈31〉 ⇒ M3 =

( 〈12〉4
〈12〉〈23〉〈31〉

)2

general on-shell diagram (product of 3pt amplitudes)

(YM)2 = (GR)× (φ3)

“don’t square the propagators”
(φ3) factor changes expressions drastically
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Gravity in the IR

Grassmannian Formula for Gravity [EH, Trnka; Heslop, Lipstein]

1 2

34

Α3

Α2Α4

Α1

C =

(
1 α1 0 α4

0 α2 1 α3

)

from OS-data, one can “discover” the gravity formula

Yang–Mills

Ω = dα1
α1

dα2
α2

dα3
α3

dα4
α4
δ(C ·Z)

only logarithmic poles
all residues correspond
to edge removal
no poles @ `→∞∣∣

Gravity

Ω = dα1

α3
1

dα2

α3
2

dα3

α3
3

dα4

α3
4

(
∏
v ∆v) δ(C ·Z)

special numerator ∆v for
each vertex
⇒ collinear properties
α3
i poles

poles @ `→∞ present
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Gravity in the IR

IR: Collinear Behavior of Gravity Amplitudes [EH, Trnka]

OS-diagrams suggest special collinear behavior of amplitudes on cut:

∼ [`1`2] ∼ 〈`1`2〉

For special case of external legs (k1||k2), known collinear limit of
amplitudes (c.f. splitting functions): [Bern, Dixon, Perelstein, Rozowsky]

M 〈12〉→0−→ [12]

〈12〉 ·R, M [12]→0−→ 〈12〉
[12]
·R

R, R regular in 〈12〉, [12]

Test general collinear conjecture on theoretical data! ⇒ checks pass!
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Gravity in the IR

IR: Collinear Construction of Gravity Amplitudes
[EH, Trnka; EH, Stankowicz, Trnka]

Follow the spirit of Yang-Mills analysis [Arkani-Hamed, Rodina, Trnka]

Can we reconstruct gravity tree amps from collinear behavior?

M 〈12〉→0−→ [12]

〈12〉 ·R, M [12]→0−→ 〈12〉
[12]
·R

ansatz: M = N
D = p[〈i,j〉,[i,j]]∏

〈i,j〉 , M∼ t−4i , [M] = [s]−3

5pt: D : 10 poles 〈ij〉
collinear limits fix: N = 〈15〉〈24〉[14][25]− 〈14〉〈25〉[15][24]
higher point analysis more involved (have done 6pt construction)

What about loop level integrands?

loop level construction under way [EH,Stankowicz,Trnka]
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Gravity in the IR

IR: Collinear Behavior of Gravity Amplitudes

A hint of cancellations! 1-loop 4pt [Green,Schwarz,Brink]

1

2

3

4

?∼ [`1]

Sum six terms:

∼ [`1] X

Property not manifest term-by-term⇒ cancellations required!

more impressive cancellation at 2-loops
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Gravity in the UV

data generator: From YM to gravity: BCJ

BCJ double copy⇒ link between YM and gravity [Bern, Carrasco, Johansson]

amplitude level double copy:

ALn ∼
∑

cubic graphs

ˆ
cini(`)

Di(`)
⇒ ML

n ∼
∑

cubic graphs

ˆ
ni(`)ñi(`)

Di(`)

Poles at infinity are present in N = 8 SUGRA⇒ look at cut
1 2

34

∼ dz

z

Pole at z →∞⇒ `(z)→∞
higher poles at higher loops

result independent of
representation!

counting on maximal cuts can be misleading - no cancellations
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Gravity in the UV

Simple Gravity Cut Analysis [Bern,Carrasco,Forde,Ita,Johansson]

1-Loop cancellations:

......

gravity tree amplitudes⇒ good large z
behavior under BCFW-shift

N ≥ 5 sugra: bubble and triangle coefficients vanish.
Furthermore: Cut is better behaved than local diagrams!

Cut =
∑

boxes =
1

(` · 1)(` · 4)
+ ... =

s2

(` · 1)(` · 2)(` · 3)(` · 4)

conform with 1/z3 scaling of gravity integrands on triple cuts [EH,Trnka]

If you cut additional loops (that have overlap), then the behavior becomes worse

at higher loop orders. 2-loops ⇠ 1/z2, 3-loops ⇠ 1/z.

If we assert that all subloops behave well, we naturally have the no-triangle

property of gravity.

There is some experimental data in the literature that we can check explicitly,

• [11]: Six-point one-loop N = 8 SUGRA NMHV amplitudes and their IR behavior

• [7] n-pt one-loop MHV amplitudes in N = 8 SUGRA - discusses collinear factor-

izations and loop properties

5.1 One-loop gravity amplitudes

5.1.1 One-loop four-point gravity amplitude and 1/z3 behavior on triple

cuts

The four-point one-loop gravity amplitude for a given helicity configuration is given by

Green, Schwarz and Brink [12],

M1�loop
4 (1�2�3+4+) = istuM tree

4 (1�2�3+4+)
h
I1
4 (s, t) + I1

4 (t, u) + I1
4 (u, s)

i
. (5.1)

One of our proposals was that all gravity amplitudes should behave like 1/z3 for in-

dividual loops if z denotes the remaining parameter of the triple cut. The simplest

example to test this is for one-loop four-point gravity amplitudes. This is somewhat

trivial but maybe it serves as a warmup exercise for more complicated situations. We

can start from the representation in Eq. (5.1) and perform the triple cut associated

with the following on-shell diagram,

`+p3

`

` p4

1
2

3

4

`⇤ = z�4
e�3

If we look at our representation of the amplitude, we have to sum two terms,

M1�loop
4 (1234)

���
`⇤=z�4

e�3

= i
stuM tree

4 (1234)

J
h 1

(`⇤ � p4 � p1)2
+

1

(`⇤ � p4 � p2)2

i
`⇤=z�4

e�3

= i
stuM tree

4 (1234)

z s

h s

h24i(z[23]� [24])h14i(z[13]� [14])

i
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∼ 1

z3
→ pentagon scaling
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Gravity in the UV

UV power counting on cuts

back to the beginning: N = 8 SUGRA divergence at 7-loops?
BCJ at maximal cuts:

N ∼ (`1 · `2)8

power counting: integral diverges

I ∼ (d4`)7(` · `)8
(`2)22

∼ log Λ

orignial argument: [Bern,Dixon,Roiban]

box expansion of 1-loop amplitudes:
improved behavior in `1&`2 loop
but leads to bad power counting for the
middle loops

Detailed analysis of the cut required
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Gravity in the UV

UV poles in amplitudes

How to expose and understand the cancellations?
Contrast to analysis [Bern, Enciso, Parra-Martinez, Zeng]

half-max sugra (N = 4sYM ×N = 0YM) in D = 5:

cancellations of UV poles at the integrand level?

not in half-maximal sugra in D = 5⇒ IBP technology required

What is special about N = 8 SUGRA? Is there something that singles
out this theory over it’s less supersymmetric cousins?
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Gravity in the UV

A closer look at N = 8-cuts [Bourjaily, EH, Trnka]

Focus on (L+ 1)-particle cuts:

A very large number of diagrams
contribute
allows for cancellations

on-shell function depends on 3L− 1 parameters on this cut.
How to approach infinity?
2-loop analysis (can push to 4 loop cut via BCFW bridges)
In some scalings, cut better behaved than scalar integrals

More detailed analysis under way

Enrico Herrmann (SLAC) Gravity Integrands: from the IR to the UV December 12, 2017 15 / 15


	Gravity in the IR
	Gravity in the UV

