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Cubic diagram expansion

Super-Yang-Mills (SYM) amplitudes with massless
fundamental matter can be written as

AL-loop
m =

∑
cubic diagrams i
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Colour factors ci made from cubic structure constants f̃ abc

and fundamental generators T a
i ̄ of an arbitrary gauge group

G :

f̃ abc = c

(
c

b

a)
T a
i ̄ = c

(
a

i

̄)

Kinematic numerators ni are gauge-dependent objects.
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Jacobi and commutation relations

Colour factors satisfy Jacobi identities:

f̃ a1a2b f̃ ba3a4 = f̃ a4a1b f̃ ba2a3 − f̃ a2a4b f̃ ba3a1
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And commutation relations:

T b
i1 ı̄2 f̃

ba3a4 = T a3
i1 ̄
T a4
j ı̄2
− T a4

i1 ̄
T a3
j ı̄2

= [T a3 ,T a4 ]i1 ı̄2
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Colour-dual numerators are chosen to ensure that [BCJ ’08]

ci = cj − ck ⇐⇒ ni = nj − nk

One-loop fundamental matter [Johansson & Ochirov ’15]
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The double copy

Supergravity (SG) amplitudes obtainable via double copy:

AL-loop
m =

∑
cubic diagrams i

∫
dDL`

(2π)DL

1
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Di (`)

ML-loop
m =

∑
cubic diagrams i

∫
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(2π)DL
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ni (`)ñi (`)

Di (`)

E.g. pure N ≥ 4 SGs in D = 4 are factorizable

(N = 8 SG) = (N = 4 SYM)⊗ (N = 4 SYM)

(N = 4 + p SG) = (N = 4 SYM)⊗ (N = p (S)YM)

N < 4 SGs are non-factorizable, e.g.

hµν ⊕ ϕ⊕ Bµν = (N = 0 YM)⊗ (N = 0 YM)

Fundamental matter multiplets are double copied as ‘ghosts’
to cancel unwanted states.
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N = 2 super-QCD

N = 4 SYM’s on-shell multiplet can be decomposed as

VN=4(ηI ) = A+ + ηIψ+
I +

1

2
ηIηJϕIJ + · · ·+ η1η2η3η4A−

= VN=2 + ΦN=2 + Φ̄N=2

The N = 2 multiplet breaks into chiral and anti-chiral parts:

VN=2 = VN=2 + η3η4V̄N=2

The CPT-conjugate hypermultiplets (hypers) are:

ΦN=2(ηI ) = (ψ+
3 + ηIϕI3 + η1η2ψ4

−)η3

ΦN=2(ηI ) = (ψ+
4 + ηIϕI4 − η1η2ψ3

−)η4

We take Nf flavours of hypers in the fundamental
representation of G , making this a QCD-like theory.
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Fundamental double copy

We want to isolate N = 4 SG. The multiplets may be
decomposed as:

HN=4 ⊕ 2VN=4 = VN=2 ⊗ VN=2

VN=4 = ΦN=2 ⊗ Φ̄N=2

Therefore take (N = 2,Nf = 1)⊗ (N = 2,Nf ):

ML-loop
m =

∑
cubic diagrams i

∫
dLD`

(2π)LD
(Nf )|i |

Si
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Di (`)

For instance, with NV = 2 + 2Nf = Ds − 4,

N [N=4 SG]
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Two-loop four-point masters
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Finding colour-dual numerators

Construct generalized unitarity cuts from tree amplitudes.

Write cuts in terms of contributing numerators, e.g.

=
1
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Then express numerators in terms of the masters, e.g.
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Fit expressions to the master numerators using ansätze.
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Off-shell constraints

Cuts leave unfixed freedom for numerators. How to fix?

Solve symmetry equations, e.g.
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Impose fermion reversal symmetry, e.g.
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There’s still unfixed freedom. Is there anything else we can
impose?
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Matching to N = 4 SYM

Combine N = 2 + matter content into N = 4 off-shell, e.g.
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Goes together naturally with the 2-term identity:
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Reduces the problem to 3 masters.

Setting a specific master to zero yields a unique solution.
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Extending to D = 6

We regularise by working in higher dimensions.

D = 6 provides a natural embedding:

D = 4,N = 4 SYM ⇐⇒ D = 6,N = (1, 1) SYM

But, for N = 2 SYM there is no unique map:

D = 4,N = 2 SYM ⇐⇒
{
D = 6,N = (1, 0) SYM
D = 6,N = (0, 1) SYM

The corresponding on-shell superpartners are
left-/right-handed chiral fermions.

These are not CPT-conjugate in D = 6.

So the resultant numerators are unavoidably chiral!
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The all-chiral solution

With all externals in VN=2 there are 9 non-zero numerators:
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where mi = (`i )4 − i (`i )5.

All of these numerators integrate to zero.
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Double copies in D = 6

Different double copies are possible:

HN=(1,1) = VN=(1,0) ⊗ VN=(0,1)

HN=(2,0) ⊕ TN=(2,0) = VN=(1,0) ⊗ VN=(1,0)

Fundamental matter can also be cancelled in D = 6 by a
ghost-like construction:

VN=(1,1) = ΦN=(1,0) ⊗ ΦN=(0,1)

= ΦN=(1,0) ⊗ ΦN=(0,1)

TN=(2,0) = ΦN=(1,0) ⊗ ΦN=(1,0)

TN=(2,0) is an additional self-dual tensor multiplet.

In D = 5 these constructions are equivalent.
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Example double copy

E.g. double copying the double box:

N [N=4 SG]
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

For N = (2, 0) SG replace (Ds−6)→ (NT−1), | · |2 → (·)2.

In the all-chiral case, with µij = −`[D−4]
i · `[D−4]

j ,

N [N=4 SG]
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(
16(µ2

12 − µ11µ22) + (Ds − 2)(µ11µ22 + µ11µ33 + µ22µ33)
)

Explicit chiral dependence has been cancelled!
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Future directions

We have found two-loop MHV-sector colour-dual numerators
valid for any gauge group G in D ≤ 6 dimensions.

Next we intend to integrate — work ongoing with Claude
Duhr, Vittorio Del Duca, Bram Verbeek.

We are particularly interested in N = 2 CFT:

β(g) = − g3

16π2
(2NC − NF )

Also ongoing: 2-loop N = 1 SYM. This theory is difficult to
regularise as it has no higher-dimensional interpretation.

Eventually: pure gravity, 3 loops?
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Thanks for listening!
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