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Invitation: double copy at a glance

Bern, Carrasco, Johansson (2008)

Amplitudes for quantum scattering:

YM _ n;jcj
BCJ duality AM= Y
jEcubic J

for gauge theory:
Ci—Cj=C < Ny—Nj;="ng

Double copy . nin';
MGraVlty =3 Z J
D

for gravity: icomic i

zoo of BCJ/CHY-related theories

Want to use for classical Einstein gravity!
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Nice special cases
Product graviton (a.k.a. fat)
Scattering in fat gravity

Towards Einstein gravity

Outlook

Focus: simplest nontrivial examples

N



Nice special cases



Nice special cases

Self-dual gravity

Kerr-Schild metrics
guuzznpu4‘kpku¢a k*=0
——

Khyw

Monteiro, O’Connell (2011)

vs Self-dual Yang-Mills
f1+—:: - uﬂﬁ
Ag=—0_¢
Monteiro, O’Connell, White (2014)
vs Abelian gauge field
Ay=kuo



Nice special cases

Monteiro, O’Connell (2011)

Self-dual gravity vs Self-dual Yang-Mills
h+uj: —8w8_¢) A+: - wd)
hos= —0%¢ Ag=—0_¢
Monteiro, O’Connell, White (2014)
Kerr-Schild metrics vs Abelian gauge field
v = Nuv + kuky @, k*=0 Ay=kuo
——
Khyw

» Extensions possible and welcome
Taub-NUT spacetimes by Luna, Monteiro, O’Connell, White (2015)
Stress tensors, energy conditions by Ridgway, Wise (2015)
Accelerating BHs by Luna, Monteiro, Nicholson, O’Connell, White (2016)
Curved Kerr-Schild spacetimes by Bahjat-Abbas, Luna, White (2017)
and Carrillo-Gonzalez, Penco, Trodden (2017)

» Other similar solutions yet to be found
» Schematic understanding summarized as
H,, = AZ*@ab*fll;

Anastasiou, Borsten, Duff, Hughes, Nagy (2014)
also Silvia’s talk

» Need to understand from more general framework




Product graviton



Perturbative classical double copy

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)

PAD = J, & ~n0 PPHM = —gTW & VAR

PPAD (A®)? 0*HY) (H©)?

82[4}(3) A(O) th;r'&b (H(O))

Natural field H,, — “product” graviton (a.k.a. “fat”)

Luna, Nicholson, O’Connell, White (2017)



Perturbations for simplest source

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)

Stationary mass at origin:* TH = Mutu’§®) (x)

k1 K M

gOw _ ~ — v T v VAR
2 p? 2 4
H(l);u/ _ _i [VYM® VYM] HV:ﬂ2V2:H3V3H(O) H(O)
- 2p2 3 3 pove T u3vs
2 M2
= [simple calculation| = — (g) 74(47Tr>2f“f”

Vs ppopg — ﬁ [77#1M2 (P1=D2) s Mo s (P2—D3) g s (p37p1)u2] = W"‘:li

ut = (1,0), #* = (0,x/r) and r = |x|

N



Perturbations for simplest source

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)

Stationary mass at origin:T TH = Mutu?§®) (x)

HOww — 2 Z i — 2 7 by VAR

1
1 YM Y M 1V H2V2,43V3 77(0 0
H( v _?[VZ5 Q V:g ] 2U2,[43 3H£2)112HL(B)US W"’M‘_ﬁ%

2 MZ
= [simple calculation| = — (g) mf”f”

Orders HOm  HMw and H@m together:

HM =

=5 ulu” 4+ O(k")

KM v (”)SMZ PR <E>5 M?
2/ 4(4mr)? 2/ 6(4mr)3

Tu# = (170)7 = (O7X/7’) and r = |X|



Interpretation of results

Theory in question:
Fat gravity — “N = 0 supergravity” or “NS-NS gravity”

stringy name e.g. in Geyer, Monteiro (2017)

2 1
_ D — “p_ - wa - —2kp/(D—2) Apv
Sn—o /d x,ﬁg{ SR D) DOt 5° HyH }
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Interpretation of results
Theory in question:
Fat gravity — “N = 0 supergravity” or “NS-NS gravity”
stringy name e.g. in Geyer, Monteiro (2017)
2 1 1
S dD S SR —— 9 O — = —2&¢/(D—2)H VHA;,W
SN?O / x 9{52 2(D72) ,U«¢ ¢ 66 Al

Harmonic coordinate condition = de Donder gauge:

V=gg"=n" — kb 0, (V=gg")=0 & 9" =0
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Interpretation of results
Theory in question:
Fat gravity — “N = 0 supergravity” or “NS-NS gravity”

stringy name e.g. in Geyer, Monteiro (2017)
2 1 1
Syveo = [dPav/—=gd =R — ———0,60"¢ — —e 289/(P=2) 1, I
N=0 / z 9{52 2(D72) ,u¢ ¢ 66 )\H

Harmonic coordinate condition = de Donder gauge:
V=gg"=n" — kb 0, (V=gg")=0 & 9" =0

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)
» Perturbative map between H,, to b, ¢ and B,,:

H) =150 — P60 + PLe + BY + T
QUau + q:/ap,

Pl o= —— |p,, —
w=p_g |k (g-0)

» T, maps harmonic to “BCJ” coordinates, 7;59 =0
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Interpretation of results
Theory in question:
Fat gravity — “N = 0 supergravity” or “NS-NS gravity”

stringy name e.g. in Geyer, Monteiro (2017)
2 1 1
Syveo = [dPav/—=gd =R — ———0,60"¢ — —e 289/(P=2) 1, I
N=0 / z 9{52 2(D72) ,u¢ ¢ 66 )\H

Harmonic coordinate condition = de Donder gauge:
V=gg"=n" — kb 0, (V=gg")=0 & 9" =0

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)
» Perturbative map between H,, to b, ¢ and B,,:

H) =150 — P60 + PLe + BY + T

QUau + q:/ap,
Pl, = ———— |, — A
we D -2 [W (q-0)
» T, maps harmonic to “BCJ” coordinates, 7L(,9) =

o B M BV L [V o QplAY 5
Result: § 5 Il + (2) S(amr)? [6utu” 4 2717 + O(K?)

5
= - — — B =
¢ 2 4mr * O(H ) w =0 10 /25



JNW solution

Fisher (1948), Buchdahl (1959), Bronnikov (1973), Wyman (1981)
Janis, Newman, Winicour (1968)

Schwarzschild coordinates:

Y - I—y
ds® = — (1 - R) dt* + <1 - R> dp? + (1 - R) p2dQ?
P P P

kY R
=~ _In(1-=
¢ 247TRD< p>

2 solution parameters (R,v) < (M,Y):

2 2
RosovimTvi (YA M

4

» To harmonic coordinates via r = p — R/2



JNW match

JNW to harmonic coordinates via r = p — R/2:

pv :Ei wn, v E 3# 2 v2\, u,V 2 2\ A av 5
INWT o . Y T <2) 8(4mr)? [(7M Y9 uru+ (M2 +Y )/t ] + O(x)
kY 5
¢JNW——§E ( )
Vs
g K ’ " o 9] 5
v_ MR v 6 v g
" 247rruu+<)8(47rr)2[““+7”7“]+ (k°)
K M 5
=G amr T O

Match for M =Y



JNW match

JNW to harmonic coordinates via r = p — R/2:

N Kﬁ Y d 3# 2 2\, 1 2 2\ s
INW T 5 g + <2) 8(4mr)? [(7M =Y utu"+ (M*+Y?)rHr ]+O( %)
kY 5
¢JNW——§E (k°)
Vs
v — 2 u+< )3 1 [Guiu? + 2747 + O (k)
o4 8(47r)? uru T K
kM 5
¢= 2 4mr O(x”)
Match for M =Y
So far:

» Used harmonic coordinates to jumpstart product graviton
» Identified one-body solution as JNW naked singularity
» Struggled with gauge dependence to obtain metric



Scattering in fat gravity



Classical scattering from Yang-Mills to gravity

Goldberger, Ridgway (2016)

2 colored point particles classically:

DrGY, =J; =g Z /dTé(d) (z —2;(7)) ¢ (T)vju (1) YM e.om.

7j=1,2
dv;, (T
j deT( ) = QGZVC?(T)U}/(T) Lorentz force
dcé(t
éi ) =gf abCAzcﬁ(T )Uf(T ) current conservation



Classical scattering from Yang-Mills to gravity

Goldberger, Ridgway (2016)

2 colored point particles classically:

DrGY, =J; =g Z /dTé(d) (z —2;(7)) ¢ (T)vju (1) YM e.om.

7j=1,2
dv;, (7
j deT( ) = QGZVC?(T)U}/(T) Lorentz force
dc?(T) =gf abe AP cs(r )U“(T ) current conservation
ar Y L J

Perturbative setup:

W _ (O (Lp 0)p _
.’Ej(T)—l'j (T)—l—acj () + ..., 5 (T)—b?-i—@;T

ct(r) = cgo)a(T) + c(l)a(T) + ..., c(}o)a(T) =ct

J J J J
a _ 0)a 1)a —
A%(z) = AD%(z) + AV @) +... = ~w~o+~wueii+...



Classical scattering in fat gravity

Goldberger, Ridgway (2016)

a _ 0)a 1)a _
At(z) = A% z) + AP (z)+... = ~0 + + ...

Classical double copy: Ag})a(:v) r H,S},) (x) = *wwﬂ'{;



Classical scattering in fat gravity

Goldberger, Ridgway (2016)
a _ 0)a 1)a _
At(z) = A% z) + AP (z)+... = ~0 + +...
: (Da (1)
Classical double copy: A" (z) = Hyu (z) =

Result:

3 . .
]{:QH‘(;,) _ (g) m1m2/€[q1d_q26(k_q1—q2)6(q1"Ul)el(qlAbl)S(QQ"U2)el(qyb2)

{Pf‘szz v pug) | (02)’[Q10f: PP ”

a3 qigd PR 4 CE (kva)?(k-v)?
qivt | gl

Py =(k-vi)vh — (k-v2)of, Qly = (g — )" —

(k”Ul) (k"l)g)

form from Luna, Nicholson, O’Connell, White (2017)

Intepretation: radiation from scattering of JNW singularities



Connection to scattering amplitude

Luna, Nicholson, O’Connell, White (2017)

Start from Yang-Mills again:
Lscalar = (D/L(I))%L(DH(I))l - qu)ziq%
Ling = —ig[(0,01) A" — &1 A#(9,)] + g*®T4,A"®

Feynman diagrams are

2,] === === 4 2,7-=-~»- 4,1 2, 7=y 4,0 2,7- > 4,0
%WTV‘5a+ 5,a 4 5,a % +5,a~9§-§ + E%S,a
- 7 3 k 1,7-» » 3,k 1,2 3,k 17 k

1

1 7—-> 12~ s >

7
2, )= 41 2,7-=-p--- 4,1 2, ==an-P- 4,1 2, ]--pgrsd- 4,
—+ %5& -+ 5.a =+ 5.a —+ geeeaf),a
7 - 3,k . 1,2 3k 17 3,k

17--» 1,7--9-¥0-- 3 k




Scalar scattering amplitude with gluon radiation

AO (2014, PhD Thesis)
Luna, Nicholson, O’Connell, White (2017)
P2==d-xy#== P2—(2  P2==9=-x=%= D2 (2
ny = n( k% + k%%% ) = —=[2(pr-e)((p1—q1)-(2p2—¢2))
P1=9=%=< p1—q1 P19l p1—q1
+(p1-k) (e (2p2—2))]

P2 === P22 P2 === P2—(2 )
1
ns = n( éésk + E&M ) = —=[2(r—a) ) (P (2p2—2))
p1- =T D11 P1-==2 - D1 —q1

—((p1—q1)-k) (e (2p2—q2))]

Sl

S

_ P2 ===t D2— (2 B L\/.»[(ql‘s)(@pl_ql).(2p2_q2))
ns =n k T+ (@p2—q2)e) (21— 1) k)

Pross=tes i —((2p1—aq1)-€)((2p2—q2) k)]

[\

Color-kinematic duality:
Cl1 —C3 = Cj5 ny —ng = nj



Classical limit — large-mass expansion

. Luna, Nicholson, O’Connell, White (2017)
Reinstate h:

Lsi4 - H(Dre),— " o] — 9,94
ﬁs[ ,<I>]7 Escalar—(Duq))i(D (I))i_ﬁ@iq)i’ DM_ M_E 14

A inhomogeneous in m; = large-mass expansion

e.g. ny = %m%mg(vlmg)(vl‘e) + O(m?), etc.



Classical limit — large-mass expansion

Luna, Nicholson, O’Connell, White (2017)
Reinstate h:
1 + u m2
%S[A, (13], Escalar (Duq))i(D (I))i_i

ig
= olo;, D, = O A

A inhomogeneous in m;

= large-mass expansion
e.g. ny = %m%mg(vlmg)(vlf) + O(m?), etc.
Result after double copy:
Mca =— mgm%mgsuey
X {pﬁpﬁ U102 proy) 4 (v1-02)?[Q1QY,  PhPh } }
aes  diay O 1 #3 (kva)(kv2)? | [
2,1 2,1
}qé ::(k~v1)v5 4—(k.02)vf, (2?2 ::(ql 47q2)“ — £l 1 42 2

(k'Ul) (k'vg)



Classical scattering from amplitude

Compa‘re reSultS: Goldberger, Ridgway (2016)
K\3 i(q1- i(qa-
KHS) = - (5) mlmg/d'qlchﬁ(k—ql—q2)5(qrv1)el(q1 PV (g vo)e'(92°02)

{P{‘QP{JQ V1 V2 (1)1'1/’2)2 |:Q§L2Qllj2 P{LQPIVQ } }

+ PN+ —

e 4l 4 22 (kv2)?(k-v2)?
Me = — i/{?’m%m%a”au
PPl | w02 ) (v1-v2)* [ Q1> QY2 Py Pl
x 2 2 3o D12 Q12 + 55— — s 5
9193 q193 4 q193 (k-v2)%(k-v2)

Luna, Nicholson, O’Connell, White (2017)

Product graviton radiation from scattering amplitude:
— o o o,
2/Jqﬂqﬁ(k—ql—qg)ﬁ(ql'm)e’(ql P15 (go-vg) €922 MEPP

K2H() =
o 8mam

Integration from spacetime wave packets of intermediate particles:

|¢j>$ :/(quﬁ(qj.Uj)eiqj.(bj—x)|qj>

b



Towards Einstein gravity



Appearance of dilaton and axion

Double copy of massive scalar vertex:
k,a

g =iv2g(pe)T

A7 T



Appearance of dilaton and axion

Double copy of massive scalar vertex:

k,a

g8 =iv2g(pe)T”
p—k & Tvp

k

8 = —2ik(p-e)(p-E) = —2ikpt'p’e l,
p—k +** Tap

Enfy = E(ufy) — (5'5)Pgu + (5'5>P3V + ey
VN —

——
graviton dilaton axion
1 kugy + kug
pi ot _ Fuly T Fvldp
N (k-q)



Appearance of dilaton and axion

Double copy of massive scalar vertex:

k,a

g8 =iv2g(pe)T”
p—k & Tvp

k

8 = —2ik(p-e)(p-E) = —2ikpt'p’e l,
p—k +** Tap

Enfy = E(ufy) — (5'5)Pgu + (5'5)P3V + ey
VN —

——
graviton dilaton axion
1 kugy + kug
pi ot _ Fuly T Fvldp
N (k-q)

Massive scalar couples to gravitons and dilaton:
—2ik 4
D -2

. v
Mgraviton = —2Z’€PHP Epvy Mdilaton =



Gravity states in 4d

Graviton states:

+ ot

Em = ELEy

a;w = 5;5;
Symbolically:

Scalar states:

+— __ _dilaton axion __ _+ _—
Ew = Euw + € T ELE
—+ __ _dilaton axion __ _— +
Cw T Euw & T Eu&y

AP QA = WY ot @t

N
N
V)
o



Gravity states in 4d

Graviton states:

+ ot

Em = ELEy

E;,, = 5;5,7
Symbolically:

Fundamental double copy + chiral fermions:
W@y =9 @ T =¢&a

(¢+® YT) @

Scalar states:

+f dilaton axion __ _+ _—
Cww =Ew  TEw  TEuE
—+ __ _dilaton axion __ _— +
Cuw T Euw —Ew T E&uty

AFRAY = W @t @ T

RO o

4t 1t

4T 1t

Johansson, AO (2014)

V)



Pure gravities via fundamental double copy

Johansson, AO (2014)

SUGRA tensoring vector states ghosts = matter ® matter
N=0+0 AP ® AV B b a +(¢®f)@(¢§9¢)j2¢> or
W'o)W ®y’) = da
Ppo1 ©0) ® (D, — @

N=1+0 V=1 ® A* — Gy, Par—a (N71®izﬁ)®( N1®¢)+ N=2 OT

(Pa=1 @Y7 ) B (Pn—1 ®YT) = Ppsy
N=2+0 Vies @ A* — Gar—a, Vir—o ((I)N:2®1/)*>@((I)N 2®1/) )_>VN:2
N=1+1| Vo1 @ Vnmt = Gu=a, 28x=2 | (P=1 @ Ppymt) @ (Ppymt © Bpymt) — 20n—s
N=2+1| Vveo @ Vno1 = Grg, Vet | (Prvme @ Ppy) @ (Pame @ D)) — Vs
N=2+2| Vo2 ® Vo2 = Groa, Vn—i | (D2 @ By—z) ® (B2 ® Byv—z) = 2Vxa

2-loop with N/ = 2 SUSY by Johansson, Kilin, Mogull (2017)

N
]
N
o




Cancelling dilaton and axion

v

Ghost double copy of chiral fermions
Johansson, AO (2014)

Scalar ghost double copy of scalar (for dilaton only)
Luna, Nicholson, O’Connell, White (2017)

Projector-based product graviton (classical)

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)

v

v

v

Double copy of Faddeev-Popov ghosts a la Siegel

Silvia’s talk

v

Double copy to pure gravity directly?
Projector on internal edges e.g. Bern, Cheung, Chi, Davies, Dixon, Nohle (2015)
Alfredo’s talk

V]

V)
o



Outlook

Lots of recent progress on interface between fields

» From unbound to bound orbits via classical double copy
Goldberger, Ridgway (2016), Goldberger, Prabhu, Thompson (2017)
Goldberger, Ridgway (2017)
Walter’s and Alec’s talks

v

Black holes in supersymmetric gravities
N = 2 BPS black hole by Cardoso, Nagy, Nampuri (2016)
Simon’s talk

v

Kerr-Schild double copy with curved background

Bahjat-Abbas, Luna, White (2017)
Carrillo-Gonzalez, Penco, Trodden (2017)

EFT+amplitudes techniques for scattering potentials etc.
Bjerrum-Bohr, Donoghue, Holstein, Planté, Vanhove (2014-16)
Foffa, Mastrolia, Sturani, Sturm (2016)
Pierpaolo’s talk

Effective one-body Hamiltonian for 2 spinning BHs

Bini, Damour (2017)
Connection to amplitudes in Damour (2017)

Challenge: 2-loop scattering amplitude of scalar masses

v

v

v

Leading singularities for classical limit of gravity scattering
Cachazo, Guevara (2017), Guevara (2017)
Alfredo’s talk




Thank you!



Backup slides



Self-dual and Kerr-Schild cases

Guv = N + Khy (Exactly)

Self-dual gravity Vs
R)\,uz/p = %6)\#07 RT vp

h+uj - *811;87 ¢

haow= —02¢

020 + Kk{Dud, O_dt =0

Kerr-Schild metrics Vs
Juv = Nuv + k?,ukuﬁba k=0
N——

Kkhyy
Einstein equations linearize

R = 50°(0"hy, + O,hly — D,ht)

R =1/ 3271{;Newtonc_4

Monteiro, O’Connell (2011)

Self-dual Yang-Mills
Fy.= %GAWPFVP

Ay = —0uwd
Ag=—0_¢

P +ig[0w, 0-¢]= 0

Monteiro, O’Connell, White (2014)

Abelian gauge field
Ay=kuo

Maxwell equations

O, = 0" (0, Ay — D, A,)

N

V)



Perturbative metrics and harmonic coordinates

Juv = M + K hl“’ VS. \/jggl“’ — niw — Kk bw/

pr _ (0)ur R ()ur K 2 @uv 4 ...
e o (5

H — gOnw g gWOm 4 (E

2)2 H@m

Harmonic coordinate condition = de Donder gauge:

Oy (\/—gg‘“’) =0 & a,gﬂ”*w =0

Simply related at lowest order:

h
B = B — S+ ()

N

N



Linear order

O — D 0uh™ — 0 Daly® + 1 Dag ™ = — ST

de Donder gauge graviton 9%H* = —gT’“’

product graviton ~§*HM = —gT’“’

In momentum space:

1

HOW = (57) = ~n0

Simplest source — stationary mass at origin:¥

T = Mutu’§®) (x) = HOm — 22 iy

fut = (1,0) and r = |x|



First nonlinear order

BCJ/KLT double copy at 3 points: M3 = %Ag/ig

K
)
V3Yﬁi\i[#2,us = \ﬁ [nﬂlﬂz (pl _pZ)us t Mpops (p2 _p3)#1 F s (]93 _pl)#z}
1
MHpr _— = [y7YM YM71HY (0)pove 7 (0)psvs
H N 2p? [V3 ©Vs ] H2V27M3V3H H

o™



Linearized fields in N = 0 gravity
smﬂz/&%fﬂ{;R—%Dlm

where Hy,, = O\B,, + 0,B,) + 0,8,
Iz % iz Iz

1
au(bau(b _ 66_2N¢/(D_2)H)\MVH)\HV}7

Linearized equations of motion:
By — 0,0 By — 0,0 D0 + 00 0°hag = 0
9*B,, — 0,0°Bay — 0,0*Bus =0
Pp=0
Gauge freedom z# — z# — k&
b = B = b + 0ués + 00y — 0 (0-€)
By — Bl = By + 9,6 — 0,C,
First guess at product graviton H,,, = b, + B,.:
O’H,y — 0,0“Huy — 0,0 Hyy + 1, 0“0  Hop = 0
Hu — Hy, = Hyuy +0,(& + C0) + 00 (€u — Cu) — 0w (9-6)



Linear waves

O*H,y =0
9%b =0
9B, =0

Pp=0

LUl

ipT

Hy, = Ae®
_ ip-x

b,uz/ = aup€ P
DT

B, = bye®

b =ceP?

p*=0

de Donder gauge residual freedom,

huu — h;,u/ = huzx + augu + augu - nuu(a'§)7 8251/ =0
tra — tra’ =tra—i(D —2)(p-€)

can be used to fix tra = n*"a,, =0

N



Linear waves
Given complete set of (D — 2) polarization vectors,
V73 A T
ple, =q¢"¢, = 0
Puqv + qubp

gi&‘i = Ny —
uEv 224 (p_q)

can decompose D x D matrices into (D — 2) x (D — 2) ones:

HW:AWep :f'j€ el e’

sz
P2 =0 B = @y = [fieyele
ip-x
B, =bue T — fijsusjye p
¢ =ce??

5
fij fzj + fi + &

D—2
o _ Pulv + quPpu

= B
1% [],uu‘i‘ py+D 2 Nuv (p'Q)

N



Linear product graviton

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)
Linear waves: h=0
— q
H,uy = [],uzz + B,Lw + PNV¢

General linear order:
H;w - h;w - ngh + B,Lw + Pﬁy¢
NB! simplicity due to using §,, and de Donder gauge

I : !
nverse ¢ = H Bl“/ = 5 (H/u/ - HV,U«)
1
0 = & (o + Hl) — Pl H = b~ P

b;w, b and H,,) are equivalent up to gauge:

O = B+ 048, 40,8~ (0€), €= (p i

H(;w) = hpu + aufy + augu - nuu(a'f)a gu = W(h (b)



Nonlinear product graviton

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)
Product graviton:
H) = b}) = PRy + BE) + Pl
fY = bl P+ B+ F ) 73
» 7, maps harmonic to BCJ coordinates

Inverse maps:

¢(0) - gO©
B(O) _ H(O)

[1v]

(0) _ 0
b = Hiyy = P, H = i) = Pi,p

¢(1) =g _ 7@
B(1) —gh _ ﬁ(l)

(] pv]
bisy) = H{,)) = Toay = P (H® = TM) = (i) — P p®)

36 /25



Symmetric transformation function T W

Luna, Monteiro, Nicholson, AO, O’Connell, Westerberg, White (2016)

1 a v
TWH (—py) = W /d‘Dpzd“DpsﬁD(m + po +p3){H§2)BH§O) O phpy
1
+8p3 Hio)g OV ) 4 8(pa-ps) HY " HSVY — 2(py -ps)n” Hywy HY”
v, « 0 0 v 0 0)a
+dn" ps HY HY g + Pl [2(19 — 6)(p2-ps) Hypy HY"

(D - Dy H ) |

Obtained equally from Goldberg’s vertex Goldberg (1958)
and relaxed Einstein equations in Landau-Lifshitz formalism

Landau, Lifshitz (1941), Poisson, Will (2014)



Linear-order fat graviton for simplest source

HOmw = 52 iy — cona®
2 4nr
Inverse map:
M
0 — g0 — _F 27
¢ 24nr
0 0) _ 77(0 0 K k M
hLu)*Pgub( ) _H,t(w) 7P3VH( ) = 2 4n ufu” + ZVQE
We find
0 _ KM o _~rM .,
b 2 drr b = 5



First nonlinear-order fat graviton for simplest source

2
W — _ (E QLAWV:
H <2> e W\&@

2 2
TOW = — (2 [Buu? + 207 + 2P 17— oy

r
Inverse map:

s = g 70—

053 — PN = HY — 740 - P, (0 — 7))

2

2 M2 2
== (5) hukv g + (5) [Burw” + 277 + 2P

2 4(47r)? 2 4(4mr)?
We find
2 ) a2
P _ _(E 2 M W _ (F o
" <2) 2(4mr)? 0w (2) A(dmr)? [Buyu, + 717



Scalar scattering amplitude with gluon radiation
Feynman to cubic diagrams: A0 (2014, PRD Thests)

2,7 - 4,1 J ==y
7 TkaT(:Llﬂj
L _TkmTmitl) To(h. e (o —
%% %?5% = V2 (s15 —m?2)sa4 [2(p1-25)(pa- (p2=p1))
7 - 9Z » 3k 1,7--92U-p- 3k cini

+(pr-ps)(es-(p2—pa))] = -

2, )= 41 2. 7--p-»- 4] Ta Tb T
7 km+tmztly
o _TEmTTMATY) [9(pe- (po—
f“r’“ + E@&a V2 (s35 — m1)824[ (ps-es5)(p1-(p2—pa))
1,7--»

- 3.k +(ps-ps)(es- (P2—pa))] = Ds

T TGTG [ (1 4ps)-2) (91 —ps)-(p2—pa)

i
S ﬁ 513824
S = +((p2—p4)-e5)((P1—p3)-ps)

1,i--9=-2-9-- 3 k CsN5

—((p1—ps)-e5)((p2—pa)-ps)] = Ds

Color-kinematic duality:
Cl1 — C3 = Cj ny —ng = n;

10 /



Large-mass expansion

Luna, Nicholson, O’Connell, White (2017)
Reinstate h:

i m?2 i
ZS[A, ], Lucalar = (D,®) (Dro),— " ale;, D, =0,-24,

h2 h
A inhomogeneous in m; = large-mass expansion
— M 2 _ 2 2 _
P; = mjvy, p; =mj = vj—l
q>
2 _ 2 _4j
(pj — q;)° =m; = (vjg) =5

2TTLj

n; = n§3) + n,§2) +..., eg ngg) = né‘g) = %m%mg(vl-vg)(vl‘s)

D; = Dgl) + DZ(O) +..., eg. Dgl) = —D:gl) = —2my(v1-k)¢3



