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Introduction 
�  The theory of  General Relativity is our  

    best description of  gravitational  

    physics 

�  LIGOÕs detections of  gravitational waves 

    are the most recent in a long line of   

    successful predictions   

�  All predictions can be derived from EinsteinÕs equation 

  
Gµ⌫ = 8 ! GTµ⌫



Introduction 
�  This is a coupled non-linear differential equation 

that is difficult to solve outside of  special cases 
with high degrees of  symmetry 

�  To calculate physical observables that are not 
sourced by systems with such symmetry, such as a 
bound state orbit, we use perturbation theory to 
make analytic progress 

�  To increase the precision of  the calculations, one 
has to go to higher orders.  The calculations 
become increasingly difficult 



Introduction 
�  Can insights from scattering amplitudes simplify 

these calculations? 

�  In this talk, we will apply the double copy to the 
analysis of  the two-body problem 

�  Specifically, we will compute the leading order 
gravitational radiation sourced by a bound-state 
orbit from Yang-Mills using the double copy. 

 



Bound State Radiation 



Introduction 
�  Disclaimer : We will obtain gravitational radiation in 

gravity-dilaton theory using the double copy 
(however, see Luna, Nicholson, OÕConnell and White 
2017 for progress on removing dilaton) 

 



Outline 
�  Compute gluon radiation sourced by a bound-state 

orbit of  two color charges 

�  Apply color to kinematics replacement on YM result 
to derive gravitational radiation in gravity-dilaton 
theory from the bound state orbit of  two point 
masses 

�  Compute gravitational power emitted and verify it 
agrees with previous results 



Classical YM Equations: 
Gluon Field 

�  The classical EOM for the gauge field is 

�  Pick the gauge where 

    and re-write the classical YM EOM as 

   

   where 

 

    and 
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Radiation Amplitude 
�  We can determine the gluon field at infinity from 

the effective source current using the relation 

�  One can also define the gluon emission amplitude 
as 

�  i.e. the radiation emitted into a certain polarization 
channel 
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Time Evolving Source 
Configuration 

�  Focus on two time evolving point particle sources: 

        is the the particleÕs color charge: a vector in the 
adjoint rep. of  the gauge group. 

        and         are the particleÕs position and four-
velocity  

�  When the gauge group is U(1), the Òcolor chargeÓ 
reduces to the amount of  electric charge 
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Equations of  Motion 

�  Current conservation leads to a parallel transport 
equation for the color charge: 

�  Conservation of  stress-energy reduces to YM 
version of  Lorentz force law 
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LO YM Radiation 
�  The leading order effective source current can be 

represented diagrammatically as 

�  We need each of  these diagrams to enforce gauge 
invariance at this order 

@µ ÷J µa = 0



Diagrams 
�  The diagrams can be evaluated using the world-line 

Feynman rules: 
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World-line diagram 
�  In the present form, gauge invariance is not 

manifest in the LO amplitude. 

�  Insert color and trajectory EOM 
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Full Emission Amplitude 
�  Put each contribution under a common integral.  

Dot effective current with gluon polarization to 
obtain LO expression for emission amplitude 
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Double Copy 
�  If  you stare at the answer, you notice that if  you apply 

the following mappings 

   to the emission amplitude 

    

   

   then the double copy tensor satisfies Ward identities  

   on both of  its space-time indices 
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Gravity-Dilaton Theory 

�  The double copied emission amplitude matches the 
LO graviton emission amplitude in gravity-dilaton 
theory 

�  Gravity-dilatonÕs bulk action is  

 

    while its world-line coupling is  

where 
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Gravity-Dilaton theory 

�  The trajectories in gravity-dilaton theory satisfy 

 

�  Since we are interested in bound state orbits, we 
consider the NR limit of  this EOM 

�  To evaluate the LO emission amplitude we only 
need the LO solution to this EOM. 

�  Can we obtain it from YM using the double copy?  
Yes! 
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NR Gravity-dilaton 
�  Expand the velocities as                             where 

                   ,                          and 

�  In the gauge where the polarization tensors are purely 
space-like, the graviton emission amplitude becomes 

     

   where                         and 

�  NR scaling of  each term:            ,               and 

�  Cannot expand exponential. 
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NR GR-dilaton 
�  The spatial trajectories obey 

�  This can be derived from NR limit of  either the spatial 
or color YM EOM!  Consider the NR color EOM: 

�  The NR limit of  the double copy sends 
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Power Emitted 
�  We can use the graviton emission amplitude to 

compute the time averaged power radiated.  
Specializing to a circular orbit, we find 

�  This agrees with the LO expression found by 
Mirshekari  and Will (2013) 
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Conclusions and Outlook 

�  The double copy derives the LO bound state gravity-
dilaton emission amplitude and EOM entirely from 
YM 

�  As expected, we still obtain a gravity theory with 
the dilaton.  Need a systematic way to remove it. 

�  Does classical double copy hold at higher orders? 



Thank you!


