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CALCULATIONAL GOAL:

Calculate phase and amplitude 
of wave generated by classical 

source

hij
TT = G⌦ T

To retain analytic control consider PN sources, relevant for early 
stages of the inspiral

3

This paper is organized as follows. In the next section we brießy review the main ingredients for

our computation of the spin components in the GW amplitude within the EFT formalism. In the

ensuing section we provide the results for the remaining spin induced source multipole moments,

which contribute to the waveform to 2.5PN order. Finally, we discuss nonlinear gravitational

e! ects in the GW amplitude and reproduce the tail e! ect due to the interaction between the

current quadrupole and the mass monopole, which is linear inspin and also enters at 2.5PN

order. A detailed discussion of the formalism to calculate nonlinear e! ects in the waveform will be

elaborated upon in [42].

We will rely heavily on previous work and thus encourage the reader to consult the literature

on the subject for more details [10Ð14, 19Ð22, 35]. Throughout the paper we work in øh = c = 1

units, with NewtonÕs constant and the Planck mass related byG = 1 / (32! m2
p).

2. GRAVITATIONAL WAVEFORM, MULTIPOLE MOMENTS AND SPIN IN NR GR

2.1. Gravitational waveform

The gravitational waveform has a complicated structure dueto the nonlinear nature of general

relativity. However the leading e! ects in the PN expansion are given by the linear propagation of

GWs emitted by the source multipole moments. The waveform inthe linearized radiation theory

is given by1 [43, 44] (see [14, 45] for its derivation in the EFT framework)
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where the time derivatives of the multipole moments are evaluated at retarded time tret = t ! |x |,

ni is the unit vector in the direction of observation and " ij,kl = Pik Pjl ! 1
2Pij Pkl is the transverse

traceless projector with Pij = #ij ! ni nj and (i, j ) implies symmetrization.

As we discuss momentarily, this expression is su# cient for computing all of the spin e! ects in

1 The overall minus with respect to the equivalent expression in [43, 44] is due to the (+ , ! , ! , ! ) metric signature
we use.



IN ADDITION AT HIGHER ORDERS MUST INCLUDE NON-
LINEARITIES IN RADIATION

12

spinless objects at 1.5PN.

FIG. 3: Tail diagram that describes the interaction between the source current quadrupole J ij and the
monopole M . The dashed line here represents the background mode which builds up the geometry sourced
by the binary.

Our starting point is the expression for the GW amplitude for a given source T ij

hTT
ij (t,x) = −

4G

|x|
Λij,kl

∫ +∞

−∞

dω

2π
T kl(ω,ωn)eiωtret +O

(

1/|x|2
)

. (31)

To obtain the waveform we need to compute the corresponding T ij(ω,k = ωn), which is defined

by means of the GW emission amplitude

−
i

2mp
ϵ∗ij(ωn, h)T

ij(ω,ωn) ≡ iAh(ω,ωn) = , (32)

with ϵij(ωn,±2) the polarization tensor. For the case at hand, we need to compute the diagram

in Fig. 3 in order to extract the relevant T ij . Moments of the full stress energy pseudo-tensor

computed this way, including tail effects, are often called radiative multipoles in the literature [44].

Note that, formally speaking, the expression in Eq. (31) is only valid for sources with compact

support. This is not the case for the stress energy pseudo-tensor induced by the J ijM interaction,

which scales as

T ij ∼ 1/|y|2 +O(1/|y|3) (33)

at a distance |y| away from the binary’s worldline. However, the GW scattering off the long range

Newtonian potential induced by the binary at distances far away from the source only leads to a

shift in the phase which can be absorbed into an unobservable time redefinition, as will be seen

below. For LIGO/Virgo, which are only sensitive to the last few minutes of the binary inspiral,

the waveform must be first observed as it enters the frequency band to start tracking its evolution,

The primary challenge is  to calculate the 
multipole moments in a systematic fashion in the 
power counting parameter (the relative velocity).

``Tail EffectÕÕ



(ZOSO)

Extended objects (BH/NS) + GR (the “full 
theory”) 1

µ
= rs

Relativistic point particle + GR 

1

µ
= r

2-body NR problem

Composite object + radiation gravitons 
(NRGR)

non-trivial RG running

non-trivial RG running?

1

µ
=

r

v

match

match

EFT Approach     W. Goldberger/IZR

or m/M

Relevant  Modes

Full Metric

Potential and Radiation

Radiation

Final matching stage onto a set of multiple moments whose constituents 
obey equations of motion determined by a set of potentials 

(conservative as well as dissipative) as well as radiation reaction forces 
(conservative as well as dissipative) coupled to radiation gravitons



MATCH FULL THEORY TO WORLDLINE 
EFT

L =

∫
(m + CRR + Cvv

µ
v

ν
Rµν + ...)dτ +M2

pl

∫
d4x

√

gR

C(R,v) ∝ r

Removable via field redefinition, but play an 
important role in renormalizing the theory

Leading order non-geodesic effects  

L size =
!

(CeE 2 + CbB 2)d!

Ce ! Cb ! r 3

``Love NumbersÕÕ



INGREDIENTS

¥ Calculate potentials which determine equations of motion, 
including dissipative effects.  

¥ Solve equations of motion, including radiation reaction forces. 

¥ Plug solutions into multipole moments to generate a wave form

Whats known

Potentials: 4PN 

Multipole moments  (including tail  effects 3PN)

Radiation Reaction Forces (1 PN (NLO)) use adiabatic approximation via 
power loss



MATCH ONTO A THEORY OF 
RADIATION COUPLED TO MOMENTS 

OF BINARY SYSTEM

gµ! = ! µ! + Hµ! + øhµ!

Calculate effective action for radiation (background field) in a systematic expansion in v.

! [øh, x, úx]

Determine systematics of the power counting

 



NRQCD  POWER COUNTING

¥ NRQCD Applied to onia. Relevant observable is spectrum and 
lifetimes, inherently quantum mechanical, but has a classical limit.

Consider generic loop 
diagram near threshold

1

E � p2

2m + i✏

1
E 2 ! k2 + i !

potential modes

Soft

E ! pv

E ! p

E ! p ! mv2Ultra-soft

E ⇠ p ⇠ mv

Soft modes throw fermions off shell and are thus 
inherently quantum mechanical (generates RG flow)

Hard E ! p ! m



CALCULATE NRQCD POTENTIALS

The potential is defined as the Wilson coefficient (short distance). No 
contributions from Usoft degrees of freedom.  The Wilson loop has IR 

divergence at 3 loops (ADM) which is NOT part of the potential.

To do the matching one can: 
 a) calculate in the full theory and expand.  

                                   b) Asymptotically expand the full theory integrand around the 
potential, soft and Usoft regions. 

                     c) Expand the full theory field into modes each with a  
definite scaling (simpler way of achieving b) )

Aµ = Ap
µ + Ar

µ + As
µ Ap

µ ! v3/ 2 Ar
µ ! v2

In the e! ective Þeld theory, it is more convenient to deÞne the potential as the Wilson

coe" cient of a four-quark operator [11]

L p = !
!

p ,p !

V!"#$ (p, p!) µ2%
"
! p !

 
! (x) ! p " (x) " " p !

 
#(x) " " p $(x)

#
. (4)

In Eq. (10), the Þelds! and " annihilate a quark and an antiquark, respectively. The

Þelds are labelled by a momentump, and a greek index for their color and spin. The

operator in Eq. (4) is local on the scalex " 1/mv 2, but non-local on the scalep " mv.

The potential V is computed as a matching coe" cient at the scaleµ = m between QCD

and an e! ective theory for non-relativistic QCD valid below the scalem. The e! ective

theory is constructed to have the same infrared structure asperturbative QCD for the two

heavy quark system. Therefore, deÞning the potential as a matching coe" cient provides an

infrared safe deÞnition. For instance, Ref. [17] shows how the three-loop matching potential

V is infrared safe, despite the divergence in the QCD potential of Appelquist, Dine and

Muzinich [3].

Although several di! erent formulations of the e! ective theory for non-relativistic QCD

are currently in use [5Ð16,18Ð20], certain universal features have emerged. The on-shell de-

grees of freedom in the e! ective theory include quarks with energyE " mv2 and momentum

p " mv, soft gluons with E " p " mv, and ultrasoft gluons with E " p " mv2. The soft

and ultrasoft modes are distinct, for instance a consistentpower counting inv demands that

the ultrasoft gluon interactions are multipole expanded [6,9], while soft gluon interactions

are not. The soft gluons are essential to correctly reproduce the beta function in the ef-

fective theory [14], and run between the scalesm and mv. Other massless on-shell Þelds,

such as light quarks, will have ultrasoft and soft components too. There are also important

o! -shell Þeld components, such as the exchange of gluons with E " mv2 and p " mv that

build up the potential. Soft heavy quarks with E " p " mv are also o! -shell relative to

the heavy quark states of interest. These o! -shell Þeld components can be integrated out

of the Lagrangian in the e! ective theory. Doing this leaves aLagrangian that is non-local

at the scalemv, but local at mv2. This procedure, which treats the potential components

as four quark operators, was Þrst seriously investigated inRef. [11], and the resulting ef-

fective theory is referred to as pNRQCD. In Ref. [11] it was proposed that the matching

onto e! ective theories should take place in two stages: atµ = m one matches QCD onto

NRQCD as originally deÞned in Ref. [5], and then matches NRQCD onto pNRQCD at the

scaleµ = mv.

The matching of four-quark operators atm was considered in Ref. [12], following the

proposal in Ref. [8] that the matching procedure should be similar to that in HQET. How-

3



Systematically calculate to chosen order in velocity

The potential interaction relevant for our calculation is

L p = !
!

p ,p !

V!"#$ (p, p!) µ2%
S ! p !

 
! ! p " " " p !

 
# " " p $. (10)

The factor of µ2%
S is included so that in d = 4 ! 2#dimensions the potential V has dimension

! 2. $, %, &, ' denote color and spin indices. We will use the basis in which the potential is

written as a linear combination of 1 " 1 and Ta " T̄a in color space. One can convert to the

color singlet and octet potential using the linear transformation
"

#
#
$

Vsinglet

Voctet

%

&
&
' =

"

#
#
$

1 ! CF

1 1
2CA ! CF

%

&
&
'

"

#
#
$

V1# 1

VT # øT

%

&
&
' , (11)

where CF = (N 2
c ! 1)/ (2Nc) and CA = Nc. We will also need the invariants C1 = (N 2

c !

1)/ (4N 2
c ) and Cd = Nc ! 4/N c. These arise in the identities

TA TB " T̄A T̄B = !
1

4
(CA + Cd)TA " T̄A + C11 " 1 ,

TA TB " T̄B T̄A =
1

4
(CA ! Cd)TA " T̄A + C11 " 1 . (12)

Written as a matrix, the order v" 2 Coulomb potential is

V (" 2) = (TA " T̄A )
V(T )

c

k2
+ (1 " 1)

V(1)
c

k2
, (13)

where k = p! ! p, and the coe! cients V(T )
c and V(1)

c have an expansion in $s.

The order v0 potential includes

V (0) = (TA " T̄A )

"

$ V(T )
2

m2
+

V(T )
r (p2 + p!2)

2 m2 k2
+

V(T )
s

m2
S2 +

V(T )
!

m2
" (p!, p) +

V(T )
t

m2
T (k)

%

'

+(1 " 1)

"

$ V(1)
2

m2
+

V(1)
s

m2
S2

%

' , (14)

where

S =
σ1 + σ2

2
, " (p!, p) = ! i

S á(p! # p)

k2
, T (k) = σ1 áσ2 !

3 k áσ1 k áσ2

k2
, (15)

and σ1/ 2 and σ2/ 2 are the spin-operators on the quark and anti-quark. Note that on-shell

p! 2 = p2, but we have written p2 + p!2 in Eq. (14) so that the Lagrangian L p is hermitian.

The tree level diagram in Fig. 1a generates terms of O(v2k$s), k $ ! 1, in the QCD potential.

Matching at µ = m, ( = 1 gives
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The potential interaction relevant for our calculation is

Lp = −
∑

p,p′

Vαβλτ (p,p!) µ2ϵ
S ! p′

 
α ! pβ " " p′

 
λ " " pτ . (10)

The factor of µ2ϵ
S is included so that in d = 4−2#dimensions the potential V has dimension

−2. $, %, &, ' denote color and spin indices. We will use the basis in which the potential is

written as a linear combination of 1⊗ 1 and T a ⊗ T̄ a in color space. One can convert to the

color singlet and octet potential using the linear transformation
⎡

⎢

⎢

⎣

Vsinglet

Voctet

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎣

1 −CF

1 1
2CA − CF

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

V1# 1

VT# øT

⎤

⎥

⎥

⎦

, (11)

where CF = (N2
c − 1)/(2Nc) and CA = Nc. We will also need the invariants C1 = (N2

c −

1)/(4N2
c ) and Cd = Nc − 4/Nc. These arise in the identities

TATB ⊗ T̄AT̄B = −
1

4
(CA + Cd)T

A ⊗ T̄A + C11 ⊗ 1 ,

TATB ⊗ T̄BT̄A =
1

4
(CA − Cd)T

A ⊗ T̄A + C11 ⊗ 1 . (12)

Written as a matrix, the order v" 2 Coulomb potential is

V (" 2) = (TA ⊗ T̄A)
V (T )

c

k2
+ (1 ⊗ 1)

V (1)
c

k2
, (13)

where k = p! − p, and the coefficients V (T )
c and V (1)

c have an expansion in $s.

The order v0 potential includes

V (0) = (TA ⊗ T̄A)

⎡

⎣

V (T )
2

m2
+

V (T )
r (p2 + p!2)

2 m2 k2
+

V (T )
s

m2
S2 +

V (T )
!

m2
Λ(p!,p) +

V (T )
t

m2
T(k)

⎤

⎦

+(1 ⊗ 1)

⎡

⎣

V (1)
2

m2
+

V (1)
s

m2
S2

⎤

⎦ , (14)

where

S =
! 1 + ! 2

2
, Λ(p!,p) = −i

S · (p! × p)

k2
, T(k) = ! 1 · ! 2 −

3k · ! 1 k · ! 2

k2
, (15)

and ! 1/2 and ! 2/2 are the spin-operators on the quark and anti-quark. Note that on-shell

p! 2 = p2, but we have written p2 + p!2 in Eq. (14) so that the Lagrangian Lp is hermitian.

The tree level diagram in Fig. 1a generates terms of O(v2k$s), k ≥ −1, in the QCD potential.

Matching at µ = m, ( = 1 gives
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TREE MATCHING

VELOCITY DEPENDENT TERMS COMING 
FROM FIELD EXPANSION (IRRELEVANT FOR 

CLASSICAL PROBLEM)

(a)

p p!

-p -p!
(b)

FIG. 1. QCD diagrams for tree level matching.

V(T )
c = 4!" s(m) , V(1)

c = 0 , V(T )
r = 4!" s(m) ,

V(T )
s = !

4!" s(m)
3

, V(T )
Λ = ! 6!" s(m) , V(T )

t = !
!" s(m)

3
,

V(1)
s = 0 , V(T )

2 = 0 , V(1)
2 = 0 . (16)

The annihilation diagram in Fig. 1b generates terms of order" sv2k , k " 0 in the potential.

Using Fierz identities and charge conjugation, these operators can be transformed into the

basis in Eq. (14) and give additional contributions to the matching. Only V(T,1)
s receive

non-zero annihilation contributions at tree level:

V(T )
s,a =

1
Nc

! " s(m) , V(1)
s,a =

(N 2
c ! 1)
2N 2

c
! " s(m) . (17)

The complete tree level matching is given by adding the termsin Eqs. (16) and (17). We have

found it convenient to distinguish the annihilation contributions by including an additional

subscripta on the coe! cients they generate. The leading-log values of the orderv0 potentials

in Eq. (14) were calculated in Refs. [30,20], but are not needed here. Nonzero values for

V(T,1)
2 are generated in the renormalization group ßow below the scale m [20], as well as by

the one-loop matching as we will see below.

At one-loop the matching onto QCD gives order 1/v terms of the form

V (−1) =
! 2

m |k|

[

V(T )
k (TA # øTA ) + V(1)

k (1 # 1)
]

, (18)

where the coe! cients V(T,1)
k are dimensionless. Ind = 4 ! 2# dimensions the one-loop

matching produces a potential with the dependenceµ2ϵ/ |k|1+2 ϵ. We have chosen to deÞne

V (−1) by taking the d $ 4 limit, which di " ers from the deÞnition of this operator used in

Ref. [31].

A. The QCD Calculation

To perform the potential matching calculation, we considerthe on-shellQ øQ scattering

amplitude in QCD and in vNRQCD to order " 2
sv0. We will use Feynman gauge, regulate

8

(a) (b) (c)

(d)
p p'

q q'

Figure 1. The Compton scattering graphs (a, b, c) in QCD match onto the soft gluon coupling (d) in the
e↵ective theory at tree level.

beyond this order for those involving only ultrasoft gluons. The covariant derivative here is

Dµ = @µ + iµ✏
ugu(µu)A

µ
u, which only contains the ultrasoft gluon field and scales as Dµ ⇠ v2. It

depends on a coupling at the ultrasoft scale µu = m⌫2, where ⌫ is the subtraction velocity scale.

The other fields scale as  p ⇠ v3/2 and Gµ⌫
u ⇠ v4. For convenience we will often suppress the

renormalization Z factors that relate bare and renormalized quantities.

The potential Lagrangian has terms [? ? ]

Lp = �
X

p,p0

µ2✏
s V (p,p0)  †

p0 p�
†
�p0��p + . . . , (2.5)

where in terms of the velocity subtraction scale the soft scale is µs = m⌫, and spin and color

indices in V and the fermion fields have been suppressed. Matching perturbatively at m and

integrating out the potential gluons generates the terms

V (p,p0) =(TA ⌦ T
A
)
hV(T )

c

k2
+

V(T )
k ⇡2

m|k| +
V(T )
r (p2 + p02)

2m2k2
+

V(T )
2

m2
+

V(T )
s

m2
S2 +

V(T )
!

m2
⇤(p0,p)

+
V(T )
t

m2
T (k) + ....

i

+ (1⌦ 1)
hV(1)

c

k2
+

V(1)
k ⇡2

m|k| +
V(1)
2

m2
+

V(1)
s

m2
S2 + ....

i

, (2.6)

where

S = S1 + S2, T (k) = S1 · S2 � 3
k · S1k · S2

k2
, ⇤(P0,P) =

�iS · (P0 ⇥P)

k2
. (2.7)

Here k = p0 � p, and S1 and S2 are quark/anti-quark spin operators respectively. The relation

between the bare and renormalized coe�cients is given by Vbare
j = µ2✏

s VR
j = VR

j (⌫)+ counterterms.

These Wilson coe�cients were calculated to one-loop in Ref. [? ]. TODO: Add

comments about

higher order

results

(TODO)

– 4 –

of contracting the indices µ and ! with momenta. These indices must therefore be contracted

with gµ⌫ . There are three independent ways to construct a color singlet out of the color indices

of a 3, ø3, and two 8s. We may contract the Þelds with the following tensorsif ABCTC
↵�̄

, dABCTC
↵�̄

,

"AB"↵�̄. However, we also know that the Coulomb potential is tree level exact in an Abelian

theory without light fermions, so the last structure can not appear since the insertion of two of

these operators into a time ordered product would contribute the potential, causing it to run.

TODO: Can we

eliminate the

dABC?

(TODO) The leading order operator which we can write down is

O(0)
ss = �g2sµ2✏

s #✏ C(q, q0,p,p0)
1
2

$ †
p0 [Bµ,q0 , B µ

q ]$p , (3.5)

where # = e�E / (4%) appears because the strong couplinggs = gs(µs) is in the MS scheme. It

is convenient to include the factor of 1/ 2 since the Feynman rule will include terms where the

contraction with Bq0 is swapped with those forBq, inducing a factor of 2. The kinematics are

chosen such thatq + p = p0 � q0 from momentum conservation, andq00 = �q0 since all of the

large energy has to ßow through the two soft gluons in order for the initial and Þnal state quark

to remain in the potential region.

We now chooseC so as to reproduce the Compton scattering tree level graphs in Fig.1.

Consider Þrst matching only the spacial polarizations for both gluons, for which there is only a

contribution from the diagram with a 3-gluon vertex. We Þnd

C(q, q0,p,p0) =
2q0

(&p0 � &p)2
, (3.6)

which agrees with the result forU(0)
ij from Eq. (2.10). Naively it would appear that with this Þxed

value of the coe! cient, we will not match the time-like polarizations. However, gauge invariance

implies that onshell this can not be the case. To check this, we compute the tree level full QCD

amplitude involving time-like polarizations from the graphs in Fig. 1, and write it back in the

form of soft gluon Þelds to obtain

M full =
!

1
q0

� 2q0
(&p0�&p)2

"
[A0

q , A0
q0 ] +

2qi

(&p0�&p)2
[A0

q , A i
q0 ] �

2q0 i

(&p0�&p)2
[A i

q, A0
q0 ] , (3.7)

as the structure appearing inig2$ †
p0M full$p when expanding the amplitude to leading order inv.

To obtain this result we have made use of momentum conservation and the equations of motion

q0A0
q = q · Aq. To obtain the analog of M full in the e" ective theory we simply replace each of

Bq and Bq0 in Eq. (3.6) by the terms with one gluon Þeld from Eq. (3.3) to obtain the terms

involving at least one time-like polarization

M vNRQCD = 2
# q · q0

q0 (&p0�&p)2
[A0

q , A0
q0 ] +

qi

(&p0�&p)2
[A0

q , A i
q0 ] �

q0 i

(&p0�&p)2
[A i

q, A0
q0 ]

$
(3.8)

Ð 8 Ð

and not soft. To see this write the propagator with a principal value and �-function as

1

q0 + i✏
= P (

1

q0
) ! i⇡�(q0). (2.11)

The delta function forces the gluon to have vanishing energy, i.e. it becomes a potential gluon.

Thus in order not to double count we should drop this piece. There is a more rigorous procedure,

called “zero bin” subtractions [? ], which avoids double counting between soft and potential

contributions. This will be discussed further below.

We emphasize that the results in Eq. (2.10) for � = 0 and their analogs for � > 0 in App. A

are gauge dependent. As previously mentioned, there is nothing wrong in working this way, as the

S-matrix elements will always be gauge invariant. However, by not keeping manifest soft gauge

invariance we lose a useful organizing principle and there is a corresponding loss of simplicity. The

main goal of this work is to setup a formalism which will make the coe�cients in the Lagrangian

Lint
s gauge invariant.

3 Reformulation of the Soft NRQCD Lagrangian

The gauge non-invariance of the Lagrangian Lint
s arises because even though we have used the

onshell conditions k2 = 0 for the external soft gluons and analogs for the heavy fermions, we have

not used our complete freedom to exploit the one-shell transversality condition @ ·A = 0. In this

section we will construct soft gauge invariant operators that match the full theory amplitudes on

shell when exploiting the full freedom of the equations of motion. This same organization was

used in Ref. [? ] in constructing gauge invariant Glauber exchange operators in SCET.

First we introduce the soft gluon and soft quark gauge invariant building blocks, which in

position space read2

Bµ(x) = !
1

g
S†
v(x, !" ) iDµ(x)Sv(x, !" ) , (3.1)

⌅s(x) = S†
v(x, !" )'s(x) ,

where Sv is a soft Wilson line in the vµ direction (where v = (1,~0) in the heavy QQ̄ rest frame),

which parallel transports the derivative to time-like !" . In particular

Sv(x, !" ) = P exp

!
! ig

" 0

!"
d� v ·A(�v + x)

#
= 1 ! ig

" 0

!"
d� A0(�v + x) + . . .

= 1 ! ig

" 0

!"
d�

$

k

e! i! k0! ix·kA0
k + . . .

= 1 + g
$

k

A0
k

k0 + i✏
e! ik·x + . . . , (3.2)

2Our sign convention for g is opposite to the one used in the SCET literature, with iD µ = i ! µ ! gAµ , but agrees
with the convention used in vNRQCD.
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infrared divergences with a Þnite gluon mass2 ! , and renormalize ultraviolet divergences with

dimensional regularization and theMS scheme. Since the calculation is performed on-shell

the resulting matching coe! cients will be gauge independent.

We begin by considering the QCD diagrams. The most complicated diagram is the QCD

box diagram [32,33] which includes contributions of order 1/v 3, 1/v 2, 1/v and v0, as well as

higher order terms which we do not need in this paper.
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,

wherek = |k |, p = |p| = |p!| and

R = ( p + p!) · ! 1 (p + p!) · ! 2 . (20)

The real part of the order 1/v amplitude agrees with Ref. [22] in the limitp # k/ 2. We

have kept the full p dependence since taking this limit is not justiÞed by the power counting.

We have also kept imaginary terms generated by the cut amplitude to emphasize how these

terms are correctly reproduced in the e#ective theory. The real part of the spin dependent

order v0 amplitude agree with the result in Ref. [34]. The real part ofthe spin independent

order v0 amplitude agrees with Ref. [23], except for the orderv0 ln(k) and ln(! ) dependence.

2Using a Þnite gluon mass is dangerous in the presence of diagrams with the non-abelian
gluon vertices. All such diagrams we require here are IR Þnite in Feynman gauge.
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The di! erence is due to the condition|p! + p| ! k which was imposed in Refs. [22,23], but

which violates thev power counting. (For the crossed box given below in Eq. (21a), the order

v0 ln(! ) and ln(k) also di! ers from Ref. [23].) The remaining direct scattering diagrams are

less complicated since they have no cuts:
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and the light quark loops fornf ßavors gives:
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while the heavy quark fermion loop gives:
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s

k2
TF (TA ! øTA )

{4
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ln
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M 0 "
4k2

15m2

}

. (21g)

In Eq. (21) the matrix element

M 0 = 1 +
p2

m2
"

k2S2

3m2
"

3k2Λ

2m2
"

k2T

12m2
. (22)

Note that we disagree with Ref. [23] on the orderv0 spin independent part of Eq. (21b).

Ref. [23] has an additional non-logarithmic 1/m 2 term. The difference arises because we

Þnd a different value for the orderk2 term in the non-Abelian F1 form-factor. Eqs. (21c)

through (21g) agree with Ref. [23].

The diagrams in Eq. (19) and (21) have contributions from several different scales. In

particular, in the language of the threshold expansion [13], the hard regime gives ln(µ/m )Õs,

the soft regime gives ln(µ/k )Õs, and the ultrasoft regime gives ln(µ/ " )Õs. There are also

i ln(" /p ) and i ln(" /k ) terms from the Coulomb divergence in the potential regime.In

addition to logarithms, all regimes can give constant factors. In the effective theory, terms

from the hard regime are absorbed into matching coefficients such as the four-quark potential

operators and the remaining terms correspond to graphs involving modes in the effective

theory. These graphs are discussed in more detail below.

Next consider the one-loop annihilation diagrams in QCD. Since the intermediate gluons

are hard we expect these graphs to include a factor of 1/m 2, thus giving hard order v0

contributions to the potential. However, the graph in Eq. (23c) also has terms enhanced by

a factor of m/p , which are order 1/v contributions.
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PURE QUANTUM
GET CONSTIBUTIONS 

FROM HARD, SOFT 
AND POTENTIAL

σ and σ′ contributes to the vσ+σ′−2 potential. Graphs involving the exchange of an ultrasoft

gluon begin to contribute to the potential at order v0, etc.

1. Order 1/v3

In the e! ective theory taking two insertions of the tree level Coulomb potential in a loop

gives the only diagram that is order α2
s/v

3:

= i
[V(T )

c ]2

16π2
(T AT B ⊗ T̄ A T̄ B )

2imπ

k2 p
ln

(k2

λ2

)

. (24)

Taking µ = m and ν = 1 and using the tree level value of V (T )
c , this graph exactly reproduces

the order α2
s/v

3 “Coulomb singularity” term in the QCD box diagram in Eq. (19). Thus,

there is no matching correction at this order.

2. Order 1/v2

At order α2
s/v

2 in the e! ective theory, the only non-zero diagram involves the exchange

of soft gluons, ghosts and quarks:

=
iα2

s(µS)

k2
(T A ⊗ T̄ A )

[

4TF nf − 11CA

3

{

1

ϵ̂
+ ln

(µ2
S

k2

)

}

+
20TF nf − 31CA

9

]

, (25)

where 1/ϵ̂ = 1/ϵ− γ + ln(4π) is the combination subtracted in MS. The divergence in this

graph is responsible for the one-loop running of V(T )
c . At one-loop, to order v0 the e! ective

theory counterterms (and running of the potential) were computed in Ref. [20] and from

now on the 1/ϵ̂ dependence will be dropped. The sum of order α2
s/v

2 terms from the QCD

diagrams in Eqs. (19) and (21) is

iα2
s(µ)

k2
(T A ⊗ T̄ A )

[

4TF

3
ln

( µ2

m2

)

+
4TF nf − 11CA

3
ln
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k2

)
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20TF nf − 31CA

9

]

. (26)

At the scale µ = µS = m the MS values of Eq. (25) and Eq. (26) are identical, so there

is no one-loop matching correction to Vc. The di! erence in ln(µ)’s in Eqs. (26) and (25) is

the change in β-function from nf + 1 to nf flavors. We would expect a new contribution

to Vc only if the QCD graphs have a contribution from the hard regime where energy and

momenta are order m. In Eqs. (21b), (21c), and (21d), the factors of −3 ln(m2)+4 are from

the hard regime, but they sum to zero. For the ln(m) terms this is a consequence of the
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ONE LOOP EFT

σ and σ′ contributes to the vσ+σ′−2 potential. Graphs involving the exchange of an ultrasoft

gluon begin to contribute to the potential at order v0, etc.

1. Order 1/v3

In the effective theory taking two insertions of the tree level Coulomb potential in a loop

gives the only diagram that is order α2
s/v

3:

= i
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(TATB ⊗ T̄AT̄B)
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. (24)

Taking µ = m and ν = 1 and using the tree level value of V (T )
c , this graph exactly reproduces

the order α2
s/v

3 “Coulomb singularity” term in the QCD box diagram in Eq. (19). Thus,

there is no matching correction at this order.

2. Order 1/v2

At order α2
s/v
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graph is responsible for the one-loop running of V(T )
c . At one-loop, to order v0 the effective

theory counterterms (and running of the potential) were computed in Ref. [20] and from

now on the 1/ϵ̂ dependence will be dropped. The sum of order α2
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At the scale µ = µS = m the MS values of Eq. (25) and Eq. (26) are identical, so there

is no one-loop matching correction to Vc. The difference in ln(µ)’s in Eqs. (26) and (25) is

the change in β-function from nf + 1 to nf flavors. We would expect a new contribution

to Vc only if the QCD graphs have a contribution from the hard regime where energy and

momenta are order m. In Eqs. (21b), (21c), and (21d), the factors of −3 ln(m2)+4 are from

the hard regime, but they sum to zero. For the ln(m) terms this is a consequence of the

13

SOFT LOOP REPRODUCES  SOFT PIECES OF FIRST THREE 
DIAGRAMS LEADING TO BETA FUNCTION

NOTE: NO CLASSICAL CORRECTIONS IN STATIC LIMIT (CONFORMAL SYMMETRY)



IMPORTANT TECHNICAL ISSUE WITH CALCULATION OF THE 
SOFT LOOP

``Zero Bin ProcedureÕÕ  (Manohar /Stewart)

replacement
∑

q

∫

d4k →
∫

d4q, (49)

where the replacement must be done for all four components of q, since soft gluons carry a

four-vector label q. Notice that the effect of the sum is to change the scaling of the measure

since d4q scales differently then d4k. In the end we can see that we could have written down

the result directly by expanding the full theory denominators. Thus while the labels are

useful for power counting and mainting gauge invariance, when it comes to loops you can

easily bypass them.

F. How not to double Count: The Zero Bin Method

When we have a theory such as NRQCD where we split fields into components 14 we must

be sure that we are not double counting when we calculate loop diagrams. These problems

are circumvented by using whats called the “zero-bin” method [26]. The nomenclature

follows from figure (1). When we calculate loops in the effective theory we start by summing

over the bins depicted in the figure. However, power counting tells us that we should not

sum over the “zero-bin” where the label vanishes, as that would violate the power counting.

Of course when we calculate we go over to continuous labels - as discussed in the previous

section - so technically we must figure out how to remove this contribution to the loop.

To illuminate this issue let us start with a simple example. Consider the diagram (??).

In the last section we considered a piece of this diagram that was rather benign. However

this diagram also gives rise to a contribution which is pathological, namely

IS =

∫

[d4k]
1

k0 + iϵ

1

k0 − iϵ

1

k2
0 − k⃗2 + iϵ

1

k2
0 − (k⃗ − p⃗)2 + iϵ

. (50)

which arise from the Wilson line contribution to the diagram. At this point we have merged

labels and residual momentum as described in the last section. This integral has what is

known as a pinched singuliarity as there is no way the contour can avoid the poles. However,

we know that this singularity is arising from the integration region where k0 is approaching

zero, part of the soft zero bin that should not be included. Indeed, a more careful analysis

14 I like to call these “modal” EFT’s.

22

Ill-define pinched contour

The pinched region is actually potential, we have a 
mode overlap. Need to subtract out potential region

FIG. 9. US corrections to the Coulomb potential which need to be subtracted from the soft loop

in figure (??). The solid dot corresponds to the Coulomb potential.

must take into account the zero bin for each propagator. We must consider all possible

zero bins. First we must consider when either of the gluon propagators is going US which

correspond to (k0, k⃗)→ (0, 0) and (k0, k⃗)→ (0, p⃗),

IUS
1 =

∫

[d4k]
1

k0 + iϵ

1

k0 − iϵ

1

k2
0 − k⃗2 + iϵ

1

−p⃗2 + iϵ

IUS
2 =

∫

[d4k]
1

k0 + iϵ

1

k0 − iϵ

1

−p⃗2 + iϵ

1

k2
0 − (k⃗ − p⃗)2 + iϵ

. (51)

These subtraction integrals rightly appear from US corrections to the tree level Coulomb

potential as illustrated in figure (I F). Note that we have previously shown that by perform-

ing a field redefinition, we can eliminate the US gluons at leading order in v. Thus if we

sum over all of the US contributions they must cancel. However, for pedagogigal reasons

we will be considering the contribution from individual diagrams so that we can see how to

remove the unwanted pieces, despite the fact that we know the sum vanishes.

In addition we have to subtract the zero bin when both gluons become Coulombic

IC3 =

∫

[d4k]
1

k0 + iϵ

1

k0 − iϵ

1

−k⃗2 + iϵ

1

−(k⃗ − p⃗)2 + iϵ
, (52)

which is already included as part of the double Coulomb exchange graphs. In general the

way to make sure that all the subtractions are included is to enumerate all the graphs in the

e! ective theory, and ensure that there is no zero bin in the integral which does not belong

in one of these other graphs.

Now we run into a subtlety. We have to make sure that our subtractions themselves dont

overlap. In particular, there is a region where the Coulomb subtractions becomes US (the
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SUBTRACTING SUB-REGION LIMIT LEADS TO WELL DEFINED INTEGRALS

A similar subtraction clarifies the 3 loop ADM IR divergence in the YM 
Wilson loop



TAKE CLASSICAL LIMIT OF QCD

Working with 
fluctuating lines drop 
all terms down by 1/m

We can choose to either take the classical limit of NQRCD 
or to work directly with world lines  

 

World-line

Note: In the classical limit m becomes irrelevant.

E ⇠ v/r, k ⇠ 1/r
Potential mode 

scaling



NRGR POTENTIAL
Has been calculated to 4PN by two groups (Damour, Bini 

Jaranowski, Schaefer: Bernard, Bohe, Blanchet, Faye, Marsat) 

Diagramatically all reduce to two point topology (1 external momentum)

Field Theory Calculation (Foffa and Sturani)
E↵ective Þeld theory methods to model compact binaries 14

Figure 13. The 25 irreducible G

5
N topologies that contribute at 4PN. Each of them

generate just one 4PN diagram. Other 25 4PN diagrams can be obtained fromG5
N

reducible topologies which have not been shown here.

0PN 1PN 2PN 3PN 4PN

G 1

G2 1 1

G3 5 4

G4 8 21

G5 50

v0 v2 v4 v6

G 1 1 1

G2 1 8 7 7

G3 5 48 159 . . .

G4 8 299 . . .

G4 50 . . .

Table 1. On the left: number of topologies entering at a given PN order. On the
right: number of diagrams that start to contribute to the e ↵ective action at a given
GN and v power, for a total of 595 diagrams up to 4PN. From [38].

to be selected:
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where Sbulk�free is the quadratic part of the bulk gravity action, � ⌘ �(t, x) and
�
1a ⌘ �(t

1a, ~x1

(t
1a)) and so on. Performing the Gaussian integral in the above eq. (18)

boils down to substituting pair of like-Þelds with Green functions like in eq. 8 (indicated
below with a contraction, as the procedure is in complete analogy to the Wick theorem
in quantum Þeld theory computations):
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Worldline method



AMPLITUDE METHOD D. Neill/IZR, V. Vaidya

Upside: No Feynman diagrams.

Downside: Pick out classical pieces, must perform 
subtractions of TOPs, number of which grows at each 

order in PN expansion.

a kinematic “gauge group”, as pursued in [39] and [40]. This squaring relation was also

exhibited for classical solutions to GR and YM in [41].

Once we have the gravitational on-shell tree level scattering amplitudes we may construct

the potential by sewing together these amplitudes using generalized unitarity [11]. This

determines the GR amplitude for the scalar-scalar scattering. Since we are interested only

in the long-distance classical pieces of the scattering amplitude we need only consider t-

channel cuts as shown in figure (1). Unitarity relates the discontinuity in an amplitude to a

FIG. 1. Reconstructing the full scalar-scalar S-matrix by sewing together the scalar-scalar n point

on shell scattering amplitudes.

product of lower loop amplitudes, with a summation over physical states being exchanged

between the amplitudes. In this way, one can construct an integrand that has the same

analytic and singularity structure as the corresponding sum of feynman diagrams3. For

the determination of the potential, only a restricted set of cuts need to be considered. In

particular only two particle irreducible diagrams can contribute to the classical potential

(see the appendix for a proof of this statement). Furthermore classicality also implies that

we need not consider loops with only massless particles. Thus to fix the Gn
N contribution

to the classical potential, one only needs to consider the contribution from the product of

ss ! (n)g tree amplitudes.

III. DEFINITION OF THE POTENTIAL

The classical potential for extended sources can be extracted by working within the

confines world-line e↵ective theory[6, 12] where the sources are treated classically. In this

3 It is precisely these singular terms that determine the long distance interactions. Thus we can ignore the

e↵ect of possible rational terms missed in the unitarity method.

5

multitude (albeit fewer) diagrams in the e↵ective theory 7. These diagrams are considerably

simpler since they are in a scalar theory and the topology of the diagrams are pure bubbles.

Moreover, it may be possible to avoid the calculation of the EFT diagrams altogether [34].

Finally there is no obstruction to using these techniques to calculate higher order cor-

rections to multipole moments. Such multipole moments can be extracted by considering

the same scattering processes discussed here, but now with an additional graviton leg in the

external state. This would involved matching onto a subsequent low energy theory where

the multipole moments are matching coe�cients as discussed in [6, 36, 37].
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Appendix A: Proof of Two Particle Irreducible Nature of the Classical Contribution

In this appendix we prove that only two massive particle irreducible diagrams (2PI), with

one massive propagator per loop, can contribute to the classical potential. First we note

that a simple dimensional analysis argument establishes the classical potential has the form:

V cl(q,!p) =
Gm2

q2

!
!"

n=0

(Gmq)n
# !p

m

$t
%

, (A1)

where m stands for some generic mass. Quantum corrections will arise as deviations from

this form, and G acts as a loop counting parameter.

We now will utilize the method of regions [17], in which integrals are asymptotically

expanded around the relevant regions of momentum space. In our case there are only two

regions, hard kµ ! m and soft kµ " m. The hard region is easily seen to be purely quantum

7 Recall however that there is not need to go to 2PN to get the 1PN potential. We needed the 2PN result

only for the purpose of extracting the metric.
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corrections to instantaneity
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FIG. 3. The time ordered product in the e! ective theory which must be subtracted from the full

theory result. The square vertex is the orderv2 Coulomb potential, while the dot corresponds to

the order v2 kinetic term correction. The oval is the order v4 Coulomb potential and the cross is the

order v4 correction to the kinetic term. Mirror image diagrams have been suppressed. Diagramsa

and b are 1PN while c� h are 2PN and have been included only because we are interested in the

metric at order G2.

VI. EXTRACTING THE METRIC BY GOING TO THE PROBE LIMIT

Given the potential we may extract the metric order by order in powers of v by comparing

the potential to the world-line action. Assuming a static and isotropic solution we may make

the ansatz for the metric

g00 = 1 +
1X

i=1

Ai�
i

g0i = 0

gij = ��ij(1 +
1X

i=1

B i�
i)� r ir j

r 2
(

1X

i=1

Ci�
i) (17)
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PROS AND CONS OF AMPLITUDE METHOD

¥ No Feynman diagrams (usual simplifications) 

¥ Must remove all the quantum pieces (no big deal) 

¥ Must subtract Time ordered products, the number of which will 
grow (quickly) at each order in the PN expansion.



ISSUE OF DIVERGENCES

At 3PN  we find that there both UV and IR divergences. UV 
divergences are acceptable as long as the requisite counter term exists 

in the EFT, while the only  IR divergences that are acceptable are of 
two type: 

 All other IR are not acceptable and are an indication that we are not 
cleanly separating the radiation from the potential modes in the 

theory.

1) Unknown phase of GW when entering the detector band

2) A coulomb phase which cancels in the power

Subset of the UV divergences can be 
absorbed into unphysical operators

L =

∫
(m + CRR + Cvv

µ
v

ν
Rµν + ...)dτ

Associated with  
radiation not potentials

True finite size effects donÕt show up until 5PN (effacement the: Damour)



ALSO AT 4PN THERE IS  A LOG ASSOCIATED WITH THIS IR DIVERGENCE

3.1 The ambiguities

In [27, 28], where the calculation was performed using dim. reg. in the Arnowitt, Deser, and Misner
(ADM) formalism, the regularized gravitational potential contains an IR pole, 6

!
dt V JS

4PN (t, µ ) = !
G2

N M
5

!
d!
2"

! 6I ij (! ! )I ij (! )
"

1
#IR

! 2 log(µr )
#

+ local / Þnite. (3.1)

We may attempt to remove the IR divergence from the near zone calculation, by subtracting it away.
However, as it was originally understood by the authors of [27,28], this is totally arbitrary since one could
subtract either 1/ #IR or 1/ #IR +constant. In general, di! erent subtraction schemes, or even choices of
regulators, e.g. graviton-mass, momentum cut-o! , Hadamard, etc., would produce a non-unique result.
Therefore, the Þnal answer would be ambiguous and the 4PN near zone Hamiltonian would depend on a
regularization scale,µ, as well as an undetermined dimensionless constant,C, through (the factor of 2/ 5
is a convention)

V JS
(C ) "

2
5

C G2
N M

$
I ij (3) (t)

%2
. (3.2)

The same type of ambiguities (in principle more than one) were introduced in the computation of the
Fokker-action in harmonic gauge [31,32]. The existence of these extra parameter(s) was also discussed in
more detail in [30]. In the ADM and Fokker-action approaches, the value ofC is Þxed after importing
knowledge from an independent calculation. Since the ambiguity shows up at leading order in$, the
constant C (in principle more than one) was Þxed by comparison with existent self-force calculations [29,32].

On the other end, we have the contribution to the gravitational potential at 4PN order from radiation-
reaction, which was computed within the EFT approach in [35] (see also [38]), yielding

!
dt Vtail (µ) =

G2
N M
5

!
d!
2"

! 6 I ij (! ! )I ij (! )
&

1
#UV

+ log
! 2

µ2 + %E ! log" !
41
30

'
. (3.3)

We notice that, instead of IR issues, we encounter a UV divergence. The alert reader will immediate
realize that the IR and UV near/far zone poles in (3.1) and (3.3) have Ðup to a crucial signÐ the same
coe" cients [35], provided the IR divergence from [27, 28] is reproduced in NRGR (see below).7 In our
language, an expression like (3.2) would arise if we were to use two di! erent subtraction scales for the IR
and UV poles (i.e. µIR and µUV ), leading to an ambiguity parameter, C # log(µUV /µ IR ) [35]; however,
this would be inconsistent.8 We show in what follows how to unify the treatment of the potential and
radiation singularities in the EFT formalism.

3.2 Infrared divergences in the EFT framework

While the UV pole in the conservative sector from the tail e! ect identiÞed in [35] was expected, the
IR divergences in the potential region have not been yet fully isolated in NRGR. Hence, we must Þrst
identify the terms from the near zone which yield IR poles at 4PN order. There are many diagrams which
contribute to the gravitational potential at this order [41,42]. One such term is depicted in Þg. 1. Following

6As it turns out, the derivation in [27, 28] uses a combination of regularization methods before matching the calculation
into the far zone later on in [29]. This exacerbates the ambiguous nature of the computation.

7As emphasized in [35], this must be the case since the factors for the pole and logarithm are related in dim. reg., and the
coe! cient for the latter is Þxed by the long-distance contribution to the binding energy, Þrst obtained in [39] and re-derived
in [35] (see also [40]).

8The dim. reg. prescription must be universally applied in both regions (regardless of whether we have IR or UV divergent
integrals) with a d-dimensional GN entering in the Einstein-Hilbert action.
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Structure of this term belies it source

!

!

!

!

!
!

!

!
!

!

!
!

!

!

p p

Figure 1: A contribution in NRGR to the gravitational potential from the near zone at 4PN order. We use the
decomposition introduced in [43] in terms of ( ! , A i , " ij ) Þelds. As described in [42], the diagram may be cast as a
Ôthree-loopÕ self-energy amplitude in gauge theory, which can be further decomposed in a series of master integrals.

the representation in [42], the integral may be written as

Þg. 1 = m2
1m3

2

Z

k1,k2,k3

Num(ki,p)
k

2
2 k

2
3 k

2
12 k

2
13 k

2
23 p

2
2 p

2
3

, (3.4)

where
R
ki

⌘ R
dd�1ki

(2⇡)d�1 , pi ⌘ p � ki and kij ⌘ ki � kj . The numerator, Num(ki,p), depends on the loop
momenta, ki, as well as the Fourier variable,p, related to the relative distance, r ⌘ x1 � x2. In principle
this topology contributes at O(G4

N ), and naively it would have entered also at 3PN order. However, the
�3 vertex introduces an extra factor of v2 [43]. Therefore, the diagram in Þg. 1 enters at orderG4

Nv2,
namely 4PN. The calculation can be reduced to a series of master integrals, in particular one such integral
will be of the form

M(p) =
Z

k1,k2,k3

1
k

2
1k

2
2k

2
3d

2
2d

2
3

, (3.5)

with d2 = p + k1 � k2, d3 = p + k1 � k2 � k3, so that the contribution to the gravitational potential is
given by,

Vfig.1 = cM m2
1m3

2

Z

p
p

2 M(p)eipár + · · · , (3.6)

with some numerical pre-factor, cM / G4
N .

The master integral may be computed ind-dimensions and is IR divergent ford ! 4. The relevant IR
divergent part is given by9

M / |p|! 1+ 3
2 ✏IR ! [✏IR] · · · . (3.7)

The origin of this divergence can be traced down to the standard formula,

I [n1, n2] ⌘
Z

k

1
[[k2]n1 (k + p)2]n2

(3.8)

=
! [n1 + n2 � (d� 1)/ 2]! [(d� 1)/ 2� n2]! [(d� 1)/ 2� n1]

! [n1]! [n2]! [(d� 1) � n1 � n2]

�
p

2
�(d! 1)/2! n1! n2 ,

which can be used repeatedly (three times) to factorize the integral. The IR divergence is manifest by the
fact that at some point a term may become singular ford < 4.

3.3 Removing the double-counting

The implementation of the zero-bin subtraction for the master integral in (3.5) is relatively straight-
forward in dim. reg. Because it can be factorized, the IR pole can be isolated from (see (3.8))

I


3� ✏

2
,

1� ✏

2

�
/ |p|! 1+ 3

2 ✏! [✏], (3.9)

9See [44] for the complete expression which includes various �-functions.
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NEED TO DO ZERO BIN SUBTRACTION 
R. Porto/IZRwhich contains the expected term! 1/ ! IR coming from the regionk " p, which must be subtracted away.

Hence, expanding the factor of (k + p), we Þnd

I zero-bin [n1, n2] =
Z

k

1
[k 2]n 1 [p2]n 2

(n 1 ! 3/ 2,n 2 ! 1/ 2)
############$ |p|" 1

Z

k

1
k 3 ! |p|" 1

✓
1

! UV
#

1
! IR

◆
. (3.10)

Notice the zero-bin subtraction removes the IR pole, essentially transforming it into a UV singularity.
This example illustrates how the procedure works at the level of the master integrals.10

Plugging the expression for the master integral into (3.6), including the zero-bin subtraction, we get a
term,

VÞg. 1 $
G4

N m2
1m3

2v2

r 4

✓
#

1
! UV

+ 2 log µr
◆

+ á á á, (3.11)

where the IR pole turned into a UV divergence. Using the equations of motion (EOM), we have

G2
N (m1 + m2)( I ij (3) )2 EOM###$

G4
N

�
m2

1m3
2 + m2

2m3
1

�
v2

r 4

�
1 + O(v2)

�
, (3.12)

such that the contribution from Þg. 1 to the gravitational binding potential has the correct structure to
cancel the UV divergence from the conservative part of the tail e↵ect (and logµ factor), as advertised [35].
The zero-bin subtraction must be implemented in all of the IR-sensitive master integrals that enter at
O(G4

N v2). Notice that, while we referred to the speciÞc contribution from Þg. 1, the argument applies
more generally to the integral in (3.5), and ultimately the one in (3.8). The latter will enter in the
decomposition of many of the three-loop amplitudes, and therefore IR poles may appear in principle from
a series of Feynman diagrams, not just the one in Þg. 1. In fact, it turns out all of the IR-sensitive
contributions, from the master integrals entering in the full computation at 4PN, can be reduced to the
one-loop integral in (3.8).11 After the zero-bin subtraction, the result will take the form in (3.11) simply
from dimensional analysis.

The reader may wonder about the above procedure if momentum cut-o↵s were invoked to regularize
the divergences in (3.8), for example adding a small mass in the IR and using Pauli-Villars regularization
in the UV. In such scenario Ðwhich is not the one advocated here since it breaks the symmetries of the
theoryÐ the contribution from the zero-bin integral would read:

Z

k

1
[k 2 # m2

g]3/ 2[p2]1/ 2
#

Z

k

1
[k 2 # ⇤2]3/ 2[p2]1/ 2

! |p|" 1
⇣

logmg # log⇤
⌘

, (3.13)

instead of (3.10). The logmg term would cancel out against a similar IR singularity in the original integral
prior to the zero-bin subtraction, whereas the log⇤ removes the UV pole from the tail contribution [35],
which must be consequently also regularized using a Pauli-Villars cut-o↵. Notice there is no sense in
which (3.13) can be set to zero in this framework. We should stress, however, that in general breaking
di↵eomorphism invariance (also adding a graviton mass) introduces several other problems which we refrain
from discussing in the present work.

10 Let us emphasize once again that one cannot set to zero these type of integrals when IR divergences are present [17].
Moreover, they are key to obtaining the correct renormalization group evolution for the Wilson coe �cient in the e ↵ective
action, e.g. [24]. Hence, the zero-bin subtraction not only properly removes the IR divergences in the conservative sector,
it will also play a crucial role at 5PN and higher orders to compute the renormalization group equations for the Þnite size
terms in the e ↵ective theory.

11 This has been shown to be the case in the (soon to appear) complete computation using the EFT approach at 4PN order,
following the methodology discussed in [42] and integration-by-parts. (Notice there are no IR divergences at O(G5

N ) [42].)
We thank Riccardo Sturani (private communication) for conÞrming this to us.
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AS EXPECTED IR DIVERGENCE CANCEL, BUT 
LEAVES OVER A UV DIVERGENCE, NO 

COUNTER-TERMS AT 4PN

IT SEEMS WE NEED A COUNTER-TERM AT 4PN, 
OF WHICH THERE ARE NONE.

MUST CONSISTENTLY INCLUDE CONSERVATIVE PART OF 
RADISTION REACTION FORCE



(C GALLEY)

SELF FORCE CALCULATIONS 

Integrate out Radiation Field in the context of doubling formalism

demonstrate the presence of dissipative and conservative terms, and the time non-locality of the

e↵ective action. Afterwards we discuss renormalization and RG equations. We conclude with a

few remarks on the breakdown of the separation of scales, the origin of the ambiguities recently

discussed in the literature, e.g. [54], and the completeness of the analytic PN framework. The

computation of the tail e↵ect in the radiation-reaction potential within the EFT formalism was

Þrst approached in [72]. We also comment at the end on the main di↵erences between [72] and

the present work. We relegate details of the computation to an appendix.

2 Gravitational radiation-reaction in NRGR

Accommodating the time-asymmetric interactions associated with nonconservative processes,

like radiation reaction, at the level of the action entails formally doubling the degrees of freedom

in the problem so that x a ! { x (1)
a , x (2)

a } , with x a being the physical coordinates of theath body,

and similarly for the radiative metric perturbations, øhµ! ! { øh(1)
µ! , øh(2)

µ! } . After the latter are

integrated out from the theory, we will be left with an e↵ective action that can be written as

W [x ±
a ] =

!
dt

"
L [x (1)

a ] " L [x (2)
a ] + R[x (1)

a , x (2)
a ]

#
, (2.1)

where L =
$

dt(K " V ) is the usual Lagrangian that accounts for the binaryÕs conservative

interactions while R accommodates non-conservative e↵ects, such as radiation reaction. It is

worth noticing that if R contains terms that can be written in a manner resembling the Þrst two

terms, namely,

R[x (1)
a , x (2)

a ] # F [x (1)
a ] " F [x (2)

a ], (2.2)

then F may be absorbed into a redeÞnition ofL and, ultimately, the conservative binding po-

tential [65]. This observation will be important later on when we discuss the tail e↵ect in Sec. 3.

Details of the underlying theory of general nonconservative mechanics is given in [65] and extended

to Þeld theories and continuum systems (including viscous ßuid ßows with entropy production)

in [66].

The leading contribution to the radiation reaction force comes from the following diagram in

the e↵ective action [59],

iW [x ±
a ] =

I

ij
I

ij
A

B

=
%

1
2

& %
i

2M Pl

&2 !
dt

!
dt0I ij

A (t)
'
E A

ij (t, 0)E B
kl (t

0, 0)
(
I kl

B (t 0),

(2.3)
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Conservative piece

Radiation 
Reaction

demonstrate the presence of dissipative and conservative terms, and the time non-locality of the

e↵ective action. Afterwards we discuss renormalization and RG equations. We conclude with a

few remarks on the breakdown of the separation of scales, the origin of the ambiguities recently

discussed in the literature, e.g. [54], and the completeness of the analytic PN framework. The

computation of the tail e↵ect in the radiation-reaction potential within the EFT formalism was

first approached in [72]. We also comment at the end on the main di↵erences between [72] and

the present work. We relegate details of the computation to an appendix.

2 Gravitational radiation-reaction in NRGR

Accommodating the time-asymmetric interactions associated with nonconservative processes,

like radiation reaction, at the level of the action entails formally doubling the degrees of freedom

in the problem so that xa ! {x(1)

a ,x

(2)

a }, with xa being the physical coordinates of the a

th body,

and similarly for the radiative metric perturbations, h̄µ⌫ ! {h̄

(1)

µ⌫ , h̄

(2)

µ⌫ }. After the latter are

integrated out from the theory, we will be left with an e↵ective action that can be written as

W [x±
a ] =

Z
dt

�
L[x(1)

a ] � L[x(2)

a ] + R[x(1)

a ,x

(2)

a ]
�
, (2.1)

where L =
R

dt(K � V ) is the usual Lagrangian that accounts for the binary’s conservative

interactions while R accommodates non-conservative e↵ects, such as radiation reaction. It is

worth noticing that if R contains terms that can be written in a manner resembling the first two

terms, namely,

R[x(1)

a ,x

(2)

a ] � F [x(1)

a ] � F [x(2)

a ], (2.2)

then F may be absorbed into a redefinition of L and, ultimately, the conservative binding po-

tential [65]. This observation will be important later on when we discuss the tail e↵ect in Sec. 3.

Details of the underlying theory of general nonconservative mechanics is given in [65] and extended

to field theories and continuum systems (including viscous fluid flows with entropy production)

in [66].

The leading contribution to the radiation reaction force comes from the following diagram in

the e↵ective action [59],

iW [x±
a ] =

I ij I ij
A B

=

✓
1

2

◆✓
i

2M

Pl

◆
2

Z
dt

Z
dt

!
I

ij
A (t)

⌦
E

A
ij(t, 0)EB

kl(t
!
, 0)

↵
I

kl
B (t!),

(2.3)
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IF PART OF R CAN BE WRITTEN IN THE THIS 
FORM IT CAN BE ABSORBED INTO THE 

CONSERVATIVE POTENTIAL

2

!qi

!qf
t = t f

t = t i
!q2i !q1i

!vi

1

2

FIG. 1. Left : A cartoon of HamiltonÕs principle. Dashed
lines denote the virtual displacements and the solid line the
stationary path. Right : A cartoon of HamiltonÕs principle
compatible with initial data (i.e., the Þnal state is not Þxed).
In both cartoons, the arrows on the paths indicate the inte-
gration direction for the line integral of the Lagrangian.

time, which means that the integral describes conserva-
tive interactions between q and Q. Consequently, (4) does
not account for dissipation, a time-asymmetric process,
that should be present when there are N >> 1 of the Q
oscillators.

These undesirable features can be traced back to the
very formulation of Hamilton’s principle, which solves the
problem: “Find the path !q(t) passing through the given
values !qi at t = t i and !qf at t = t f that makes the action
stationary” (see left cartoon in Fig. 1). Stated in this
way, it is clear that Hamilton’s principle is appropriate
for systems satisfying boundary conditions in time, not
initial conditions. According to Sturm-Liouville theory
[3], the time-symmetric integration kernel in (4), which
is a Green function itself, satisfies boundaryconditions in
time. Likewise, boundary conditions in time imply the
corresponding Green function is time-symmetric. This
example indicates an intimate connection in the varia-
tional calculus between boundary (initial) conditions and
conservative (non-conservative) dynamics.

In the remainder I formulate Hamilton’s principle with
initial conditions for generalsystems, report some conse-
quences, and present some examples.

HamiltonÕs principle with initial data. A hint for how to
proceed comes from the previous example. The advanced
Green function in (3) and (4) appears because the fac-
tor q(t)q(t !) couples only to the time-symmetric part of
the retarded Green function. “Breaking” the symmetry
by introducing two sets of variables, say q1 and q2, im-
plies that q1(t)q2(t !) will couple to the full retarded Green
function, not just its time-symmetric part. Varying with
respect to only q1 gives the correct force provided one
sets q2 = q1 after the variation [4]. This procedure is
formalized and developed for general systems below.

Let !q ! { qi } N
i =1 and !̇q ! { q̇i } N

i =1 be a set of N gen-
eralized coordinates and velocities of a general dynam-
ical system. Formally, double both sets of quantities,
!q " (!q1, !q2) and !̇q " (!̇q1, !̇q2). Parameterize both co-
ordinate paths as !q1,2(t, ") = !q1,2(t, 0) + "!# 1,2(t) where

!q1,2(t, 0) are the coordinates of the two stationary paths,
" # 1, and !# 1,2(t) are arbitrary virtual displacements.
To ensure that enough conditions are given for vary-
ing the action we require that: 1) !# 1,2(t i ) = 0 and 2)

!q1(t f , ") = !q2(t f , ") and !̇q1(t f , ") = !̇q2(t f , ") for all " (the
equality condition). The equality condition does not fix
either value at the final time since the values they equal
are not specified. After all variations are performed, both
paths are set equal to each other and identified with the
physical one, !q(t) (the physical limit). See the right car-
toon in Fig. 1.

The action functional of !q1 and !q2 is defined here as
the total line integral of the Lagrangian along both paths
plus the line integral of a function K (discussed below)
that depends on both paths { !qa} 2

a=1 and cannot generally
be written as the di! erence of two potentials,

S[!qa ] !
! t f

t i

dt L (!q1, !̇q1) +

! t i

t f

dt L (!q2, !̇q2) +

! t f

t i

dt K (!qa, !̇qa, t)

=

! t f

t i

dt
"
L (!q1, !̇q1) $ L (!q2, !̇q2) + K (!qa, !̇qa, t)

#
. (5)

This action defines a new Lagrangian

" (!qa, !̇qa) ! L (!q1, !̇q1) $ L (!q2, !̇q2) + K (!qa, !̇qa, t). (6)

If K could be written as the di! erence of two potentials,
V (!q1) $ V (!q2), then it could be absorbed into the di! er-
ence of the Lagrangians in (5), leaving K zero [5]. Thus,
a non-zero K describes generalized forces that are not
derivable from a potential (i.e., non-conservative forces)
and couples the two paths with each other.

It is convenient, but not necessary, to make a change
of variables to !q+ = (!q1 + !q2)/ 2 and !q" = !q1 $ !q2 because
!q" " 0 and !q+ " !q in the physical limit. The conjugate
momenta in the “± ” variables, regarded as functions of
the “± ” coordinates and velocities, are found to be !$ ± =
%" / %!̇q# , and the paths are parameterized as !q± (t, ") =
!q± (t, 0) + "!# ± (t). The new action (5) is stationary under
these variations if 0 = [dS[!q± ]/d "]! =0 for all !# ± , or

0 =

! t f

t i

dt
$

!# + á
%

%"
%!q+

$
d!$ "

dt

&

0
+ !# " á

%
%"
%!q"

$
d!$ +

dt

&

0

'

+

%
!# + (t) á!$ " (t) + !# " (t) á!$ + (t)

&t f

t = t i

(7)

where the subscript 0 denotes evaluation at " = 0 and
!# + á!$ " =

( N
i =1 #+ i $" i , etc.

The equality condition requires !q1(t f , ") = !q2(t f , ") and

!̇q1(t f , ") = !̇q2(t f , ") so that !# " (t f ) = 0 and !$ " (t f ) = 0.
With !# ± (t i ) = 0 it follows that the boundary terms in (7)
all vanish. Thus, (7) is satisfied for any !# ± (t) provided
that the two variables !q± (t) solve

d!$ #

dt
=

%"
%!q±

. (8)

Generalizing Hamiltons  
Principle to allow for 

dissipation

3

angular frequency of the body’s rotation as measured in a locally flat Lorentz frame, and ! µ
ab are the spin connection

coe! cients, which couple to the total angular momentum L ab = ! L ab. Also, lower case roman letters takes values in
{ 1, 2, 3} . The mass of the body is taken to be generally time-dependent M (" ) as the body may lose rest-mass energy,
as measured by a distant observer, via gravitational wave emission. A local Lorentz frame is attached to the worldline
such that eµ

0 (" ) = uµ (" ) = dxµ /d " and eµ
a (" ) are space-like vectors that rotate with the body and thus account for

its spin dynamics. The first several c(I,J )
n coe! cients are conventionally taken to be

c(I )
0 = 1, c(J )

0 = !
4

3
, c( I )

1 =
1

3
. (3)

It is important to note that (2) describes any multipolar, extended body that has a size smaller than the wavelength
of gravitational waves it emits. Therefore, (2) is a rather general and model-independent description of such a system.
However, using the multipole moments computed in the PN expansion for compact binary inspirals [25, 33] one may
use (2) to study radiative e" ects, such as radiation reaction, in compact binary systems.
As with any field theory coupled to point particles, including the EFTs reviewed here, divergences will appear.

However, there are an infinite number of parameters in the theory (e.g., c(I )
n , c(J )

n ) so that divergences can always
be absorbed into these coupling constants. Interestingly, these parameters can exhibit a classical renormalization
group flow due to gravitational screening e" ects, which manifest as logarithmic divergences in the potentials. Unlike
with traditional approaches for the PN expansion [1], divergences in the EFT approach have a natural place and
interpretation in the context of renormalization group theory [13]. Spin angular momenta for the binary’s component
masses can be included as in [2].

B. Classical mechanics for dissipative systems

Determining the evolution of the compact binary in EFT is achieved by integrating out the gravitational perturba-
tions from the action. In practice, this is accomplished by solving for the gravitational perturbations and substituting
these solutions into the original action to yield an e! ective action for the worldlines of the component masses [13, 34],
which is e! ciently carried out using Feynman diagrams [13]. This procedure is well-suited for conservative interac-
tions, such as for computing PN corrections to the binding potential of a compact binary, but requires modification
when studying dissipative systems, such as the inspiral of a compact binary due to the emission of gravitational
radiation, the reason being that dissipative systems generally do not admit Lagrangian or Hamiltonian descriptions.
Recently, one of us (CRG) introduced a rigorous variational calculus for Hamilton’s principle of stationary action

that includes systems exhibiting dissipative e" ects and thus generalizes the usual action principle [29]. The derivation
and the details will not be given here but instead refer the reader to [29]. However, we will review the relevant
formalism needed specifically for computing the radiation reaction force in this paper.
The total system formed by the gravitational perturbations hµ! and the worldlines of the compact bodies in a

binary system, #xK (t) for K = 1, 2, is closed. Only when the gravitational perturbations are integrated out is the
dynamics of the worldlines open. When integrating out the long wavelength gravitational perturbations at the level of
the action one must be careful when applying Hamilton’s principle of stationary action to the e" ective action since it
is formulated by specifying boundary conditions in time, not initial conditions. This observation may seem innocuous
except that the resulting e" ective action for the worldlines describes conservative (i.e., non-dissipative) dynamics –
the Green function for the gravitational perturbations that appear in the e" ective action are time-symmetric (as these
are the ones satisfying boundary conditions according to Sturm-Liouville theory) and hence do not account for the
dissipative e" ects of radiation reaction [24] .
To overcome this problem, one formally doubles the degrees of freedom [29] so that hµ! " (hµ! 1, hµ ! 2) and

#xK " (#xK 1, #xK 2) then constructs the following action,

S[#xK 1, #xK 2, hµ ! 1, hµ ! 2] = S[#xK 1, hµ! 1] ! S[#xK 2, hµ! 2] (4)

where each action on the right side consists of the Einstein-Hilbert action (here, gauge-fixed in the Lorenz gauge and
expanded around flat spacetime) and the worldline EFT action (2). Integrating out the long wavelength gravitational
perturbations using Feynman diagrams at the desired PN order (see [24] for the Feynman rules of the radiation EFT
and how to construct the Feynman diagrams) gives the e" ective action for the open dynamics of the binary’s inspiral.
After all variations are performed one is free to identify the doubled variables with the physical ones so that, for
example, #xK 1, #xK 2 " #xK . This limit will be called the physical limit.

4

It is convenient, but not necessary, to change variables from the (1, 2) variables to ± variables where

!xK + =
!xK 1 + !xK 2

2
(5)

!xK ! = !xK 1 ! !xK 2 (6)

This change of variable is motivated by the physical limit since then !xK ! " 0 and !xK + " !xK where !xK is the
physical worldline of the K th body. By computing the following variation [29],

0 =
"Se! [!x1± , !x2± ]

"!xK ! (t)

!
!
!
! !x K ! =0
!x K + = !x K

(7)

one obtains a set of worldline equations of motion that properly incorporates radiation reaction e! ects [24, 29]. It is
important to note that (7) receives non-zero contributions from terms in the e! ective action that are perturbatively
linear in !xK ! or its time derivatives. Therefore, all terms of quadratic order or higher in any “! ” variables can
be dropped from the e! ective action for the purposes of deriving the worldline equations of motion. We will take
advantage of this property in the course of the calculations below in Section III and Appendix A.
In the remaining sections, we compute the terms of the e! ective action at 3.5PN order by computing the corre-

sponding Feynman diagrams in the extended action formalism of [29]. Once the e! ective action is derived in Section
III, we then apply the variational principle in (7) to obtain the radiation reaction forces on the binary at 3.5PN order.

III. RADIATION REACTION THROUGH 3.5PN

In this section we lay out how to calculate the radiation reaction at 3.5PN in the EFT. However, the first non-
conservative term in the acceleration enters at 2.5PN order and is due to radiation reaction. We include in Appendix
A a detailed calculation of the radiation reaction at 2.5PN using the EFT. The 3.5PN terms can be derived similarly
so we will often refer the reader to Appendix A for formulae.
The relative acceleration ai = ai

1 ! ai
2 for a non-spinning two-body system can be expanded as

ai = ai
0 + #ai

1 + #2ai
2 + #2.5ai

2.5 + #3ai
3 + #3.5ai

3.5 + á á á (8)

where # = 1 counts the post-Newtonian order. The motion through 2PN order is conservative, meaning that the
motion can be characterized by the conserved total energy and angular momentum. Dissipative e! ects first arise at
order 2.5PN due to gravitational radiation reaction. The 3PN terms are again conservative while the 3.5PN terms
are the first post-Newtonian corrections to radiation reaction.
The first term in (8) is just the Newtonian acceleration,

ai
0 = !

m
r 2 ni , (9)

while the second term is the 1PN correction, derived from the Einstein-Infeld-Ho! mann (EIH) Lagrangian [35],

ai
1 = ! (3 + $)

m
r

ai ! m$
!a á!x
r 2 ni !

1 ! 3$
2

v2ai ! (1 ! 3$)!v á!a vi !
m
r 2

"
ni

#
!

m
r

+
3

2
(1 + $)v2 !

3

2
$ṙ 2

$
! vi ṙ (3 + $)

%

(10)

= !
m
r 2

"
ni

#
! 2(2 + $)

m
r

+ (1 + 3$)v2 !
3

2
$ṙ 2

$
! 2(2 ! $)ṙv i

%
, (11)

where m is the total mass, $ = m1m2/m 2 is the symmetric mass ratio, ni = xi /r with xi = xi
1 ! xi

2 the separation
between the point masses, and vi = dxi /dt . The EIH Lagrangian was calculated using the EFT in [13, 15]. To go
from Eq. (10) to Eq. (11) it is necessary to order-reduce by substituting the O(#0) expression for the acceleration.
By including the acceleration at O(#2.5) when performing the order-reduction, we get a contribution to the 3.5PN
acceleration. This will be discussed in more detail below. In the rest of this section we derive the radiation reaction
through 3.5PN using the EFT.

Dissipative piece
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demonstrate the presence of dissipative and conservative terms, and the time non-locality of the

e! ective action. Afterwards we discuss renormalization and RG equations. We conclude with a

few remarks on the breakdown of the separation of scales, the origin of the ambiguities recently

discussed in the literature, e.g. [54], and the completeness of the analytic PN framework. The

computation of the tail e! ect in the radiation-reaction potential within the EFT formalism was

Þrst approached in [72]. We also comment at the end on the main di! erences between [72] and

the present work. We relegate details of the computation to an appendix.

2 Gravitational radiation-reaction in NRGR

Accommodating the time-asymmetric interactions associated with nonconservative processes,

like radiation reaction, at the level of the action entails formally doubling the degrees of freedom

in the problem so that x a ! { x (1)
a , x (2)

a } , with x a being the physical coordinates of theath body,

and similarly for the radiative metric perturbations, øhµ! ! { øh(1)
µ! , øh(2)

µ! } . After the latter are

integrated out from the theory, we will be left with an e! ective action that can be written as

W [x ±
a ] =

!
dt

"
L [x (1)

a ] " L [x (2)
a ] + R[x (1)

a , x (2)
a ]

#
, (2.1)

where L =
$

dt(K " V ) is the usual Lagrangian that accounts for the binaryÕs conservative

interactions while R accommodates non-conservative e! ects, such as radiation reaction. It is

worth noticing that if R contains terms that can be written in a manner resembling the Þrst two

terms, namely,

R[x (1)
a , x (2)

a ] # F [x (1)
a ] " F [x (2)

a ], (2.2)

then F may be absorbed into a redeÞnition ofL and, ultimately, the conservative binding po-

tential [65]. This observation will be important later on when we discuss the tail e! ect in Sec. 3.

Details of the underlying theory of general nonconservative mechanics is given in [65] and extended

to Þeld theories and continuum systems (including viscous ßuid ßows with entropy production)

in [66].

The leading contribution to the radiation reaction force comes from the following diagram in

the e! ective action [59],

iW [x ±
a ] =

I ij I ij
A B

=
%

1
2

& %
i

2M Pl

&2 !
dt

!
dt!I ij

A (t)
'
E A

ij (t, 0)E B
kl (t

!, 0)
(
I kl

B (t !),

(2.3)

4
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Appendix A: Radiation reaction at 2.5PN

To calculate the radiation reaction, we begin by using the worldline action in Eq. (2) and Òintegrate outÓ the electric
and magnetic parts of the Weyl curvature tensor. This is accomplished by calculating the diagram in Fig. (1), where
at order 2.5PN the mass quadrupole moment is given in Eq. (13). In the dissipative mechanics formulation [29] of
the EFT the contribution to the e ! ective action from this diagram is

iS 2.5PN
e! =

1
2

i 2

(2mpl )2

!
dt

!
dt! I ij

A (t)
"
EA

ij (t)EB
kl (t ! )

#
I kl

B (t ! ) (A1)

The Feynman rules that tell how to translate Fig. 1 into Eq. (A1) are given in [24]. HereA and B are indices that
label the doubled variables (see Sec. II B), which will be calledhistory indices, and the e! ective action is independent
of the basis chosen for the Þelds. For our purposes, it is convenient to work with the basis in which the history indices
are A, B = ± .

The electric part of the Weyl tensor is given in terms of the metric perturbations to linear order by

Eij = R! i " j u! u"

=
1
2

[! i ! j h00(t, x ) + ! 0! 0hij (t, x ) ! ! 0! i hj 0(t, x ) ! ! 0! j hi 0(t, x )] + O(h2). (A2)

The two-point function in Eq. (A1) is then

"
EA

ij (t)EB
kl (t !)

#
=

1
4

"
[hA

00,ij (t) + hA
ij, 00(t)][hB

00,kl (t ! ) + hB
kl, 00(t !)]

#
+

1
4

"
[hA

i 0,j 0(t) + hA
j 0,i 0(t)][hB

k0,l 0(t !) + hB
l 0,k 0(t ! )]

#
,

(A3)
where we have evaluated the radiation Þelds at the binaryÕs center of mass (taken to be at the origin of our spatial
coordinates) so that h!" (t) " h!" (t, "0) and have used

#hi 0(t)hkl (t !)$ %Pi 0kl = 0 , (A4)

with

P!"#$ =
1
2

(#!# #"$ + #!$ #"# ! #!" ##$). (A5)

In terms of the Þeld propagators, the two-point function is

"
EA

ij (t)EB
kl (t !)

#
=

1
8

$
! i ! j ! k ! ! l ! + 2 Pijkl ! 2

0 ! 2
0! ! #ij ! 2

0 ! k ! ! l ! ! #kl ! i ! j ! 2
0!

%
D AB (t ! t ! ,"0)

+
1
8

(#ik ! j ! 0! l ! ! 0! + #jl ! i ! 0! k ! ! 0! + #il ! j ! 0! k ! ! 0! + #jk ! i ! 0! l ! ! 0! ) D AB (t ! t ! ,"0), (A6)

where the prime on the spacetime index of a derivative means that it isa derivative with respect to x!µ and the matrix
of (scalar) propagators in the ± basis is

D AB =
&

0 ! iD adv
! iD ret 0

'
. (A7)

Since the two-point function is contracted with I ij
A and I kl

B , which are symmetric and trace-free, a number of these
terms will drop, leaving

I ij
A (t)

"
EA

ij (t)EB
kl (t ! )

#
I kl

B (t !) =
1
8

I ij
A (t)

( $
! i ! j ! k ! ! l ! + 2 #ik #jl ! 2

0 ! 2
0!

%
D AB (t ! t ! ,"0)

)
I kl

B (t !)

+
1
2

I ij
A (t)

(
#ik ! j ! 0! l ! ! 0! D AB (t ! t ! ,"0)

)
I kl

B (t !). (A8)

The propagators can be written in terms of SyngeÕs world function

$(x! , x!! ) =
1
2

#!" (x! ! x!! )(x" ! x!" ) =
1
2

(t ! t ! )2 !
1
2

("x ! "x !)2. (A9)

whereA, B = ± , x a+ ! (x (1)
a + x (2)

a )/ 2, and x a! ! x (1)
a " x (2)

a . The tensor Eij (t, 0) is the electric

part of the Weyl curvature tensor evaluated at the binaryÕs center of mass, which is taken to be

at the origin. The equations of motion are found from the e! ective action through
!

! W
! x i

a! (t)

"

PL

= 0 = #
d
dt

" L
" x i

a
"

" L
" x i

a
=

!
" R

" x i
a!

"
d
dt

" R
" v i

a!

"

PL
, (2.4)

where ÒPLÓ indicates the physical limit whereinx a! $ 0 and x a+ $ x a. The two-point function

in the harmonic gauge for trace-reversed metric perturbations is given by

#
E A

ij (t, 0)E B
kl (t

", 0)
$

= "
i
8

!
" i " j " k! " l ! + 2Pijkl " 2

0" 2
0! " #ij " 2

0" k! " l ! " #kl " i " j " 2
0! + #ik " j " 0" l ! " 0!

+ #jl " i " 0" k! " 0! + #il " j " 0" k! " 0! + #jk " i " 0" l ! " 0!

"
GAB (t " t", 0), (2.5)

where the prime on a spacetime index of a derivative is taken with respect tox"µ , and

P!"#$ =
1
2

%
#!# #"$ + #!$ #"# " #!" ##$

&
. (2.6)

The matrix of propagators1 in the ± variables is

GAB (xµ " x"µ) =

'
0 Gadv(xµ " x"µ)

Gret (xµ " x"µ) 0

(

, (2.7)

with G! + (xµ " x"µ) = Gret (xµ " x"µ). The two propagators are needed to enforce the causal (i.e.,

outgoing) boundary conditions on the metric perturbations being integrated out [65].

Computing the diagram in (2.3) results in [59]

W [x ±
a ] = "

GN

5

)
dt I ij

! (t)I (5)
+ ij (t) !

)
dt Rrad [x ±

a ], (2.8)

where the superscript (5) indicates Þve time derivatives and we introduced

I ij
! (t) ! I ij (t ; x (1)

a ) " I ij (t ; x (2)
a ) =

*

a

ma

+
x i

a! x j
a+ + x i

a+ x j
a! "

2
3

! ij x a! áx a+

,
+ O(x 3

a! ),

I ij
+ (t) !

1
2

-
I ij (t ; x (1)

a ) + I ij (t; x (2)
a )

.
=

*

a

ma

+
x i

a+ x j
a+ "

1
3

! ij x 2
a+

,
+ O(x 2

a! ). (2.9)

Using (2.4) we obtain the acceleration on theath body resulting from (2.8) as [59]

(ai
a)rr (t) = "

2GN

5
I (5) ij (t)x j

a(t). (2.10)

This is precisely the radiation-reaction force derived by Burke and Thorne [73,74]. At this order,

notice that Rrad deÞned in (2.8) cannot be absorbed into a redeÞnition of the binding potential

and thus represents a truly non-conservative e! ect.

1The propagatorÕs tensorial structure factors into P!"#$ and a scalar GreenÕs function in this gauge.
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2.5 PN effect

Purely dissipative at this order no logs



4 PN TAIL RADIATION REACTION

3.1 The ambiguities

In [27, 28], where the calculation was performed using dim. reg. in the Arnowitt, Deser, and Misner
(ADM) formalism, the regularized gravitational potential contains an IR pole, 6

!
dt V JS

4PN (t, µ ) = !
G2

N M
5

!
d!
2"

! 6I ij (! ! )I ij (! )
"

1
#IR

! 2 log(µr )
#

+ local / Þnite. (3.1)

We may attempt to remove the IR divergence from the near zone calculation, by subtracting it away.
However, as it was originally understood by the authors of [27,28], this is totally arbitrary since one could
subtract either 1/ #IR or 1/ #IR +constant. In general, di! erent subtraction schemes, or even choices of
regulators, e.g. graviton-mass, momentum cut-o! , Hadamard, etc., would produce a non-unique result.
Therefore, the Þnal answer would be ambiguous and the 4PN near zone Hamiltonian would depend on a
regularization scale,µ, as well as an undetermined dimensionless constant,C, through (the factor of 2/ 5
is a convention)

V JS
(C ) "

2
5

C G2
N M

$
I ij (3) (t)

%2
. (3.2)

The same type of ambiguities (in principle more than one) were introduced in the computation of the
Fokker-action in harmonic gauge [31,32]. The existence of these extra parameter(s) was also discussed in
more detail in [30]. In the ADM and Fokker-action approaches, the value ofC is Þxed after importing
knowledge from an independent calculation. Since the ambiguity shows up at leading order in$, the
constant C (in principle more than one) was Þxed by comparison with existent self-force calculations [29,32].

On the other end, we have the contribution to the gravitational potential at 4PN order from radiation-
reaction, which was computed within the EFT approach in [35] (see also [38]), yielding

!
dt Vtail (µ) =

G2
N M
5

!
d!
2"

! 6 I ij (! ! )I ij (! )
&

1
#UV

+ log
! 2

µ2 + %E ! log" !
41
30

'
. (3.3)

We notice that, instead of IR issues, we encounter a UV divergence. The alert reader will immediate
realize that the IR and UV near/far zone poles in (3.1) and (3.3) have Ðup to a crucial signÐ the same
coe" cients [35], provided the IR divergence from [27, 28] is reproduced in NRGR (see below).7 In our
language, an expression like (3.2) would arise if we were to use two di! erent subtraction scales for the IR
and UV poles (i.e. µIR and µUV ), leading to an ambiguity parameter, C # log(µUV /µ IR ) [35]; however,
this would be inconsistent.8 We show in what follows how to unify the treatment of the potential and
radiation singularities in the EFT formalism.

3.2 Infrared divergences in the EFT framework

While the UV pole in the conservative sector from the tail e! ect identiÞed in [35] was expected, the
IR divergences in the potential region have not been yet fully isolated in NRGR. Hence, we must Þrst
identify the terms from the near zone which yield IR poles at 4PN order. There are many diagrams which
contribute to the gravitational potential at this order [41,42]. One such term is depicted in Þg. 1. Following

6As it turns out, the derivation in [27, 28] uses a combination of regularization methods before matching the calculation
into the far zone later on in [29]. This exacerbates the ambiguous nature of the computation.

7As emphasized in [35], this must be the case since the factors for the pole and logarithm are related in dim. reg., and the
coe! cient for the latter is Þxed by the long-distance contribution to the binding energy, Þrst obtained in [39] and re-derived
in [35] (see also [40]).

8The dim. reg. prescription must be universally applied in both regions (regardless of whether we have IR or UV divergent
integrals) with a d-dimensional GN entering in the Einstein-Hilbert action.
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UV divs cancel leaving over 

(Blanchet),(Galley,Leibovich,Porto,Ross), (Foffa,Sturani)

(0, ! q)

I ij
D (! ! )

(! , k)

M

(! , k + q)

I ij
A (! )! +

Figure 1: Feynman diagram for the tail contribution to the radiaction-reaction force. The M in the

tail correction may be taken as the leading averaged binding mass/energy, since the scale (and time)

dependence enters at higher orders.

and are found to give

W [x ±
a ] = GN

!

! ! 2

(! 1)! +1 (! + 2)
(! ! 1)

"
dt

#
2! (! + 1)
! (2! + 1)!

I L
" (t)I L (2! +1)

+ (t)

+
2! +3 !

(2! + 2)!
J L

" (t)J L (2! +1)
+ (t)

$
,

(2.17)

which incorporates back-reaction e! ects at leading order in GN in the far zone. From (2.17)

one can derive any quantity of interest in the radiation region at linear order in GN , such as

the corresponding radiation-reaction forces and orbit-averaged balance equations for energy and

angular momentum for compact binary inspirals.

3 The tail e ! ect

We now move on to incorporating non-linear gravitational interactions in the radiation zone,

and the contribution from the tail e ! ect to the radiation-reaction potential. The relevant Feynman

diagram is shown in Fig. 1. We Þrst demonstrate the time non-locality, together with the existence

of dissipative and conservative contributions, to the e! ective action. Subsequently we discuss the

renormalization and RG evolution equations.

3.1 Time non-locality

The resulting two-loop integral(s) arising from Fig. 1 can be written schematically as

iW tail =
"

d"
2#

"

k ,q
MI ij

" (! " )I ij
+ (" )Vøhøh! (" , k , q)

i
! q2

i
(" + i$)2 ! k 2

i
(" + i$)2 ! (k + q)2 . (3.1)

Here, Vøhøh! represents the three-graviton coupling, and
%

p "
% d3p

(2" )3 . Notice the retarded bound-

ary conditions in the pole structure of the propagators. We use dimensional regularization

(dim. reg.) and, after some laborious manipulations outlined in App. A, we arrive at

iW tail [x ±
a ] = ! i

"
d"
2#

(d ! 3)M " 4 I ij
" (! " )I ij

+ (" )
32(d ! 2)2(d ! 1)(d + 1)

&
(d2 ! 2d + 3) I 0 !

d(d ! 2)(d ! 1)
d ! 4

" 2J0

'
,

(3.2)
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Contains conservative piece which can be absorbed into potential

Log(r ! )
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Renormalize theory of Multipole moments

3

(d)

I ij M I ij

(e)

M I ij I ij

(f )

I ij M I ij

(g)

M I ij I ij

(h)

I ij M I ij

FIG. 2. Leading diagram topologies which yield logarithmi-
cally UV divergent contributions to !T µ ! ".

non-trivial time evolution for the mass mode,

úM (t) = !
G
5

I (5)
ij (t)I (1)

ij (t) . (9)

As a check of our result, note that upon time-averaging
both sides of this equation, we recover the textbook
quadrupole radiation formula " úM # = ! G

5 "I (3)
ij I (3)

ij #, re-
ßecting the fact that the time dependence of the mass
accounts for energy loss into gravitational radiation.

RENORMALIZATION GROUP FLOWS

Ultraviolet divergences in four-dimensional gravity
Þrst appear in the orderG2 contributions to "T µ! #. The
relevant diagrams are given in Fig.2. We focus here on
obtaining renormalization group equations, and therefore
we only retain the parts of the diagrams that are singu-
lar as d $ 4. Because the divergences of in-in correlators
are the same as in the time-ordered scheme, it is sim-
pler to employ time-ordered Feynman rules. Given the
results of the previous section, the time dependence of
M (t) would only yield contributions to the RG equation
at order G3, and we may safely treat M as a constant
in the calculation of the diagrams in Fig. (2). Thus up
to higher order corrections, we may replaceM (t) by its
time average øM =

! T
! T M (t)dt/ (2T) in the vertices.

Working in momentum space with external graviton
momentum kµ = ( ! , 0, 0, 0), we Þnd that the divergent
parts of the diagrams in Fig. 2 can be written as
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The logarithmic divergence in the Feynman diagrams
of Fig. 2 can be absorbed into the mass counterterm
! i

2 M (! ) of Fig. 1(a), yielding a Þnite result for "T 00#
at this order and a correponding renormalization group
equation
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or equivalently, the local x-space expression
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In addition to mass renormalization, the theory de-
Þned by Eq. (1) also induces logarithmic renormalization
of the quadrupole moment. This e! ect can be traced to
singularities in graviton scattering o! the gravitational
Þeld of the system, in particular from the (GM/r )2 gen-
eral relativistic correction to the potential. The result,
Þrst written in [4], is:

µ
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(G øM ! )2I ij (! , µ) . (20)

There is a simple interpretation of the mass RG ßow.
The mass as parameter as deÞned in Eq. (1) is the en-
ergy of the conservativesystem not including energy in
gravitational radiation, and it is not constant in time as
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cally UV divergent contributions to !T µ ! ".
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In addition to mass renormalization, the theory de-
Þned by Eq. (1) also induces logarithmic renormalization
of the quadrupole moment. This e! ect can be traced to
singularities in graviton scattering o! the gravitational
Þeld of the system, in particular from the (GM/r )2 gen-
eral relativistic correction to the potential. The result,
Þrst written in [4], is:
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There is a simple interpretation of the mass RG ßow.
The mass as parameter as deÞned in Eq. (1) is the en-
ergy of the conservativesystem not including energy in
gravitational radiation, and it is not constant in time as
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FIG. 1. Leading diagram topologies for the computation of
!T µ ! ".

sources, whose expectation value is computed using the
closed time path formalism familiar from non-equilibrium
quantum Þeld theory and statistical mechanics [6], here
adapted to the classical system (see [9] for a purely classi-
cal formulation). Finally, as a byproduct of our analysis,
we use the solution to the coupled renormalization group
equations for M and I ij to predict the pattern of loga-
rithms that appear in the distribution of low-frequency
! = 2 gravitons radiated from the bound system.

RENORMALIZATION AND TIME
DEPENDENCE

In what follows, we work in the classical limit, tak-
ing the moments in Eq. (1) as c-number sources. Grav-
itational dynamics is taken to follow from the Einstein-
Hilbert action, SEH = ! 1

16! G

!
d4x

"
gR. Our goal is

to set up a causal time evolution equation for the point
sources in Eq. (1) as they radiate gravitons. The cor-
rect language for this sort of dissipative, causal prob-
lem is the in-in formalism [6]. We expand the metric
gµ" = øgµ" + hµ" into a weak background øgµ" = " µ" + øhµ"

and a ßuctuating Þeldhµ" and integrate out the ßuctu-
ations according to the in-in prescription. This yields an
e! ective action

ei ! [øh+ ,øh ! ,I,M ] =
"

Dh + (x)Dh ! (x)eiS [g+ ,M,I ]! iS [g! ,M,I ] ,

(2)

where we double the number of degrees of freedon and
impose closed-time path boundary conditions on the ßuc-
tuating modes. In this paper we treat the multipole mo-
ments as classical, so it is not necessary to double them
for our purposes. The main object of interest is the real-
time expectation value of the e! ective energy momentum
tensor, which is

#in |Tµ" (x)|in $= !
2

#
g+

#"
#øgµ"

+ (x)

$
$
$
$
$
øh+ = øh! =0

. (3)

As a consequence of Ward identities, it obeys
$µ #T µ" (x)$ = 0, which in fact fully determines the evo-
lution of the moments.

Diagrammatically, #Tµ" $ consists of graphs with one
external graviton øh+

µ" (or equivalently øh!
µ" ). To Þrst non-

trivial order in the long wavelength approximation, the

relevant diagram topologies are given in Fig.1. Also
at this order in the expansion, we may set the spatial
momentum of the external graviton to zero in the calcu-
lation of #Tµ" $. We also assume that the center of mass
worldline is at rest at the origin xµ (%) = ( t, 0, 0, 0). Then
the diagrams in Fig. 1 all give #T 0i $of order %#3(x), and
from Fig. 1(a),

#T 00(x)$= M (t)#3(x), (4)

so that at this order the conservation law $0#T 00(x)$= 0
simply yields úM = 0.

The diagrams in Fig. 1(b), (c) have a more interest-
ing structure. Although these diagrams do not contain
logarithmic divergences in d = 4 spacetime dimensions,
the computation of these terms does involve the one-loop
integral

"
dd! 1q

(2&)d! 1

1
q2 + ' 2 =

" (3/ 2 ! d/ 2)
(4&)(d! 1) / 2

' d! 3, (5)

which is linearly ultraviolet divergent in d = 4. While
such power divergences are set to zero within dimensional
regularization in the MS scheme, other schemes which
do not automatically set such divergences to zero would
require the introduction of a time-dependent counterterm
for the mass mode. Thus even if the time dependence of
M is set to zero in the bare Lagrangian, renormalizability
of the theory requires the mass to become dynamical.

In the computation of the graphs in Fig. 1(b), (c), it
is su# cient to set øh!

µ" = 0 , in which case one Þnds that
the various propagators in the internal lines combine into
retarded graviton propagators. Using the Feynman rules
and the gauge-Þxing choice in Ref. [1], one Þnds thex-
space result

#T 00$(b) =
G
30

#3(x)
%

7I (5)
ij (t)I ij (t) ! 5I (4)

ij (t)I (1)
ij (t)

! 6
" t

!"
dt#I (6)

ij (t#)I ij (t#)
&

, (6)

#T 00$(c) =
G
30

#3(x)
'

! I (5)
ij (t)I ij (t) + 5 I (4)

ij (t)I (1)
ij (t)

(
.

(7)

Including the contribution of Eq. ( 4) this gives the time
dependence of thel = 0 mode 1,

#T 00(x)$= #3(x)
)
M +

G
5

" t

!"
dt#I (5)

ij (t#)I (1)
ij (t#)

*
. (8)

The in-in expectation value is causal, depending only on
the past history of the system. Energy-momentum con-
servation at this order in the multipole expansion imposes

1 For related results in a di ! erent formalism see [7, 8].

(Goldberger,Ross,IZR)
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non-trivial time evolution for the mass mode,

Ṁ (t) = !
G
5

I (5)
ij (t)I (1)

ij (t) . (9)

As a check of our result, note that upon time-averaging
both sides of this equation, we recover the textbook

quadrupole radiation formula "Ṁ # = ! G
5 "I (3)

ij I (3)
ij #, re-

flecting the fact that the time dependence of the mass
accounts for energy loss into gravitational radiation.

RENORMALIZATION GROUP FLOWS

Ultraviolet divergences in four-dimensional gravity
first appear in the order G2 contributions to "T µν#. The
relevant diagrams are given in Fig. 2. We focus here on
obtaining renormalization group equations, and therefore
we only retain the parts of the diagrams that are singu-
lar as d $ 4. Because the divergences of in-in correlators
are the same as in the time-ordered scheme, it is sim-
pler to employ time-ordered Feynman rules. Given the
results of the previous section, the time dependence of
M (t) would only yield contributions to the RG equation
at order G3, and we may safely treat M as a constant
in the calculation of the diagrams in Fig. (2). Thus up
to higher order corrections, we may replace M (t) by its

time average M̄ =
! T

! T M (t)dt/ (2T ) in the vertices.
Working in momentum space with external graviton

momentum kµ = (! , 0, 0, 0), we find that the divergent
parts of the diagrams in Fig. 2 can be written as
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where we omit finite contributions. The function
P(! 1, ! 2) is a symmetric polynomial in its two arguments
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with µ an arbitrary subtraction scale. We find for each
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The logarithmic divergence in the Feynman diagrams
of Fig. 2 can be absorbed into the mass counterterm
! i

2 M (! ) of Fig. 1(a), yielding a finite result for "T 00#
at this order and a correponding renormalization group
equation
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or equivalently, the local x-space expression
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In addition to mass renormalization, the theory de-
fined by Eq. (1) also induces logarithmic renormalization
of the quadrupole moment. This e! ect can be traced to
singularities in graviton scattering o! the gravitational
field of the system, in particular from the (GM/r )2 gen-
eral relativistic correction to the potential. The result,
first written in [4], is:

µ
dI ij

dµ
(! , µ) = !

214
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(GM̄ ! )2I ij (! , µ) . (20)

There is a simple interpretation of the mass RG flow.
The mass as parameter as defined in Eq. (1) is the en-
ergy of the conservative system not including energy in
gravitational radiation, and it is not constant in time as
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cally UV divergent contributions to !T µ ! ".
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The logarithmic divergence in the Feynman diagrams
of Fig. 2 can be absorbed into the mass counterterm
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2 M (! ) of Fig. 1(a), yielding a finite result for "T 00#
at this order and a correponding renormalization group
equation
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or equivalently, the local x-space expression
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In addition to mass renormalization, the theory de-
fined by Eq. (1) also induces logarithmic renormalization
of the quadrupole moment. This e! ect can be traced to
singularities in graviton scattering o! the gravitational
field of the system, in particular from the (GM/r )2 gen-
eral relativistic correction to the potential. The result,
first written in [4], is:

µ
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(GM̄ ! )2I ij (! , µ) . (20)

There is a simple interpretation of the mass RG flow.
The mass as parameter as defined in Eq. (1) is the en-
ergy of the conservative system not including energy in
gravitational radiation, and it is not constant in time as

4

R

r

FIG. 3. An on shell graviton is emitted and scattered back
( denoted by the small box) at a distance ! . Observers at
di! erent distance would not agree on the value of the mass.

we showed explicitly in the last section. At the order
we are working it is clear that our mass deÞnition is the
Bondi mass, which gets no contribution from the radia-
tion at inÞnity. That this mass is scale dependent can
be roughly seen by noting that the logs in the mass arise
as a consequence of radiation backscattering o! of the
static background. In Fig. 3 we illustrate such a phys-
ical process. If the graviton scatters at a radius! then
an observer at r < ! would see radiation Òat inÞnityÓ,
whereas an observer atR > ! would include the energy of
the backscattered graviton in the deÞnition of the mass.
Thus as observers reduce their distance to the center of
the black hole system the mass parameter will diminish.
In this sense the mass parameter is Òasymptotically freeÓ.

APPLICATIONS

For a gravitationally bound system of typical size R
we deÞne a velocity parameter byv ! R" . For low fre-
quency radiation, with r s" " v # 1 where rs = 2 G øM
is the gravitational radius, the RG running of I ij (" , µ)
is an O[(r s" )2] e! ect. On the other hand, the running
of the mass mode is suppressed byv4 relative to this ef-
fect. Thus, to capture the leading logarithms of the form
v4(r s" )2n lnn v in the mass, we may solve the coupled
RG equations by Þrst inserting the solution to Eq. (20),
assuming that øM is µ-independent [4],

I ij (" , µ) =
!

µ
µ0

" ! I (G øM 0 " )2

I ij (" , µ0), (21)

where #I = $ 214/ 105 the beta function coe" cient in
Eq. (20) and øM 0 is the time-averaged mass, renormalized
at the scaleµ0. By time averaging Eq. (19), we Þnd the

running mass øM (µ) evolves according to the equation

µ
d

dµ
ln øM = $ 2G2%I (3)

ij I (3)
ij &µ , (22)

where %I (3)
ij I (3)

ij &µ is renormalized at the scaleµ. The
solution is

øM (µ)
øM 0

= exp

#
%I (2)

ij I (2)
ij &µ 0 $ %I (2)

ij I (2)
ij &µ

#I øM 2
0

$

, (23)

where in terms of time averages at a high frequency scale
µ0,

%I (2)
ij I (2)

ij &µ =
!%

n =0

(#I r 2
s )n

2n n!
%I (n +2)

ij I (n +2)
ij &µ 0 lnn µ

µ0
,

(24)

with r s = 2 G øM 0. Taking µ/µ 0 ' R" = v, the terms
in the series are of the form (rs" )2n lnn v. The Þrst few
leading logs in the running mass are

øM (µ)
øM 0

= 1 $
1
2

%I (3)
ij I (3)

ij &0

øM 2
0

r 2
s ln v +

107
420

%I (4)
ij I (4)

ij &0

øM 2
0

r 4
s ln2 v

$
11449
132300

%I (5)
ij I (5)

ij &0

øM 2
0

r 6
s ln3 v + á á á, (25)

and the term linear in the logarithm agrees with the re-
sult of [11] obtained by di! erent methods.

This result can be used to determine logarithmic terms
in the graviton emission amplitude from the system. In
particular, the single ($= 2) emission amplitude to order
r s" is given by (see e.g. [4])
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The logarithmic corrections scale as%v4(r s" )2n +1 lnn v,
and we note that at this order, further logarithmic terms
may arise from the subleading renormalization of the
quadrupole moment.
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FIG. 3. An on shell graviton is emitted and scattered back
( denoted by the small box) at a distance ! . Observers at
di! erent distance would not agree on the value of the mass.
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Bondi mass, which gets no contribution from the radia-
tion at inÞnity. That this mass is scale dependent can
be roughly seen by noting that the logs in the mass arise
as a consequence of radiation backscattering o! of the
static background. In Fig. 3 we illustrate such a phys-
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an observer at r < ! would see radiation Òat inÞnityÓ,
whereas an observer atR > ! would include the energy of
the backscattered graviton in the deÞnition of the mass.
Thus as observers reduce their distance to the center of
the black hole system the mass parameter will diminish.
In this sense the mass parameter is Òasymptotically freeÓ.
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and the term linear in the logarithm agrees with the re-
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This result can be used to determine logarithmic terms
in the graviton emission amplitude from the system. In
particular, the single ($= 2) emission amplitude to order
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The logarithmic corrections scale as%v4(r s" )2n +1 lnn v,
and we note that at this order, further logarithmic terms
may arise from the subleading renormalization of the
quadrupole moment.
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FIG. 3. An on shell graviton is emitted and scattered back
( denoted by the small box) at a distance ! . Observers at
di! erent distance would not agree on the value of the mass.

we showed explicitly in the last section. At the order
we are working it is clear that our mass deÞnition is the
Bondi mass, which gets no contribution from the radia-
tion at inÞnity. That this mass is scale dependent can
be roughly seen by noting that the logs in the mass arise
as a consequence of radiation backscattering o! of the
static background. In Fig. 3 we illustrate such a phys-
ical process. If the graviton scatters at a radius! then
an observer at r < ! would see radiation Òat inÞnityÓ,
whereas an observer atR > ! would include the energy of
the backscattered graviton in the deÞnition of the mass.
Thus as observers reduce their distance to the center of
the black hole system the mass parameter will diminish.
In this sense the mass parameter is Òasymptotically freeÓ.

APPLICATIONS

For a gravitationally bound system of typical size R
we deÞne a velocity parameter byv ! R" . For low fre-
quency radiation, with r s" " v # 1 where rs = 2 G øM
is the gravitational radius, the RG running of I ij (" , µ)
is an O[(r s" )2] e! ect. On the other hand, the running
of the mass mode is suppressed byv4 relative to this ef-
fect. Thus, to capture the leading logarithms of the form
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assuming that øM is µ-independent [4],
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at the scaleµ0. By time averaging Eq. (19), we Þnd the
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and the term linear in the logarithm agrees with the re-
sult of [11] obtained by di! erent methods.

This result can be used to determine logarithmic terms
in the graviton emission amplitude from the system. In
particular, the single ($= 2) emission amplitude to order
r s" is given by (see e.g. [4])
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The logarithmic corrections scale as%v4(r s" )2n +1 lnn v,
and we note that at this order, further logarithmic terms
may arise from the subleading renormalization of the
quadrupole moment.

Unlike the Þrst order contributions, the logarithmically
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spiralling binary systems with quasi-circular orbits, the

Interpretation of scale 
dependent mass

RG solution allows us to predict leading log at each 
order in the PN expansion

5

conserved energy is commonly expressed as a function of
the orbital frequency ! . Logarithms in E(! ) arise Þrst at
fourth post-Newtonian order [11]. There is a direct con-
tributions from the energy we computed here as well as an
indirect contribution due to the the use of the equations
of motion in deriving the relation between orbital radius
and frequency. The equations of motion may be inferred
from energy conservation, by essentially reversing the ar-
guments in [11]. We Þnd the leading contribution linear
in logarithms to be

E(! ) = !
µ
2

448
15

! x5 ln x + . . . , (28)

where µ is the reduced mass,! = µ/ øM 0 and x =
(G øM 0! )2/ 3. This is in agreement with the 4PN loga-
rithm computed in [11]. We may also use our result for
the running mass in Eq. (23) or (25) to extract higher
powers of the leading logarithms inE(! ) by resumming
the leading logarithms to all orders [12], which includes
the lnn x terms at (4 + 3 n) post-Newtonian order includ-
ing their numerical coe" cient.

CONCLUSIONS

In this paper, we have set up a formalism for determin-
ing the real-time evolution of the dynamical moments
that describe a system of gravitationally bound black
holes. In order to account for the dissipation of energy
due to radiation in a way that respects causality, the in-in
formulation of quantum Þeld theory must be employed.
We Þnd that the time evolution of the " = 0 mass mode is
inextricably linked to the renormalization of the e#ective
theory. At second order in the gravitational coupling G
one Þnds logarithmic ultraviolet divergences even in the
classical theory, which induce non-trivial RG ßows. The
RG equation for the mass mode, together with previously
obtained results for the running of the " = 2 moment, re-
sums the leading logarithms in the conservative energy
of the form v4(r s#)2n lnn v.

The results of this paper can be extended in several
of directions. It is clear that the methods introduced
here can also be used to set up evolutions equations for
the higher moments (the center of mass momentum and

angular momentum as well as higher moments) that take
into account radiative losses. To do so would require
computing the similar diagrams to those in Fig. 1, but
with non-zero spatial momentum.

Another direction of research would be to consider the
evolution of quantum black holes within this formalism,
and the consequences of the RG ßows for (e.g. Hawking)
radiative processes. In that case, we expect that at lead-
ing order in the multipole expansion, the corresponding
evolution equation for the mass operator will take the
form of a relation between its expectation value and cer-
tain two-point correlators of the quadrupole moments,
some of which have already been obtained in [2] in the
low-frequency limit.
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AVOIDING ORBIT AVERAGING

¥ Averaging is excellent approximation save for eccentric orbits and 
spinning inspires. 

¥ To avoid averaging we need radiation reaction forces to NNNLO. 
(for 3 PN accuracy) 

¥ Only known right now at NLO. 

¥ Find analytic solutions to inspiral (with spin in particular) 4

In terms of polar coordinates, (4.1) is expressed as

¬r ! r ! 2 = !
M
r 2 +

64M 3"
15r 4 úr +

16M 2"
5r 3 úr 3 +

16M 2"
5r

úr ! 2

r ú! + 2 úr ! = !
24M 3"

5r 3 ! !
8M 2"

5r 2 úr 2! !
8M 2"

5
! 3

(4.2)

where ! (t) = ú#(t) is the binaryÕs orbital angular frequency. The orbital plane does not precess and the motion is
described fully by the binaryÕs separationr (t) and the orbital phase #(t).

We will solve these equations perturbatively in the PN expansion. Of course, we are ignoring the 1PN and 2PN
conservative forces that should be included for a consistent description through 2.5PN order. Nevertheless, it is
su! cient to use (4.2) for our purpose of demonstrating the DRG method.

A. Perturbations of a background circular orbit

We begin by considering the radiation reaction force to be negligible so that the background orbital motion is
nearly circular. We have chosen these conditions because it is widely expected that many compact binary sources will
have circularized by the time their radiated gravitational waves enter the frequency band of ground-based detectors.
However, it is straightforward to incorporate eccentricity into the background orbit.

The leading order background circular orbit is described by a constant radiusRB and constant angular frequency
" B with 1

" 2
B =

M
R3

B
. (4.3)

We next calculate the deviations of this background orbit due to the leading order radiation reaction force (4.2) by
writing r (t) = RB + $r (t) and ! (t) = " B + $! (t) where the perturbations scale with the relative velocity at the initial
time t0 as $r " v5

B RB and $! " v5
B " B " v6

B /R B . Expanding out (4.2) to Þrst order in $r and $! gives

$¬r (t) ! 3" 2
B $r (t) ! 2RB " B $! (t) = 0

RB $ú! (t) + 2 " B $úr (t) = !
32"
5

R6
B " 7
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(4.4)

Solving for $! and substituting back into the $r equation in (4.4) gives

$¬r (t) + " 2
B $r (t) = !

64"
5

" 8
B R6

B (t ! t0). (4.5)

This equation is simple to solve using the retarded GreenÕs function

Gret (t ! t ! ) = %(t ! t !)
sin" B (t ! t !)

" B
(4.6)

and results in the following general solution,

r (t) = RB !
64"
5

" 6
B R6

B (t ! t0) +
64"
5

" 5
B R6

B sin" B (t ! t0) + A sin
!
" B (t ! t0) + #

"

! (t) = " B +
96"
5

R5
B " 7

B (t ! t0) !
128"

5
R5

B " 6
B sin" B (t ! t0) !

2" B A
RB

sin
!
" B (t ! t0) + #

"
.

(4.7)

1 The B subscript stands for ÒbareÓ, as opposed to ÒrenormalizedÓR, which will be discussed further below.



Treating RR forces as perturbation  induces 
secular growth in time

2

Currently, there are two standard methods used to provide analytic solutions for the restricted case of compact
binaries with component masses that are spinning but non-precessing. The Þrst is the Òadiabatic approximationÓ and
is based on equating the time-averaged ßux of gravitational waves to the mechanical power lost by the binary (see,
e.g., [16, 17]). This method is often used to calculate the approximate gravitational wave phase of the (! , m) = (2 , 2)
spherical harmonic mode in the Òrestricted approximationÓ where the waveform is constructed from the orbital phase
up to a deÞnite order in the PN expansion, but the amplitude is taken to be the leading order quantity with no PN
corrections. The second is the Òimproved variation of constants methodÓ [18]. Here, the idea is to assume that the
integration constants of the conservative part of the binaryÕs dynamics exhibit a long-time evolution relative to the
orbital period. Equations for these integration ÒconstantsÓ are then found using the method of variation of constants,
which are then solved. This approach is also known as the Òmethod of osculating orbitsÓ and is very closely related
to Òmultiple scale analysis.Ó Recent work in [19] builds o! of [13] and uses multiple scale analysis to Þnd accurate
analytic approximations for the orbit and the frequency-domain waveform of a precessing binary inspiral.

These approaches are based on averaging the PN equations of motion over the orbital period to help simplify the
di! erential equations being solved. However, there are potential shortcomings with averaging that have been raised
in [20, 21]. In particular, the initial conditions used to solve the PN equations of motion and the orbit-averaged version
are not the same so that comparing the resulting two solutions can be ambiguous. In addition, there is an ambiguity
in the period to use for the averaging procedure for eccentric orbits because there are di! erent ways to characterize
the time-scale of the orbit (such as the orbital period, eccentric anomaly, true anomaly, and mean anomaly). Using
a di! erent measure for the averaging can lead to di! erent predictions over su" ciently long times.

Our work introduces a formalism that allows for the systematic solution of the PN equations of motion for a binary
inspiral including radiation reaction forces and spin e! ects to an arbitrary order in the PN expansion. The method
is based on applying ideas from renormalization group theory. We do not implement any averaging procedures so
that our solutions describe the binaryÕs real-time orbital conÞguration at every instant of time. The approach starts
with a background (e.g., circular or eccentric) orbit and treats the radiation reaction force as a perturbation. These
perturbations grow secularly with time but can be resummed using theDynamical Renormalization Group (DRG)
method [22]. The DRG method subsumes several approaches for the global analysis of di! erential equations [23],
including multiple scale analysis, boundary layer theory, and the WKB method. See [22] and the appendix of [24]
for pedagogical examples using the DRG method. The DRG resummation is not to be confused with Pad«e Òresum-
mationÓ, which attempts to improve the radius of convergence of a perturbative expression. Pad«e ÒresummationÓ
is not a systematic expansion as it does not resum any leading order pieces in a systematic way. Di! erent Pad«e
approximants often give di! erent predictions at the same scale. Conversely, DRG literally resums higher order terms
in the perturbation theory with a consistent power counting.

Our focus here is to present the DRG method and demonstrate the internal consistency of the approach for non-
spinning compact binary inspirals via higher order perturbative calculations. We will show how to Þnd closed form
solutions for the inspiral without recourse to the adiabatic approximation or orbit averages. In a future paper, we will
incorporate spin e! ects to obtain accurate and globally valid, real-time approximate solutions for the generic case of
precessing compact binaries.

II. DEFINING THE SYSTEMATICS

We will perturbatively solve the PN equations of motion for compact binary inspirals, which are derived in an
expansion where the binaryÕs relative speedv is small compared to the speed of light. However, there is another
power counting parameter for inspirals, namely,

" ! v5## (t " t0). (2.1)

Heret is the time elapsed since the initial timet0, # is the initial angular orbital frequency, v is the initial orbital speed,
and # is the binaryÕs symmetric mass ratio. The parameter" arises as a consequence of the secular growth due to the
radiation reaction force which is treated as a perturbation of the circular solution (or, more generally, energy-conserving
motions) to the equations of motion. By performing a resummation, the accuracy of the perturbative solutions will
be extended to much later times even when" is of order one. Without such a resummation, the perturbative solutions
would be of minimal utility. By resumming powers of " we are able to make precision predictions with well-deÞned
systematics such that the result for the orbit is valid until the PN expansion breaks down as the plunge is approached.

Our formalism allows us to go to arbitrary order in " and allows for the systematic inclusion of PN corrections. In
this paper, we will demonstrate how to work to second order in" . If there were no higher order PN corrections then
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In terms of polar coordinates, (4.1) is expressed as

¬r ! r ! 2 = !
M
r 2 +

64M 3"
15r 4 úr +

16M 2"
5r 3 úr 3 +

16M 2"
5r

úr ! 2

r ú! + 2 úr ! = !
24M 3"

5r 3 ! !
8M 2"

5r 2 úr 2! !
8M 2"

5
! 3

(4.2)

where ! (t) = ú#(t) is the binaryÕs orbital angular frequency. The orbital plane does not precess and the motion is
described fully by the binaryÕs separationr (t) and the orbital phase #(t).

We will solve these equations perturbatively in the PN expansion. Of course, we are ignoring the 1PN and 2PN
conservative forces that should be included for a consistent description through 2.5PN order. Nevertheless, it is
su! cient to use (4.2) for our purpose of demonstrating the DRG method.

A. Perturbations of a background circular orbit

We begin by considering the radiation reaction force to be negligible so that the background orbital motion is
nearly circular. We have chosen these conditions because it is widely expected that many compact binary sources will
have circularized by the time their radiated gravitational waves enter the frequency band of ground-based detectors.
However, it is straightforward to incorporate eccentricity into the background orbit.

The leading order background circular orbit is described by a constant radiusRB and constant angular frequency
" B with 1

" 2
B =

M
R3

B
. (4.3)

We next calculate the deviations of this background orbit due to the leading order radiation reaction force (4.2) by
writing r (t) = RB + $r (t) and ! (t) = " B + $! (t) where the perturbations scale with the relative velocity at the initial
time t0 as $r " v5

B RB and $! " v5
B " B " v6

B /R B . Expanding out (4.2) to Þrst order in $r and $! gives

$¬r (t) ! 3" 2
B $r (t) ! 2RB " B $! (t) = 0

RB $ú! (t) + 2 " B $úr (t) = !
32"
5

R6
B " 7

B .
(4.4)

Solving for $! and substituting back into the $r equation in (4.4) gives

$¬r (t) + " 2
B $r (t) = !

64"
5

" 8
B R6

B (t ! t0). (4.5)

This equation is simple to solve using the retarded GreenÕs function

Gret (t ! t ! ) = %(t ! t !)
sin" B (t ! t !)

" B
(4.6)

and results in the following general solution,

r (t) = RB !
64"
5

" 6
B R6

B (t ! t0) +
64"
5

" 5
B R6

B sin" B (t ! t0) + A sin
!
" B (t ! t0) + #

"

! (t) = " B +
96"
5

R5
B " 7

B (t ! t0) !
128"

5
R5

B " 6
B sin" B (t ! t0) !

2" B A
RB

sin
!
" B (t ! t0) + #

"
.

(4.7)

1 The B subscript stands for ÒbareÓ, as opposed to ÒrenormalizedÓR, which will be discussed further below.

Absorb Divergence terms into bare parameters
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recall that the bare parameter RB is given in (4.16) by

RB (t0) = RR (! ) + "R (! , t0) = RR +
64#
5

R6
R ! 6

R (! ! t0) + O($2) (4.36)

so that

0 =
dRB (t0)

d!
=

dRR (! )
d!

+
64#
5

R6
R ! 6

R +
384#

5
R5

R ! 6
R (! ! t0)

dRR (! )
d!

+
384#

5
R6

R ! 5
R (! ! t0)

d! R (! )
d!

+ O(v10
R ). (4.37)

It is easy to see that solving perturbatively for dRR /d ! leaves us with

d
d!

RR (! ) = !
64#
5

R6
R (! )! 6

R (! ) + .... (4.38)

since the last two terms in (4.37) are higher order corrections. Repeating these steps for the remaining initial data
yields a total of four renormalization group equationsdescribing the RG ßow, or trajectory , of the initial conditions

d
d!

! R (! ) =
96#
5

R5
R (! )! 7

R (! ), (4.39)

d
d!

" R (! ) = ! R (! ), (4.40)

d
d!

AR (! ) = 0 . (4.41)

The right sides of these equations are called beta (%) functions in Þeld theory. The solutions to the RG equations (4.38)-
(4.41) are easily found by integrating from ! = ti to ! = t,

RR (t) =
!

R4
R (t i ) !

256#
5

M 3(t ! t i )
" 1/ 4

(4.42)

! R (t) = ! R (t i )
!

RR (t i )
RR (t)

" 3/ 2

(4.43)

" R (t) = " R (t i ) +
R5/ 2

R (t i ) ! R5/ 2
R (t)

32#M 5/ 2
(4.44)

AR (t) = AR (t i ). (4.45)

These are nothing but the textbook orbit-averaged solutions (see for instance [16]). Thus, the di#erence between the
DRG solutions and the orbit-averaged solutions are the sinusoidal terms in (4.33)-(4.35). Note that these terms do
not have constant periods and thus orbit averaging will not set them strictly to zero. The lack of a deÞnite period is
another weakness of the averaging procedure [20, 21]

As can be seen from (4.43), the quantity R3
R (t)! 2

R (t) is an invariant along the RG trajectory. This constant is just
equal to M . Other RG invariants can be found from these relations that are not so trivial, including

R4
R (t) +

256#
5

M 3t = constant (4.46)

" R (t) +
R5/ 2

R (t)
32#M 5/ 2

= constant . (4.47)

The expressions in (4.42)-(4.45), combined with the renormalized solutions in (4.33)-(4.35), give the resummed solution
to the 0PN inspiral dynamics valid up to times t ! t i of order 1/ (#v5

R (t)! R (t)). Note that the initial radial velocity
depends onAR (t i ) and " R (t i ) at this order via the relation

úr (t i ) = AR (t i )! R (t i ) cos" R (t i ) !
64#
5

RR (t i )6! R (t i )6. (4.48)
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The last two terms are solutions to the homogeneous equation of (4.5) and come with two initial condition parameters,
A and ! . As such, we will redeÞne our background solution to be

r (t) = RB + AB sin
!
! B (t ! t0) + " B

"

" (t) = ! B !
2! B AB

RB
sin

!
! B (t ! t0) + " B

" (4.8)

where AB is related to a small orbital eccentricity, eB " v5, through

AB = eB RB . (4.9)

The perturbations consist of two types of pieces. The Þrst are secularly growing in time. Since, at a time

t ! t0 "
1

#! 6
B R5

B
"

1
#v5

B ! B
, (4.10)

the perturbation becomesO(1), these terms will need to be resummed in order to determine the long-time behavior
of the system. The remaining terms will be perturbatively small for all times.

B. Renormalization

The Þrst step in the resummation procedure is renormalization. This involves absorbing all of thet0 dependence
into the ÒbareÓ paratemeters, i.e. those constants labelled by a subscriptB . We write our bare solution as

r (t) = RB !
64#
5

R6
B ! 6

B (t ! t0) +
64#
5

R6
B ! 5

B sin ! B (t ! t0) + AB sin
!
! B (t ! t0) + " B

"

" (t) = ! B +
96#
5

R5
B ! 7

B (t ! t0) !
128#

5
R5

B ! 6
B sin ! B (t ! t0) !

2! B AB

RB
sin

!
! B (t ! t0) + " B

"
.

(4.11)

Where we have promoted the integration constantsA and " to the status of bare parameters. Notice thatAB " v5RB
and implies that úr (t0) " v5RB ! B .

Furthermore, we may drop the non-secularly growing sinusoidal terms (which are solutions to the homogeneous
Þrst-order equations of motion) in the solution for r (t) and " (t). This amounts to a shift in the initial conditions,
which can be accomplished by the following replacement,

AB # AB !
64#
5

R6
B ! 5

B cos(" B )

" B # " B +
64
5

#R6
B ! 5

B

AB
sin(" B ).

(4.12)

The bare solution becomes

r (t) = RB !
64#
5

R6
B ! 6

B (t ! t0) + AB sin
!
! B (t ! t0) + " B

"

" (t) = ! B +
96#
5

R5
B ! 7

B (t ! t0) !
2! B AB

RB
sin

!
! B (t ! t0) + " B

"
,

(4.13)

which satisÞes the equations of motion. For completeness, the orbital phase$(t) is computed from " (t) via a simple
integration,

$(t) = " B + ! B (t ! t0) +
48#
5

R5
B ! 7

B (t ! t0)2 +
2AB

RB
cos

!
! B (t ! t0) + " B

"
. (4.14)

Notice that " B is not the initial phase, $(t0). Overall constants can be dropped since they can be removed by a
coordinate change without a#ecting the equations of motion.

The four quantities RB , ! B , AB and " B are parameters Þxed by the initial data of the problem. However, the
initial time t0 is completely arbitrary and we could have performed the perturbative expansion at a slightly later
time, t !

0 = t0 + %t, for instance. The formal expression of the perturbative solution would have the same form as in
(4.8) except with a new set of intitial conditions R!

B , ! !
B , A!

B , and " !
B and with t0 replaced byt!

0. If %t is small then it

Background solution:

Pert.  
Solution

Galley/IZR
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FIG. 2: Fractional errors for the orbital radius (top panel) and phase (bottom panel) between the numerical solution of ( 4.2),
(4.49) and the one-loop (blue) and two-loop (orange) resummed solutions for the same system and initial conditions shown in
Fig. 1.

but is much better at describing the small oscillations due to theO(v5) eccentricity that results from choosing úr (0) = 0
as part of the initial data.

VI. BEYOND LEADING ORDER RADIATION REACTION

In this formalism the inclusion of higher order radiation reaction forces is straightforward. The equations of motion
through the 1PN correction to radiation reaction forces [5, 6] are given by

¬r ! r ! 2 = !
M
r 2 +

64
15

M 3"
r 4 úr +

16
5

M 2"
r 3 ( úr 3 + úrr 2! 2)

!
8

105
M 4"

r 5 (821 + 210" ) úr +
8

105
M 3"

r 4 úr
!
(! 362 + 245" )r 2! 2 ! 775 úr 2"

!
4
35

M 2"
r 3 úr

!
(! 65 + 84" )r 4! 4 + (59 + 84 " )r 2! 2 úr 2 + 54 úr 4"

(6.1)

and

r ú! + 2 úr ! = !
24
5

M 3"
r 3 ! !

8
5

M 2"
r 2 ! ( úr 2 + r 2! 2)

+
4

105
M 4"

r 4 (1325 + 546" )! !
2

105
M 3"

r 3 !
!
2(205 + 777" )r 2! 2 ! (1025 + 1414" ) úr 2"

+
2
35

M 2"
r 2 !

!
(313 + 42" )r 4! 4 ! (1747! 42" )r 2! 2 úr 2 + 40 úr 4"

. (6.2)

We are interested in demonstrating how to handle higher PN order secular terms in DRG so we do not include the
1PN or higher potentials here, which do not (directly) generate secularly diverging perturbations. Of course, a fully
consistent orbital solution should include all potentials that contribute to a given PN order.

As done in the previous section we expand the solution around the background including perturbations up to order
v7

B . Following (5.1), where now#$ " v7
B RB and #%" v6

B ! B " v7
B /R B , we Þnd that the perturbed radial and angular
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In this paper we show how to generate approximate invariants along disspitative orbits in a
systematic expansion in non-conservative control parameter. These invariants can be utilized to
Þnd analytic solutions to classical equations of motion which are valid over long time scales. We
Þrst demonstrate the formalism in the canonical example of the harmonic oscillator with time
varying frequency and show that the adiabatic invariant (AI) formed by the ratio of the energy to
the frequency is exactly the leading order invariant under the dynamical renormalization group. We
then utilize the formalism to Þnd invariants along the orbit of a binary inspiral whose constituents
interact through a non-conservative potential. We emphasize the fact that DRG invariants are more
general than AI in that they may be utilized in non-periodic systems are more easily calculated and
need not be orbit averaged to remain constant..

I. INTRODUCTION

Adiabatic invariants have been utilized as a useful tool in many areas of physics.

II. THE TIME DEPENDENT HARMONIC OSCILLATOR

L =
1
2

úx2 � 1
2

(! 0 + " (t � t0))2x2 (2.1)

The leading order solutions is written as

x = AB cos(! B + #B ) (2.2)

The B subscript denotes bare quantities that depend upont0. The Þrst order correction is given by

$x = �AB "
2! 2

B

!
(! B (t0 � t)2sin (! B (t � t0) + #B ) � ! B (t � t0)cos(! B (t � t0) + #B ))

"
(2.3)

Replacing the bare quantities with the renormalized quantities plus counter terms yields

$x = �AR "
2! R

(! R [(t � %)2 + 2( t � %)(%� t0) + ( %� t0)2)]sin (! R (t � %) + ! R (%� t0) + #R + $#0)

�! R (( t � %) + ( %� t0))cos(! R (t � %) + ! R (%� t0) + #R + $#0)) (2.4)

with the counter-terms

$#0 = �! r (%� t0) $#1 =
"
2

(%� t0)2

$A =
AR "
2! R

(%� t0) $! = �" (%� t0). (2.5)

The resulting beta functions are

d
d%

AR = �AR "
2! R

d
d%

#R = ! R
d
d%

! R = " . (2.6)

We may then form a simple RG invariant A2
R ! R , which is nothing but the adiabatic invariant E/ ! .

J = E/ ! Been shown to be EXACT in !
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d
d%

AR = !
AR "
2! R

d
d%

#R = ! R
d
d%

! R = " . (2.6)

We may then form a simple RG invariant A2
R ! R , which is nothing but the adiabatic invariant E/ ! .

DRG equations

! = A2
R " R

DRG invariant

!A2
R / ! R " = !E/ ! "



¥ Is this an exact DRG invariant? Checked to three loops 

¥ Other DRG invariants which dont follow (directly) from canonical 
Hamilton-Jacobi theory? Yes, 
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C. Renormalization group equations

The RG equations are found simply by di! erentiating the bare parameters with respect to! and solving for the
! -derivative of the renormalized quantity. We Þnd

dxR (! )
d!

= !
" xR (! )
2#R (! )

(1.41)

d#R (! )
d!

= " (1.42)

d$R (! )
d!

= #R (! ) !
d#R (! )

d!
(! ! t0) + " (! ! t0) (1.43)

= #R (! ) (1.44)

where we used the RG equation for#R in the second-to-last line. We immediately see that we have a non-trivial RG
invariant from combining the xR and #R beta functions, which is

I x " x2
R (! )#R (! ) = constant (1.45)

The solution to the RG equations are straightforward to Þnd. The #R and $R are trivial. Integrating from ! = ti
to ! = t yields

#R (t) = #R (t i ) + " (t ! t i ) (1.46)

$R (t) = $R (t i ) + #R (t i )( t ! t i ) +
"
2

(t ! t i )2 (1.47)

We can rearrange the#R equation to Þnd another RG invariants at this order, namely,

I ! " #R (t) ! " t = #R (t i ) ! " t i = constant (1.48)

An RG invariant related to $R can be found by going back to the RG equation

d$R (! )
d!

= #R (! ) (1.49)

= I ! + "! (1.50)

Integrating yields

$R (t) = $R (t i ) + I ! (t ! t i ) +
"
2

(t2 ! t2
i ) (1.51)

and allows us to identify the third RG invariant,

I " " $R (t) ! I ! t !
"
2

t2 (1.52)

= $R (t i ) ! I ! t i !
"
2

t2
i (1.53)

= constant (1.54)

Notice, that the $R equation canÕt be written as an RG invariant because of the (t ! t i )2 piece. Finally, the
amplitude RG equation for xR can be determined from the RG invariant above. SpeciÞcally, we have that

xR (t)2#R (t) = xR (t i )2#R (t i ) (1.55)

or, upon using the solution for #R (t),

xR (t) = xR (t i )

!
#R (t i )

#R (t i ) + " (t ! t i )
(1.56)

The resummed perturbative solution evaluated at! = t is Þnally given by

x(t) = xR (t) cos$R (t) (1.57)

= xR (t i )

!
#R (t i )

#R (t i ) + " (t ! t i )
cos

"
$R (t i ) + #R (t i )( t ! t i ) +

"
2

(t ! t i )2
#

(1.58)
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Back-substituting in the lower-order RG equations into the right sides (i.e., the beta functions) yields a number of
cancellations, which must occur for the resummed perturbative solution to be renormalizable. In the end, we Þnd

dxR (! )
d!

= !
" xR (! )
2#R (! )

+
9" 3xR (! )
16#5

R (! )
(3.31)

d#R (! )
d!

= " !
9" 3

8#4
R (! )

(3.32)

d$R (! )
d!

= #R (! ) (3.33)

Interestingly, we Þnd that the xR beta function can be written as

dxR (! )
d!

= !
xR (! )
2#R (! )

d#R (! )
d!

(3.34)

so that the RG invariant through 3-loops is unchanged,

d
d!

!
x2

R (! )#R (! )
"

= 0 (3.35)

so that

I x = x2
R (t)#R (t) = x2

R (t i )#R (t i ) = constant (3.36)

Next, we need to Þnd the solution to the#R RG equation. Rearranging that equation gives

d#R

1 !
9" 2

8#4
R

= " d! (3.37)

Integrating the left side from ! = ti to ! = t is doable and yields a closed-form expression (albeit in a transcendental
form),

" (t ! t i ) = #R (t) ! #R (t i ) !
31/ 2" 1/ 2

27/ 4
tan! 1

#
23/ 4#R (t)
31/ 2" 1/ 2

$
+

31/ 2" 1/ 2

27/ 4
tan! 1

#
23/ 4#R (t i )
31/ 2" 1/ 2

$

+
31/ 2" 1/ 2

211/ 4
ln

#
31/ 2" 1/ 2 ! 23/ 4#R (t)
31/ 2" 1/ 2 + 2 3/ 4#R (t)

$
!

31/ 2" 1/ 2

211/ 4
ln

#
31/ 2" 1/ 2 ! 23/ 4#R (t i )
31/ 2" 1/ 2 + 2 3/ 4#R (t i )

$
(3.38)

Notice that we can rearrange this to give a second RG invariant quantity, namely,

I ! = #R (t) ! " t !
31/ 2" 1/ 2

27/ 4
tan! 1

#
23/ 4#R (t)
31/ 2" 1/ 2

$
+

31/ 2" 1/ 2

211/ 4
ln

#
31/ 2" 1/ 2 ! 23/ 4#R (t)
31/ 2" 1/ 2 + 2 3/ 4#R (t)

$

= #R (t i ) ! " t i !
31/ 2" 1/ 2

27/ 4
tan! 1

#
23/ 4#R (t i )
31/ 2" 1/ 2

$
+

31/ 2" 1/ 2

211/ 4
ln

#
31/ 2" 1/ 2 ! 23/ 4#R (t i )
31/ 2" 1/ 2 + 2 3/ 4#R (t i )

$

= constant (3.39)

Notice that at 1-loop and 2-loop orders, this RG invariant was much more simply given by

#R (t) ! " t = #R (t i ) ! " t i = constant (3.40)

which is merely a rearrangement of the time-dependent frequency used in the equations of motion in (1.2) since we
can write (3.40) as

#R (t) = #R (t i ) + " (t ! t i ) (3.41)

WhatÕs interesting is that at 3-loopsI ! gets a correction, according to (3.39).
Using the (transcendental) solutions of the RG equations, we Þnd the resummed perturbative solution evaluated at

! = t through 3-loops is Þnally given by

x(t) = xR (t) cos$R (t) (3.42)

= xR (t i )

%
#R (t i )
#R (t)

cos$R (t) (3.43)

=

%
I x

#R (t)
cos$R (t) (3.44)

Spinning orbits have 9 DOF, invariants will play an important role in 
finding closed form solutions


