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Nonspinning black holes as effective point-masses

@ Effective action for (monopole) point particles with worldlines = = z(7)
coupled to gravity, metric g, (z):

S[g,z}z/d‘lx\{gj— 3 m/dn/—gw(z)zuzv.

particles
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Nonspinning black holes as effective point-masses

@ Effective action for (monopole) point particles with worldlines = = z(7)
coupled to gravity, metric g,,,,(x):

4, V— R_ [ v
Sly, ]—/d e m/dT Guv(2) 212

particles

@ Phase-space action (auxiliary field/Lagrangian multiplier \):

S[g,z,p]:/d4 \{ﬁiG’ +Z/d7 puz”—fp +m )}

S 1
(S=0 = =m0 §.5-0 = A=V-2)
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Nonspinning black holes as effective point-masses

@ Effective action for (monopole) point particles with worldlines = = z(7)
coupled to gravity, metric g,,,,(x):

4, V— R_ [ v
Sly, ]—/d e m/dT Guv(2) 212

particles

@ Phase-space action (auxiliary field/Lagrangian multiplier \):

S[g,z,p]:/d4 \{ﬁiG’ +Z/d7 puz”—fp +m )}

S 1
(S=0 = =m0 §.5-0 = A=V-2)

(_a+5+y+)
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Nonspinning black holes as effective point-masses

@ Phase-space action:

Slg, z, p] :/d4x\{g§+Z/d7[pué“—%(p2+m2)]
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Nonspinning black holes as effective point-masses

@ Phase-space action:

Slg, z, p] :/d4x\{g§+Z/d7[pué“—%(p2+m2)]

@4iS=0 =

0 (x — 2)

1
wv _ lpopv _ opur 5 (o)
87TG(R s Rg ) T E:/drz p Vel
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Nonspinning black holes as effective point-masses

@ Phase-space action:

Slg, 2, p] =/d4fﬂ\/ng+Z/d7[pué“—g(p2+m2)]

167G
@ 4/S=0 =
1 0 (x — 2)
w1 popy :TMVZE dr 3Hp?)
87TG (R 2Rg ) / TZWPp \/jg 9

VT =0 & p'V,p'=0.
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Nonspinning black holes as effective point-masses

@ Phase-space action:

Slg, 2, p] =/d4fﬂ\/ng+Z/d7[pué“—g(p2+m2)]

167G
@4iS=0 =
1 0 (x — 2)
pv 1 popv :TMVZE dr 3Hp?)
87TG (R 2Rg ) / TZWPp \/jg 9

VT =0 & p'V,p'=0.

@ One particle alone in empty spacetime = g,,,, = Schwarzschild.
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Nonspinning black holes as effective point-masses

@ Phase-space action:

Slg, 2, p] =/d4fﬂ\/ng+Z/d7[pué“—g(p2+m2)]

167G
@4iS=0 =
1 0 (x — 2)
pv 1 popv :TMVZE dr 3Hp?)
87TG (R 2Rg ) / TZWPp \/jg 9

VT =0 & p'V,p'=0.

@ One particle alone in empty spacetime = g,,,, = Schwarzschild.

@ Two particles: solve perturbatively (and integrate out the field)...
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Nonspinning black holes as effective point-masses

@ Phase-space action:

Slg, 2, p] =/d4fﬂ\/ng+Z/d7[pué“—g(p2+m2)]

167G
04iS=0 =
1 0 (x — 2)
pr L pobvy — TRy dr 3Hp?)
3G (R s Rg ) E /TZ P =5

VT =0 & p'V,p'=0.

@ One particle alone in empty spacetime = g,,,, = Schwarzschild.
@ Two particles: solve perturbatively (and integrate out the field)...

@ (OR: take the classical limit of two minimally coupled massive scalars...)
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Solving the relativistic two-body problem

@ Numerical relativity (solve full Einstein field egs. on supercomputers)

@ Analytic approximation schemes:

Limit Perturbation theory
Newtonian gravity post-Newtonian
G 2
c— 0 mo 1, -m <1
ma rc2 c?
test-body motion post-test-body
in a stationary background (“self-force”)
G 2
™ 0 Mer, o
mo mo rc C
special relativity post-Minkowskian
2
G—0 ™oy, G
mo rc c
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post-Newtonian (PN) vs. post-Minkowskian (PM)

OPN | 1PN | 2PN | 3PN 4PN 5PN

OPM: 1 v? vt 0 v® 010 vl?
1PM: 1r | ¥/r | v*/r | o5/r v8/r 10 /r
W 1/r? | v%/r? | v*/r? | o8 /r2t | 8 /r2t
" 3PM: | /3 | o3 | ot/ | o8/
T 4PM: | /et | o2/rd | vt et

1— Mc?, v2—>v—j, 1—>G]\24.
c r re

current PN results; current PM results; overlap; unknown.
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1PM (monopole/scalar) gravitational scattering

p1+Ap p2—Ap

P1 P2
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1PM (monopole/scalar) gravitational scattering

p1+Ap p2—Ap

P1 P2
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1PM (monopole/scalar) gravitational scattering

p1+Ap p2—Ap
D1 D2 N
@ Impact parameter: b = (2} — x5 ) min, b-p1 =b-py =0,
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1PM (monopole/scalar) gravitational scattering

p1+Ap p2—Ap
p : p , \\
@ Impact parameter: b = (2! — 25)min, b-pr=">b-p2 =0,
@ Relative Lorentz factor: v = b 'p2,
mimso
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1PM (monopole/scalar) gravitational scattering

p1+Ap p2—Ap

P1 P2 N

@ Impact parameter: b = (2} — x5 ) min, b-p1 =b-py =0,

@ Relative Lorentz factor: y= P P2

mimso
. 292 —1b
@ Deflection: Apt = —2Gm1m27271b—2 O(G?).
N2

[Portilla 79, ‘80; Westpfahl+ 79, ‘85; Bel+ ‘81; Damour+ ‘81; ...]
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Spinning black holes

o Effective phase-space action for a spinning black hole:

worldline z(7), momentum p,, (1), (ﬁ” = p“/\/ipz)
tetrad A,*(7), spin S#* (1),

DAY
dr

1
Seulz,p, A, S, g] = /dr {puzﬂ + §SWA<1M

A .
—X"Sup” = 5 p* 4+ M?(z,p, S)} }
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Spinning black holes

o Effective phase-space action for a spinning black hole:
worldline z(7), momentum p,,(7), (ﬁ” = p“/\/—pz)

tetrad A #(7), spin S*¥ (1),

1. . DAY
smmpm&m/M{mw+2&ww A

A .
—X"Sup” = 5 p* 4+ M?(z,p, S)} }

@ Sgp = 0 = Mathisson-Papapetrou-Dixon (MPD) egs.:

D 1 -2 D
Pu — =Ry po 2" SP7 + P22 jog M2,

dr 2 2 Ozt
DSHv 0
Zoplizd gz (pi -0 g 0 jog a2
I pHZ +p- 2 (p o) + pasy]p og M
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Spinning black holes

@ Effective phase-space action for a spinning BH:

un DALY L, A
SBHz/dT {puz“—&— =S A —— I —x"Sup —2[p2+/\/12}}.
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Spinning black holes

@ Effective phase-space action for a spinning BH:

un DALY L, A
SBHz/dT {puz“—&— =S A —— I —x"Sup —2[p2+/\/12}}.

. . . -1
@ Mass-rescaled (Pauli-Lubanski) spin vector: a* = %e“l,paﬁ”sf’“.
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Spinning black holes

@ Effective phase-space action for a spinning BH:

un DALY L, A
SBHz/dT {puz“—&— =S A —— I —x"Sup —2[p2+/\/12}}.

. . . -1
@ Mass-rescaled (Pauli-Lubanski) spin vector: a* = %e“l,paﬁ”sf’“.

@ “Dynamical mass function” for a BH:

1
M? =m? + 2m*p b, ( - = R“a”ﬂ a“ad”® : quadrupole o< S?
+ o 3l *R“a"g .~ a%a’a” : octupole oc S*
1 " « [3 4
+ ] R! " g.ys a“a : hexadecapole < S

+)
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Eikonal limits of minimally coupled massive fields

@ Scalar field —— geodesic motion (monopole only)
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Eikonal limits of minimally coupled massive fields

@ Scalar field —— geodesic motion (monopole only)

@ Dirac field —— pole - dipole
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Eikonal limits of minimally coupled massive fields

@ Scalar field —— geodesic motion (monopole only)
@ Dirac field —— pole - dipole
@ Spin-1 — pole - dipole - (black-hole-)quadrupole (PN) [Holstein, Ross 08]
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Eikonal limits of minimally coupled massive fields

@ Scalar field —— geodesic motion (monopole only)

@ Dirac field —— pole - dipole

@ Spin-1 — pole - dipole - (black-hole-)quadrupole (PN) [Holstein, Ross 08]
@ Spin-2 —— pole - ... - (black-hole-)hexadecapole (PN) [Vaidya ‘15]

Justin Vines Spinning binary black holes



Eikonal limits of minimally coupled massive fields

@ Scalar field —— geodesic motion (monopole only)

@ Dirac field —— pole - dipole

@ Spin-1 — pole - dipole - (black-hole-)quadrupole (PN) [Holstein, Ross 08]
@ Spin-2 —— pole - ... - (black-hole-)hexadecapole (PN) [Vaidya ‘15]

@ Spin-s —— pole - ... - (black-hole-)22*pole  [Guevara 17]
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Eikonal limits of minimally coupled massive fields

@ Scalar field —— geodesic motion (monopole only)

@ Dirac field —— pole - dipole

@ Spin-1 — pole - dipole - (black-hole-)quadrupole (PN) [Holstein, Ross 08]
@ Spin-2 —— pole - ... - (black-hole-)hexadecapole (PN) [Vaidya ‘15]

@ Spin-s —— pole - ... - (black-hole-)22*pole  [Guevara 17]

@ The full black-hole spin-multipole structure is seemingly obtained from
the eikonal limit of a minimally coupled massive infinite-spin field
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Eikonal limits of minimally coupled massive fields

@ Scalar field —— geodesic motion (monopole only)

@ Dirac field —— pole - dipole

@ Spin-1 — pole - dipole - (black-hole-)quadrupole (PN) [Holstein, Ross 08]
@ Spin-2 —— pole - ... - (black-hole-)hexadecapole (PN) [Vaidya ‘15]

@ Spin-s —— pole - ... - (black-hole-)22*pole  [Guevara 17]

@ The full black-hole spin-multipole structure is seemingly obtained from
the eikonal limit of a minimally coupled massive infinite-spin field
(how do we conclusively demonstrate that this is so0??
or are there caveats?...)
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Spinning black holes

@ Effective phase-space action for a spinning BH:

. DA A
SBH = /dT {pp.zu + SpyA b dr - XMSp,yp - 5 |:p2 + M2:| }

@ “Dynamical mass function” for a BH:

1
M? =m? + 2m?p,p, ( ] R*," 5 a%a” : quadrupole o S?
1
+ 30 “RM LY iy a®aPa” - octupole x S3
1
+ — RMY s a®aPa’a® : hexadecapole o S*

+)
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Spinning black holes

@ Effective phase-space action for a spinning BH:

. DA A
SBH = /dT {p,u.zu + SpyA b dr - XMSp,yp - 5 |:p2 + M2:| }

@ “Dynamical mass function” for a BH:

1
M? =m? + 2m?p,p, ( ] R*," 5 a%a” : quadrupole o S?
1
+ 30 “RM LY iy a®aPa” - octupole x S3
1
+ — RMY s a®aPa’a® : hexadecapole o S*

+)

@ All the linear-in-Riemann terms [the only ones that matter at O(G)]
are fixed by symmetries and matching to the (linearized) Kerr solution...
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Kerr-Schild structure of Schwarzschild...

JiN

VY
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... vs. Kerr...

an i)\
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Spin-multipole structure of Kerr

@ Exact Kerr: G = M + Py + 20,8,

Justin Vines Spinning binary black holes



Spin-multipole structure of Kerr

@ Exact Kerr: G = M + Py + 20,8,

@ Linearized harmonic-gauge part h,, :  hu, = P *hag

,P;U/aﬁ = 5(M(a6y)ﬁ) - %nuunaﬁs
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Spin-multipole structure of Kerr

@ Exact Kerr: G = M + Py + 20,8,

@ Linearized harmonic-gauge part h,, :  hu, = P *hag

,P;U/aﬁ = 5(M(a6y)ﬁ) - %nuunaﬁs

_ 1 4m
_ B a By _ -
huw = (1 2'aa8a5—|—4aaaa6ﬂ5 )T“uuv

1 dm
+ (a"@a — ﬁa"aﬁa'@am +... ) Tu(ﬂeu)pgaup
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Spin-multipole structure of Kerr

@ Exact Kerr: G = M + Py + 20,8,

@ Linearized harmonic-gauge part h,, :  hu, = P *hag

P = 5,(96,,8) — 1,8,

- 1 4m
N B a By _ -
huw = (1 2'aa8a5—|—4aaaa6ﬂ5 )Tuuu,,
1 dm
+ (a"@a — ﬁa"aﬁa'@am +... ) Tu(ﬂeu)pgaup
TP
= 4m exp(a*0)*, e ,
r

(ax0)H, = eumgaaaﬂ.
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Spin-multipole structure of Kerr

@ Exact Kerr: G = M + Py + 20,8,

@ Linearized harmonic-gauge part h,, :  hu, = P *hag

P = 5,(96,,8) — 1,8,

- 1 4m
N B a By _ -
huw = (1 2'aa8a5—|—4aaaa6ﬂ5 )Tuuu,,
1 dm
+ (a"@a — ﬁa"aﬁa'@am +... ) Tu(ﬂeu)pgaup
TP
= 4m exp(a*0)*, e ,
r

(ax0)H, = eumgaaaﬂ.

[Steinhoff, JV 16; Harte, JV ‘16; JV ‘17]
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Linear interaction of two spinning black holes

(see [JV “17))

1 4
Ling = 3 T (p1, a1, —0) by ()

r=z1
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Linear interaction of two spinning black holes

(see [JV “17))

1 4
Ling = 3 T (p1, a1, —0) by ()

r=z1

R - 1
=2GT" (p1, a1, —0) Puvas T (p2, az, d) o

r=z1
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Linear interaction of two spinning black holes

(see [JV “17))

1 4
Ling = 3 T (p1, a1, —0) by ()

r=z1

R - 1
=2GT" (p1, a1, —0) Puvas T (p2, az, d) o

r=z1
Gmim
= uy, exp(a; x0)", Q" exp(az *x0)%3 u§ %
2 r=z1

Qt, = QP“Vaﬁu‘fug.
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Linear interaction of two spinning black holes

(see [JV “17))

1 4
Ling = 3 T (p1, a1, —0) by ()

r=z1

R - 1
=2GT" (p1, a1, —0) Puvas T (p2, az, d) o

r=z1

G
= uy, exp(a; x0)", Q" exp(az *x0)%3 u§ gkiie Ul

T2 r=z1

Gm1m2

= (u1| exp(a1 x9) Q exp(az *9) |uz) s

Qt, = QP“Vaﬁu‘fug.
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Linear interaction of two spinning black holes

(see [JV “17))

1 4
Ling = 3 T (p1, a1, —0) by ()

r=z1

R - 1
=2GT" (p1, a1, —0) Puvas T (p2, az, d) o

r=z1

G
= uy, exp(a; x0)", Q" exp(az *x0)%3 u§ gkiie Ul

T2 r=z1

Gm1m2

= (u1| exp(a1 x9) Q exp(az *9) |uz) s

Gm1 mo

= (u1]|Q exp ((a1 + az) x9) |uz)

TQ r=z1

Qt, = QP“Vaﬁu‘fug.
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Linear interaction of two spinning black holes

(see [JV “17])

1 4
Ling = 3 T (p1, a1, —0) by ()

r=z1

. A 1
= 2GT" (p1, a1, —0) Puvas T (pa, az, d) —

r=z1

Gmim
= uy, exp(a; x0)", Q" exp(az *x0)%3 u§ —

T2 r=z1

Gm1m2

= <u1‘ exp(ay *9) Q exp(ag x ) |uQ>

T2 Tr=z1

Gm1 mo

= (u1]|Q exp ((a1 + az) x9) |uz)

TQ r=z1

Qt, = QP“Vaﬁu‘fug.

@ This depends on the spins only through a; + as!
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Linear interaction of two spinning black holes

Gm1m2

Lint = <u1‘ exp(ay *0) Q exp(ag *d) ‘u2> 1"2

r=z1

G’mlmg

= <u1‘Q exp ((a1 + ag) % 9) |u2>

7‘2 r=2z1

@ The double sum over BH1-multipole-BH2-multipole couplings
factorizes into a single sum over the multipoles of
one effective spinning BH coupled to an effective point-mass
—at linear order in G.
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Post-Minkowskian scattering angles

@ Scattering angle y (encodes the full dynamics...)
@ Impact parameter b ; v = —p; - pa/mima ; M = mq +msa, v =mimg/M?
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Post-Minkowskian scattering angles

@ Scattering angle y (encodes the full dynamics...)
@ Impact parameter b ; v = —p; - pa/mima ; M = mq +msa, v =mimg/M?

@ Schw.-Schw. 1PM/tree:

,GM VIt )
x =27 - 1)+ 0(G?).
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Post-Minkowskian scattering angles

@ Scattering angle y (encodes the full dynamics...)
@ Impact parameter b ; v = —p; - pa/mima ; M = mq +msa, v =mimg/M?

@ Schw.-Schw. 1PM/tree:

,GM VIt )
x =27 - 1)+ 0(G?).

@ Kerr-Kerr (aligned-spins) 1PM/tree
{O(a>) Guevara ‘17} [O(a") Bini, Damour ‘17] [O(a*) JV ‘17]

oy a0 ta
,OM VT2l —1) 27— 1=y -1
b 72 -1 <a1—|—a2>2

1= b
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Post-Minkowskian scattering angles

@ Kerr-Kerr (aligned-spins) 1PM/tree:
{O(a*) Guevara ‘17} [O(a") Bini, Damour ‘17] [O(a™) JV “17]

> | _on a1t
=2 GM VT2 =) 27— l=nvet 1y

+0(G?).
b 72—1 1 <a1—|—a2>2 ( )
B b
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Post-Minkowskian scattering angles

@ Kerr- Kerr (aligned-spins) 1PM/tree:
{O(a®) Guevara ‘17} [O(a") Bini, Damour ‘17] [O(a*) JV ‘17]

_ st a
,GM V1530 1) 2Pyt o1y
b 7 -1 1_ ai + ag 2
b
@ Schw.-Schw. 2PM/one-loop: [Westpfahl ‘85] {Damour 17}

JIt2
P GM v+ 200 21450 5o | L oga®y.

b 72 -1 8 b

+O(G?).

X =
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Post-Minkowskian scattering angles

@ Kerr- Kerr (aligned-spins) 1PM/tree:
{O(a®) Guevara ‘17} [O(a") Bini, Damour ‘17] [O(a*) JV ‘17]

_ st a
,GM V1530 1) 2Pyt o1y
b 7 -1 1_ ai + ag 2
b
@ Schw.-Schw. 2PM/one-loop: [Westpfahl ‘85] {Damour 17}

LGM /152
+ 20 {2 2 1+37TGM(572—1)} +O(G).

b 72 -1 8 b

+0(G?).

X =

@ Kerr-Kerr 2PM/one-loop: {O(a*) Guevara ‘17}
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Post-Minkowskian scattering angles

@ Kerr- Kerr (aligned-spins) 1PM/tree:
{O(a®) Guevara ‘17} [O(a") Bini, Damour ‘17] [O(a*) JV ‘17]

_ st a
,GM V1530 1) 2Pyt o1y
b 7 -1 1_ ai + ag 2
b
@ Schw.-Schw. 2PM/one-loop: [Westpfahl ‘85] {Damour 17}

LGM /152
+ 20 {2 2 1+37TGM(572—1)} +O(G).

b 72 -1 8 b

+0(G?).

X =

@ Kerr-Kerr 2PM/one-loop: {O(a*) Guevara ‘17}

@ 3PM/two-loop ???

Justin Vines Spinning binary black holes



