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Introduction

@ We are interested in scattering amplitudes of world-volume theories of
various probe single branes.

@ They are abelian theories with higher-dimensional operators such as
F"™ of D-brane or H" of M5-brane.

@ For a probe D-brane in flat space, a complete action is known,
described by DBI action and its SUSY completion. [Aganagic, Popescu,
Schwarz]

@ As for a probe M5 brane in Minkowski space, it's subtle to write an action
due to the self-duality of two-form B field:

H = dB = xH.

@ Some attempts have led to, for instance, an action without manifest 6D
Lorentz invariance.[Schwarz]

@ We would like to avoid all these complications and write down the
answer directly!
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@ Review on a probe D3-brane in flat space.

Uplift the 4D to 6D with (2,0) SUSY or (1,1) SUSY.

A probe Mb-brane in flat space.

A probe D5-brane in flat space.
@ Comments on double copy and non-abelian theories.

Conclusion and remarks.
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A probe D3-brane in Minkowski spacetime

@ On-shell superfield for D3 brane:
o) = ¢ + nlwr + nlyf + nbn’ ey, + (0 )PAT+ (o)A

+ (P00l + =)+ ()P (=)
Here only SU(2) x SU(2) R-symmetry is manifest.

@ The full SU(4) R-symmetry can be made manifest via Fermionic Fourier

transformation,
T ol e
/ dn'y e 1,

and {n",&} =n* with A=1,2,3,4.
@ On-shell superfield now become more familiar:
A(n) = AT +1a + 1*nPdas + eascon™n®n PP + n*A- .

@ We use SU(4) non-manifest formalism because it's easier to generalize to
6D.
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Twistor-string formulation for D3-brane

@ 4D twistor-string-like formula with “rational constraints” [Cachazo, He,
Yuan] (slightly different from Witten-RSV'’s original formula)

d"ocdM

4D N=4
VoI(SL, (2,C) x GL,(1,©)) & (PPIAF (a0 )T

where A“.‘BD is the bosonic “rational constraints”
A (p,p 5t ( ppe - PO (i) )
)= H Hj;éi gji
and A/}f:‘* is the fermionic “rational constraints”

1 . N 5 (s ia-
AY=(qpx) H54<_a ﬁ»x(,))y(ayp(n;ff;ﬁ o),

i O
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Twistor-string formulation for D3-brane

@ So the rational constraints A%P and A¥=* are for introducing
kinematics: the bosonic ones introduce conserved massless momenta
in 4D, and the fermionic ones introduce N = 4 SUSY.

e p% (o) and Xi(U) are degree-d polynomials, while 5%(c) and x’ (o)
are degree-d polynomials,
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Twistor-string formulation for D3-brane

@ The theory is further specified by the integrand Z. For the case of 4D
N = 4 SYM [Witten][Roiban, Spradlin, Volovich],

IYM _ 1
012023 - 0pn—-1n0n1

@ Pass from Yang-Mills to DBI, one replaces ZYM by 7PB!
[Cachazo,He,Yuan]

IDBI — (Pf/Sn)2 ;

where S, is an n x n anti-symmetric matrix with

(-1)'

Oij Oij

pi - pj y
(S”)’J = Ja Pf,Sn = PfS,;’ .
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Twistor-string formulation for D3-brane

@ So all tree-level amplitude of a probe D3-brane is given by
[He,Liu,Wu][Cachazo,Cha,Mizera] (slightly different from the original
formulas)

_ d"o dM 4D N=4 /¢ \2
A, = Vol(SL, (2, C) x GLP(LC))AB (p, p)AF ~*(q, p, x) (PL'S,)" .
@ To extract scattering amplitude A, one should take out “wave

functions”,

Ap = H‘S(p:‘z)éz laq:a)o-z()‘lad:la)A .
i=1

@ The number of independent bosonic delta-functions is the same as
the number of integration variables.

@ For D3-brane, only the middle sector d = d= 5 — 1 contributes. The
number of solutions is given by Eulerian numbers, Ng,Lg,l,

N171:1,N2,2:4,....
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Uplifting to 6D with (2,0) SUSY for M5-brane

@ Spinor-helicity formalism for 6D massless momentum,
[Cheung,O'Connell]
o The 6D spinor \; contains a SU(4) (Lorentz) index (A=1,...,4) and
a SU(2) (Little group) index (a =+, —),
PA = eab)\A >\, by, OF Pap;= GABCDP;CD = EgBS‘?AS‘I[}B :

e 6D (2,0) SUSY.

e Supercharge:

g =N, G = 0., =12

o USP(4) R-symmetry: linear ones

R, = E 77,47387]_1,;,—trace7
i

oo | Ja _
RY = Nial"s Ru=

i ] ia i




Uplifting to 6D with (2,0) SUSY for M5-brane

@ On-shell superfield of Mb5-brane,

®(n) = ¢ + 0yuf + eunbnp B +nin o + (1°)507 + (1)
Five scalars are Goldstones of SO(10,1)/SO(5,1).

e We propose the 6D rational constraints with (2,0) SUSY, which
naturally generalize those of 4D N = 4 SUSY,

A Ba
A6D (p, p 6 p,/-'tB_pa(Ui)p (o) 7
H Hj#io'ﬁ
and

n Ar . daf .
A a.p,x) =[] 6° of! — A7) )
paley Hj;éi Oji

e p2(c) and x"(o) are bosonic and fermionic degree-(4 — 1)
polynomials of o.
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Uplifting to 6D with (2,0) SUSY for M5-brane

@ The proposed formula for a n-particle tree-level amplitude of a probe
Mb5-brane in Minkowski spacetime takes the following form,

d"ocdM
Vol(G)
now G = SL,(2,C) x SL,(2,C).

Ay = A% (p, p) AE)(q, p,X) Top ,

@ dM is the integration measure over moduli space of polynomials,
P4 (o) and x"(o),

dM =[] dpf xh
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Uplifting to 6D with (2, Y for M5-brane

@ As the first check: the number of bosonic independent delta-functions
is the same as the number of integration variables.

@ 6D rational constraints turn out to have all the (n — 3)! solutions of
scattering equations, although there is only one sector.

@ In fact, integrating out moduli p's leads to scattering equations

/H dgp?m s _ Pa(ﬁ')ﬂ :( N V2 G)H 5(2 Zu )
j#i T i

J#i

V(o) is the Vandermonde determinant.
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Uplifting to 6D with (2,0) SUSY: determine Zgp

@ The rest is to determine the integrand Zgp. One way to do it is by
considering dimension reduction to D3-brane.

@ It is convenient to set Zgp as
Tep = (P'Sn)* x U(p, o),
where unknown factor U(p, o) is extra comparing to D3-brane

formula.

e Dimension-reduction procedure (go from A%D to A“.‘BD and keep only
d = d sector) generates a Jacobian, which must be canceled by

U(p, o).
@ By computing the Jacobian, we find U(p, o) should go as

6D—4D _
U(p, ) L2222, v 2(0)R(Y 22 )R(0% %)

here R(p2, pB) is the so-called resultant.
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Uplifting to 6D with (2, . determine Zgp

o A resultant R(p%, p2) determines whether two polynomials have

common roots. For instance, for polynomials
d d
A A B B
Pa (U) = Z pa,mam sy Pa (‘7) = Z pa,mam .
m=0 m=0

it's given by the determinant of 2d x 2d Sylvester matrix,

PoA,a pia P%a e gg,a 2 . 0
0 Po,a  Pl,a o o Pd—1,a Pd,a e
M§2d)(A’ B) _ g g B pé,a p/lq,a o e pg—l,a pg,a
P0,a plB’a p2B’a gd@ g 0
0 po. pra Pd—1,a Pd,a 0
0 0 Po,a plB,a pcs;fl,a pg,a
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Uplifting to 6D with (2,0) SUSY: determine Zgp

@ Unfortunately we cannot uplift R(p}r,pi)R(pi,p‘l) to 6D directly
since they are not 6D Lorentz invariant.
@ Following mathematical object, as the generalization of the resultant,
can do the job,
R(p) = det M(#9),
where M(#9) is a 4d x 4d matrix, a generalization of Sylvester matrix,

2d 2d 2d
yed _ (MED(L,2) MED(1,2)) epnan (MPV(1,2) 0 .
M 2")(3, 4) M®9(3,4) 0 ME9 (3, 4)

@ R(p) is now 6D Lorentz invariant (although not obvious). Our claim,

U(p,o) = V=2(a) R(p),
and the proposed formula for M5 brane
d"oc dM
Vol(G)

R
Ay = AP (p.p) AL (g po) (PF'S, 2 L
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Uplifting to 6D with (2,0) SUSY: determine Zgp

An alternative uplift to 6D

@ A crucial fact is that under the support of 4D rational constraints
AF(p, ),

R(pk, p3)R(p>, p) = PI'S, V(0).

Importantly Pf’'S, is a function of p; - pj, which may live in any
dimension.

@ It leads to an alternative formula for Mb5-brane,

d" dM PI'S,)’
A= [ e A%L’(p,p)A(ﬁ"’)(q,p,x)(V(U)).

@ Two formulas are actuaIIy identical using the identity
R(p) = Pf'S, V(o),

valid under the support of the 6D rational constraints A%D(p,p).
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Explicit amplitudes of M5-brane

@ Four-point superamplitude
n n
Al
Ar=0°C)_ p®)* (X _ai").
i=1 i=1

For the amplitudes of four B,p's (generate from H*),
A(Bahbw Bazybz’ Ba3,b3v Ba4,b4) = <1a12323a34a4><1b12bz3b34b4> +Pa.
here Lorentz invariant braket

P Al A2 A3 A4
<1a12a23a34a4> - 6/‘\1/‘\2A3A4/\1,31 )‘2,32)‘3,33)‘4,34 :
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A side comment on (N, 0) with A/ > 2

@ The four-point amplitude is in fact uniquely fixed by the symmetries,
power counting, and the fact that a three-point amplitude is
inconsistent with (N, 0) SUSY[Czech, Huang, Rozali].

@ Is it possible to have A/ > 27 It turns out to be impossible for a
unitary theory with UV completion. Because:

A4 _ 54./\/'(2 q;4,l) ~ )\4./\/ ~ SN.
i=1

UV completion requires lower-energy EFT have a positive coefficient
in front of s2 in the forward limit. [Adams et al][Yu-tin's talk].

@ One implication of this is that 6D (A,0) CFT with A/ > 2 should be
free, that one can consider the four-point amplitude is generated from

effective action of the CFT on the Coulomb branch. [Cordova,
Dumitrescu, Intriligator]
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Scattering amplitudes of D5-brane

@ The proposed formula for tree-level amplitudes of D5-brane

d"odM 11
Ao= [ Sy AE 0 8870000 Teo.
with
NI s lon P2 ()X’ (01) sla I,_M :
F(a,0,x H ( [1,.:0 “ I 03

o Agree with amplitudes computed from D5 action.
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Scattering amplitudes of D4-brane

@ The proposed formula for tree-level amplitudes of D4-brane

_ [d'odM s (Pf'S,)?
An = VOI(G) Ap (pa p) AF(qa P X) V(O‘) )
where
n n—1
i i QABPa (oj)p (U')
A (p.p) =] (p,-AB ()01 > < v

E HJ#I i E HJ#/ Tij

and

A la

p5(0i)x (o)
£(g, p, & af" - :
X H < Hj;éi”ij

The “rational constraints” in 5D again contains all (n — 3)! solutions
of scattering equations.

@ Similar formulas can be obtained for D-brane in other dimensions and
M2-brane.
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Comments on double copy and non-abelian theories

@ (super) probe D-brane in flat space can be viewed as a double copy of
(super) YM ® NLSM. [Cachazo, He, Yuan]

e Exchange between (super) probe D-brane and (super) YM by
1

(Pf'Sy)? < —————.
012023 "+ Onl
@ The above replacement leads to a formula for 6D (1,1) SYM

Pf'S, 1

V(o) 012023+ 0pm

[ d'odM
N Vol(G)

An A% (p, p) ALY (g, p, X)

at least for even number of particles.
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Comments on double copy and non-abelian theories

@ One may ask if one can do the same replacement for the formula of
(2,0) M5-brane, this would lead to:

Pf'S, 1
V(o) 012003 0pm

B d"odM  sp (2,0)
A"_/VOI(G) Ag (p,p) AF (g, 0, X)

@ The above formula has many correct properties such as
SL;(2,0) x SL,(2,C) symmetry, but we know that non-abelian (2,0)
tree-level S-matrix should not exist.
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Comments on double copy and non-abelian theories

@ Indeed we already see a problem at four points. The four-point
amplitude from the above formula is simply

4 4 Al
P ar)
A :56 ; =14 )
* (’z:;p) 512 523

o Compare with the amplitude of M5-brane, the factor 5121523 introduces

poles, but the residues cannot be product of three-point amplitudes,
since they are forbidden by (2,0) SUSY.
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Conclusion and remarks

@ We proposed twistor-string like formulas for all tree-level S-matrices
of a probe M5 brane and various probe D-branes in Minkowski space.

@ The formulas pass various consistent tests, such as soft theorems,
factorizations, SL(2, C) etc, which | did not discuss at all!

@ It would be very interesting to find such formulas for tree-level
S-matrices of a probe M5 brane and probe D-brane in AdS space.
They are closely related to low-energy EFT of non-abelian (2,0) or
SYM on Coulomb branch.

@ Another interesting direction is to understand whether there are
underly twistor theories that directly produce all these mathematical
formulas, as in the case of SYM and gravity.
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Thank you!
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