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“photo” by Event Horizon Telescope Collaboration '19






Motivation
» BH merger GW150914 seen by LIGO+Virgo
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» EOB Hamiltonian from PM scattering instead of
from PN 2-body bound-state dynamics

Buonanno, Damour '98 — Damour '16

» On-shell amplitude methods:

quantum gravity scattering easier than GR dynamics
e.g. 3PM O-spin Hamiltonian by Bern, Cheung, Roiban, Shen, Solon, Zeng '19
talks by Shen, Solon and Zeng
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» EOB Ham|Iton|an from PM scattering mstead of

from PN 2-body bound-state dynamics

Buonanno, Damour '98 — Damour '16

» On-shell amplitude methods:
quantum gravity scattering easier than GR dynamics

This talk:
» 1PM and 2PM BH scattering with spin from amplitudes

e.g. 3PM O-spin Hamiltonian by Bern, Cheung, Roiban, Shen, Solon, Zeng '19
talks by Shen, Solon and Zeng
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Spin exponentiation
from minimal coupling



Spin exponentiation
from minimal coupling

Want: extract classical spin dependence (S* € R*)
from quantum spin amplitudes (s € Z)
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Minimal-coupling 3-pt amplitudes
Arkani-Hamed, Huang, Huang '17
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Minimal-coupling 3-pt amplitudes
Arkani-Hamed, Huang, Huang '17

k 2s
P2 S () K (12)9%
M = g et r=—L2(p-c)
-1
(577) _ R [12]®28 — e Q -
P Ms" = S om2s—27 [m (- )}

eg. MY = —k(p - h)?

Angular-momentum structure inside:

©2s (0,+) + S pv
M Z g0 (12)9% M, [2|®23exp<_ik/ﬁ'/;>|1]®zs
D1

m2s m2s

. 12 ©2s (0,-) k. e~ gtV

Mé ):MgO, )| ]2 _ M32 <2|®2sexp<—i pev 9 >|1>®2$
m=$ m=s p1-E”

Guevara, AO, Vines '18

inspired by soft theorems, e.g. Cachazo, Strominger '14
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Angular-momentum exponential of Kerr

Vines '17

Stress-energy tensor (eff. source) for lin. Kerr BH:*

1
Tgy(x) = m/dTp(M exp(a * 8)”)ppp(5(4) (x —ur), P = mut

Tgﬁ(k) = 5(1) k)p(“ exp(—ia * k)”)ppp7 SH — mat

“Hat notation absorbs straightforward powers of 27.



Angular-momentum exponential of Kerr

Vines '17

Stress-energy tensor (eff. source) for lin. Kerr BH:*

1
Tgh(z) = m/dpr exp(a * 8)”)ppp(5(4) (x —ur), P = mut

Ten(k) = d(p - k)p* exp(—ia * k)”)ppﬂ SH — mat

Couple to on-shell graviton h,,, (k) — 5(k2)5uay:

s (R) T (—K) = S(k)(p - k) (p - €)° exp (‘kpfg>

vV __ Vpo
where St = e pas

“Hat notation absorbs straightforward powers of 27.
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Kerr <= minimal coupling to gravity
Guevara, AO, Vines '18
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Kerr <= minimal coupling to gravity

Guevara, AO, Vines '18

Dy (R) T3 (—K) = 6(k)d(p - k) (p - €)° exp (‘kps>

Compare to
(0,+) + zuv k
(s4) _ Ms ©2s kuejo ©2s P
M = T 2] exp(z P >|1]

(077) — MV
(s,—) _ M3 ©2s 'kNEI/O. ®2s
M) =25 exp(—zpl )|1> .,
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Kerr <= minimal coupling to gravity

Guevara, AO, Vines '18

Py (K)TE (=) = S(K*)3(p - k) (p - 2)* exp< H)

p-E
Compare to

M(O ) s kyetatr s ) k
M:(Ss,-&-) [ ‘®2 exp( Iz -~ >|1}®2 p

m2 pP1-€

(0,—)
(s,—) _ Mg ©2s ke, o ©2s

R (e [E

Matching spin-induced multipole structure!

complementary picture: 1-body EFT of Kerr by Levi, Steinhoff '15
match to Wilson coeffs by Chung, Huang, Kim, Lee '18
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Spin exponentiation in covariant form

CoVaria nt fOrmUlatiOn: Bautista, Guevara '19
pv
s 0 k EVZ
Mé) :Mé Jes -exp(—z“ €1
p1-€
Lorentz generators:
HVN\O1...05 — WuV,01 o2 Os
(E ) TL-Ts % T157'2"'6Ts Suv,o _i[npaéu_nuaéu]
o1 Os—1 NV UV,0, T T T
Ho 0T BT
POlariZatiOn tensors: Guevara, AO, Vines '18, Chung, Huang, Kim, Lee '18
. a b
ga1--a2s 6(a1a2 8a25_1a25) aab _ Z<p( |Gu|p )]
= A A s =
PH1--Hs pPr1 Phs pu \/Em
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Spin exponentiation in covariant form
Covariant formulation:

s ke, B
M) = MP e, - exp (—Z“E) £
p1-€

Bautista, Guevara '19

Lorentz generators:

BT v S e iy — e
R RIS SN AP Sl Dt b N
Polarization tensors: Guevara, AO, Vines '18, Chung, Huang, Kim, Lee '18
ga1--a2s 8(a1a2 N .6(125_11125) aab _ 7:<p(a|0./i|pb)]
DU s P Phs J

pp \/ﬁm

Spinor-helicity formulation: Guevara, AO, Vines '19

s o S k €j5uu S ) s S
MG = M g2 exp(—z“>|1}®2 = 205129 exp(—2k - a)[1]2

pl . E+
WO ke, oM M
M) = 0 (2] O exp (i~ ) 1) = (2] O exp(2k - a)|1) 0%
p1-€
B G =
at aﬂ =5 e,uupapayo.poyaﬁ’ a =53 G#Upgpaugpg’ag
ot = %a[“a"’], gt = %Er[“a”] (and tensor generalizations)
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Spin quantization
1
Define Pauli-Lubanski vector operator Xy = Q—e,vw,,E“”pp
m
Its 1-particle matrix elements are

SLaH0) = (~1)selat. w0

_ 77{ allo—,u p(b1 + [p a1|o_ |p b1>} azby  azs)bas)
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Spin quantization
1
Define Pauli-Lubanski vector operator Xy = Q—eme“”pP
m
Its 1-particle matrix elements are

ng}{b} = (-1 )sg{a}. 2, -s{b}
777{ a1|0_u|p(b1 +[pa1|o_ |p b1>} azby  azs)bas)
Spin quantized explicitly:
ssh, ar=...=ag =1,

g =D e =241,
Ep{a}~ E“-E}g 4 7

_ 2s
o —\(s=2)sy, > a;=25+2,
Ep{a} Ep
=88, a1 =...=as =2,

in terms of unit spin vector

1 _
sy =~ 5 {1l 9] + [r]o” 1)} psp=0
1 _ 51 1 - 502 5p =1
- %UPWH'Y Up = 7%“”27“7 Up P
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Spin asymmetry of chiral reps

Puzzle: ©
two reps of M(s -‘r) <21>®2s — /\n:‘gs [2|®28672k-a‘1]®2s
seem to depend dlfFerentIy on at
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Spin asymmetry of chiral reps

Puzzle: ©
two reps of M(s -‘r) <21>®2s — /\n:‘gs [2|®28672k-a‘1]®2s
seem to depend dlfFerentIy on at

Fix: Guevara, AO, Vines '18
“divide” by

lim ey - e = lim —5o (2|92 |1)O2 = lim L [2|925eha|1]O2s
S5§—00 S§—00 S§—00
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Spin asymmetry of chiral reps

Puzzle:

two reps of M
seem to depend dlfFerentIy on at

(s4) _ <21>®23 _ Méo) [2|®23672k-a‘1]®2s
m S

Fix: Guevara, AO, Vines '18
“divide” by

lim ey - e = lim —5o (2|92 |1)O2 = lim L [2|925eha|1]O2s
5—00 5—00 5—00

Hint: Levi, Steinhoff '15

“spin-induced higher multipoles should naturally be considered in
the body-fixed frame”
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Spin asymmetry of chiral reps

Puzzle: ©
two reps of M(s -‘r) <21>®23 — /\7,/:5’5 [2|®28672k-a‘1]®2s
seem to depend dlfFerentIy on at

Fix: Guevara, AO, Vines '18
“divide” by

lim ey - e = lim —5o (2|92 |1)O2 = lim L [2|925eha|1]O2s
5—00 5—00 5—00

Hint: Levi, Steinhoff '15

“spin-induced higher multipoles should naturally be considered in
the body-fixed frame”

Solution: Bautista, Guevara '19
Guevara, AO, Vines '19
also in Arkani-Hamed, Huang, O'Connell '19

must only compare states of same momentum!
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Lorentz-boost exponentials

Bautista, Guevara '19
Guevara, AO, Vines '19

i also in Arkani-Hamed, Huang, O'Connell '19
Consider p; — po boost:

ph = exp(Zzpi k" S)” p]

|2 > U12anp(m2p1kV‘7w)|1a>
|b] Usg anP( 2p1kyauu)|1a]

K= (P2 —p1)2 =0
Uyp € SU(2)
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Lorentz-boost exponentials

Consider p; — po boost:
Ph = exp (=P K Ew)" pf

| > Uiy anP(mﬁp kyauy)ua)
| b] U12 aexp(m.Qp kllo—uy)lla]

Self-duality of o, " implies

1 1
2p#kl/ v ﬂ:k,aaﬁ’

Bautista, Guevara '19
Guevara, AO, Vines '19
also in Arkani-Hamed, Huang, O'Connell '19

k= (p2 —p1)2 =0

Upp € SU(2)
R MLV = a = — . CM
SP1k O k-a 5

in terms of left- and right-handed reps of Pauli-Lubanski vector

1
a“’f — eHvpo

B
2m2 pal/o-pa',o( ) a

e

1 .
_ uvpo = &
B o 2m2 € pal/o-pa.’ B
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Spin exponentials from Lorentz boosts

Arbirary-spin reps boost as

. 2 —k- 2
‘2>®2s:6ka{U12|1>}® S7 |2]®2s:€ ka{Um’l]}@ s
25 _ k. 2 .
<2’®25: {U12<1‘}® 86 ka’ [2’@28: {U12[1‘}® Seka
"m?* cancels due to (p?p®) = —[pp’] = —me®®.
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Spin exponentials from Lorentz boosts
Arbirary-spin reps boost as

|2)©% = (3’“'“{U12|1>}®287 2]9% = e—k-a{me }QQS
<2’®2s: {U12<1‘}®236—k~a’ [2’6)23: {U12[1|}®25€k.a

Back to spin dependence of 3-pt amplitude:”

. MO . MO % —ia .
ME™) = 228 (21)0% = A {U5(1] )% R 1) 2

(0)

M(O) 9k M ©2s k.
= [ |®25 2k- ‘1]@282 m7235{U12{1|} e ka|1]®2s

;Méo)ef’f'aslggo((]m)@% unambigiously!

S§—00

at is now classical (C-number) spin of Kerr BH

m?® cancels due to (p°p®) = —[pp®] = —me®’.
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1PM with general spin dependence



I m pu |Se form u |ae Kosower, Maybee, O'Connell '18

Maybee, O'Connell, Vines '19

LO impulses:

Apl = << / d*k6(2pa- k)o(2py- k)kHe b/ hi./\/t4(k:)>>

Kosower's talk

ASH = << / d*k6(2pa- k)o(2py- k)e /"

X <T%p55;’ky/\/14(k) + [ 58 iMa (k)] ) >>

Py = - (p3 +pa)
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I m pu |Se form u |ae Kosower, Maybee, O'Connell '18

Maybee, O'Connell, Vines '19

LO impulses:

Apl = << / d*k6(2pa- k)o(2py- k)kHe b/ hi./\/t4(k:)>>

Kosower's talk

ASH = << / d*k6(2pa- k)o(2py- k)e /"

X <T%p55;’ky/\/14(k) + [ 58 iMa (k)] ) >>

1
Pa = 5 (p1 + p2) Db = 5(2?3 +pa)
Net effect of << o >>
kE* = hk* — 0, i ph — maut, ph, P — myul
S, SY — maak, SE, Sy — myal,
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Holomorphic Classical Limit (HCL)

Cachazo, Guevara '17
Guevara '17

Idea: Replace k* = hk* — 0 by non-zero on-shell t = k? — 0
Indeed, k2 =0 = p;-k=0(t)=0
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Holomorphic Classical Limit (HCL)

Cachazo, Guevara '17
Guevara '17

Idea: Replace k* = hk* — 0 by non-zero on-shell t = k? — 0
Indeed, k2 =0 = p;-k=0(t)=0

Mfa’sb)(ph—pz,pz,—m)
-1 Sa S
= > M (1o KM (g, —pa,—kF) + O(#)
+
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4-pt “classical amplitude” from HCL
Guevara, AO, Vines '19

_ Da"Pp N
\/1—112 MMM, e th

—(K/2)%y
My= 25,—2

255—2
ms mbSb t

1 ’U {U 1|}®25a 7kad|1 QZS“{U 3|}®25b 7kab|3]®28b

+(1+U)Z{U12[1|}QQSaek-aa‘1]®2sa{UB4<3|}@28bek.ab|3>®28b)
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4-pt “classical amplitude” from HCL
Guevara, AO, Vines '19

_ Da"Pp N
\/1—112 MMM, e th

—(K/2)%y
My= 25,—2

255—2
ms mbSb t

1 ’U {U 1|}®25a 7kad|1 @28d{U 3|}®25b 7kab|3]®28b

+(1+U)2{U12[1|}QQSaek-aa‘l]QZSa{U34<3|}®28b6k)-ab|3>®28b)

Remove parity-oddness using
v oo
. €uvpo @y L,PaPy
k-asn =1tk -w*ayy, [w*aap), = ——————
MaMpyv
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4-pt “classical amplitude” from HCL
Guevara, AO, Vines '19

_ Da"Pp N
\/1—112 MMM, e th

—(K/2)%y
My= 25,—2

255—2
ms mbsb t

1 ’U {U 1|}®25a 7kad|1 @28d{U 3|}®25b 7kab|3]®28b

+(1+U)2{U12[1|}®28a6k.aa‘1]®2sa{U34<3|}®2Sb6k.ab|3>®28b)

Remove parity-oddness using

Vo PO
. €uvpo @y L,PaPy
k-asn =1tk -w*ayy, [w*aap), = ——————
maMpYv

K\2m2m2

(My(k)) = 7<§) 22 o Z(l +v)2exp[Ei(k - w xag)], al =a" +afl
+
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4-pt scattering function

Guevara, AO, Vines '19
from momentum transfer/mismatch k*

K\2 mgmﬁ

(My(k)) = — (5) 12 ~? Z(l + v)? exp[£i(k - w * ag)]
+
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4-pt scattering function

Guevara, AO, Vines '19
from momentum transfer/mismatch k*

H)Q mgmfD

(Ma(k) = =(5) "5 D (1% )P expli(k - w + ao)]
=+

to impact parameter b*
(M) = [ kb (2par 16 D) (M)

= —Gmamp L Z(l + v)%log\/— (b F w * ag)?
VT

pb,=—-pP
Aphs bz<0
} Ap, b-p,=0
P.=DP

eikonal Fourier transform e.g. in Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18
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Linear and angular impulses from scattering function
Guevara, AO, Vines '19

(May(b)) = —Gmambl Z(l +v)?logy/— (b F w * ag)?

v

Apt = << / d*k6(2pa- k)o(2py- k)kﬂeik'b/hz'/\/t4(k)>> = 7%0\44(1)»

"Relied on little-group so(3) algebra of S in rest frame of pa, i.e.
v i vpo 1 vpo 8-/Vl4
(83, 83] = - papSae =[S Mal = = panSap o
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Linear and angular impulses from scattering function
Guevara, AO, Vines '19

(May(b)) = —Gmambf Z 1+v)?logy/—(bF w* ag)?

ot = ({ fkiCn 1 en BRI ) =~ g M)
Aay = n}ba<< /J4k5(2pa. k)8 (2py, - k)e~ikb/h

(et SthAMa(h) + (82 iMa(0)] ) )

« 1
ull w v
N mg[paaaabv

0
Hypapayaapa :| <M4<b)>

"Relied on little-group so(3) algebra of S in rest frame of pa, i.e.
v i vpo { vpo 8M4
[S;Lysa] = mia " papS = [S§7M4] = miaﬁ'u ’ pauSapTSg.
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Linear and angular impulses from scattering function
Guevara, AO, Vines '19

(May(b)) = —Gmambfz 1+v)?logy/—(bF w* ag)?

ot = ({ fkiCn 1 en BRI ) =~ g M)
Aay = n}ba<< /J4k5(2pa. k)8 (2py, - k)e~ikb/h

><<—2paS”k Ma(k) + | g‘,iM4(k)]>>>

1 v a vpo a
miz [pgaa aby e pal’aaﬂa :| <M4<b)>

[1*

Complete match to 1PM classical solution! Vines '17

*Relied on little-group so(3) algebra of S in rest frame of pa, i.e.
v i vpo { vpo 8M4
[S;Lysa] = mia e papS = [S§7M4] = miaﬁ'u ’ pauSapTSg.
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1PM classical solution for general spin orientations

Vines '17

Linear and angular impulses

Aph = GmampRZH

At = = [ (0, RZ) + 7 (32, )payitng)
in terms of an auxiliary complex vector

g7 Y1+ )’ ¥ i(*w)““]w

v (bF w *ap)

Z" automatic from scattering function (My(b))
0 (My(b)) = —GmampRZ,, 0 (My (b)) = GmampSZ,
bk dat
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Aligned-spin results at 2PM



Classical contributions from loops

» Th: classical from 2-massive-p. irreducible graphs
with 1 massive prop. per loop Neill, Rothstein '13
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> 1 loop: triangles with massive propagators
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Classical contributions from loops

» Th: classical from 2-massive-p. irreducible graphs
with 1 massive prop. per loop Neill, Rothstein '13

> 1 loop: triangles with massive propagators

> 1 loop: boxes contribute to Ap, p Kosower, Maybee, O’Connell '18
. ’ Kosower's talk
but not to scattering angle .

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18
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Classical contributions from loops

» Th: classical from 2-massive-p. irreducible graphs
with 1 massive prop. per loop Neill, Rothstein '13

> 1 loop: triangles with massive propagators

> 1 loop: boxes contribute to Ap, p Kosower, Maybee, O’Connell '18
. ’ Kosower's talk
but not to scattering angle .

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18

> 2 loops: topologies with more massive props. contribute
Bern, Cheung, Roiban, Shen, Solon, Zeng '19
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2PM aligned-spin scattering angle from 1 loop

Guevara, AO, Vines '18
> Incoming spins L to scattering plane

= outgoing spins stay aligned, Aa, , = 0, scattering within plane
= scattering angle 6 implies Ap, 1,
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2PM aligned-spin scattering angle from 1 loop

Guevara, AO, Vines '18

> Incoming spins L to scattering plane
= outgoing spins stay aligned, Aa, , = 0, scattering within plane
= scattering angle 6 implies Ap, 1,

» Use known non-spinning formula from eikonal

0 “E 0 [Pk, o)
96in - — o —ik- 1 Sa,Sh 3
) (2mgmpyv)? Ob /(27r)2 c sa,slggoo<M4 HO(E)

Kabat, Ortiz (1992); Akhoury, Saotome '13
Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18
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2PM aligned-spin scattering angle from 1 loop

Guevara, AO, Vines '18

> Incoming spins L to scattering plane
= outgoing spins stay aligned, Aa, , = 0, scattering within plane
= scattering angle 6 implies Ap, 1,

» Use known non-spinning formula from eikonal

0 “E 0 [Pk, o)
96in - — o —ik- 1 Sa,Sh 3
) (2mgmpyv)? Ob /(27r)2 c sa,slz}goo<M4 HO(E)

Kabat, Ortiz (1992); Akhoury, Saotome '13

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18

v

Triangle contributions encode 6

v

Compute triangle coeffs in HCL

Cachazo, Guevara '17; Guevara '17
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2PM aligned-spin scattering angle from 1 loop

Guevara, AO, Vines '18

> Incoming spins L to scattering plane
= outgoing spins stay aligned, Aa, , = 0, scattering within plane
= scattering angle 6 implies Ap, 1,

» Use known non-spinning formula from eikonal

0 —E 0 [Pk, e
2 m— — _ —ik- 1. Sa,Sb 3
Y T Cmampyo)? 0 / G 0, I (M) 406

Kabat, Ortiz (1992); Akhoury, Saotome '13

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18

v

Triangle contributions encode 6

v

Compute triangle coeffs in HCL

Cachazo, Guevara '17; Guevara '17

v

Extract angular-momentum dependence from spin exponentials

25/28



2PM aligned-spin scattering angle result

Guevara, AO, Vines '18

my O dz (1 —wv2)? z—v |71
0y =71G?E— — —— b - a
R WA 7€%>l/v omi (22— 1320 P T T
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2PM aligned-spin scattering angle result

Guevara, AO, Vines '18

my O dz (1 —wv2)? z—v
0, = TGPE—b 2 7’17 .
=7 204 0b7§%>1/v 273 (22 —1)3/2 1w

-1

01—Ioop _ 94 + 0» _ —’/TG2 0 |:mbf(aa, ab) + maf(ab; aa)] y

ob

where

E = \/m§+m%+2mamb\/l — 2,

+ 2% — 2a)®
flo,a) = %2 |~ U ) 3/2 O(a),
dvs|(g+ #)? — (2va)?]
j=vb+o+a, 2= +/7? — dva(b + vo)
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2PM aligned-spin scattering angle result

Guevara, AO, Vines '18

my O dz (1 —wv2)? z—v
0, = TGPE—b 2 7’17 .
a7 204 0b7§%>1/v 273 (22 —1)3/2 T

-1

01—Ioop =0,+0, = —7TG2 gb |:mbf(aa, ab) + maf(ab; aa)] )

where

E = \/m§+m%+2mamb\/l — 2,

+ 2% — 2a)®
flo,a) = %2 |~ G ) 3/2 0(05)7
dvs|(g+ #)? — (2va)?]
g=vb+o+a, 2= +/7? — dva(b + vo)

true at least through O(a?), possibly wrong beyond O(a*)

Bini, Damour '18
Vines, Steinhoff, Buonanno '18
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Gravitational Compton amplitude

s _ K\? s
ME (o1, —pa b k) = = (5 ) (21

_( )<4|1|314 22 ([13)(42) + (14)[32]) >
T \2 (2p1 - ka)(2p2 - ka)(2k3 - ky)

> first appeared in Arkani-Hamed, Huang, Huang '17
> problematic at s 2 4 double-copy aspects in Johansson, AO '19
> alternatives proposed in Chung, Huang, Kim, Lee '18
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Summary & outlook

» Spin exponentiation pattern inherent to Kerr BH
Guevara, AO, Vines
Bautista, Guevara
Guevara, AO, Vines
Arkani-Hamed, Huang, O'Connell

» 1PM match for general spin (to all orders in spin) Vines

> 2PM results for aligned spins:

» match at presently known orders in spins

Bini, Damour
Vines, Steinhoff, Buonanno

» conjectured results for higher orders in spins

consistent with Siemonsen, Vines '

» Used HCL,
need better connections between classical-limit approaches

Guevara

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove
Cheung, Rothstein, Solon

Kosower, Maybee, O'Connell

Koemans Collado, Di Vecchia, Russo

Bjerrum-Bohr, Cristofoli, Damgaard, Vanhove
Maybee, O'Connell, Vines

Kalin, Porto

» Open questions at higher orders in G and spin

MORE NEW RESULTS TO COME!

18
19
'19
19

'18
18

17
'18
18
'18
'19
'19
'19
'19
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Thank you!



Backup slides
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Spin supplementary condition

Covariant spin exponentiation:
ke, 2
M(S) = Mé ey - exp( Puev s > €1
p1-€

1
g9 = exp<m2p‘1‘k:”2ﬂ1,> €1, &1 = Ul(;)sl — LG transform

) ke, XM

M = MOz, exp <_2puku > eXp< pEv >61
p1-€
k E‘“’
név )51
p1-€
2

Z'Ij_y = Y + Wp[l'uzy]pplp = pluzlj_y =0 — SSC

= M3 €1 exp(
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Little groups

» Quantum fields < reps of SO(1,3) C SL(2,C)
» Quantum states < reps of LITTLE GROUP's dbl cover

> massless states < SO(2) C U(1)
» massive states < SO(3) C SU(2)

Minor complication: spinorial reps use groups' double covers

U(1) and SU(2) arise naturally in spinor helicity
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Massless vs massive spinor helicity

Arkani-Hamed, Huang, Huang '17

MASSLESS

MASSIVE

det{p,3} =0

Pog = Apaj\p,@ = ‘p>oz[p|,6

p* = 3 (plo*Ip]
Paghy =0
(pg) =—(ap) = (pp)=
[pgl = —lgp] = [pp|=0
(pa)lap] = 2p-q

det{p,3} = m?

Dap = )‘pggabj‘p% = [p*)alpals
det{\, 5} =det{\, &} =m
P = 3{(p"|o"|pa]

paﬂ)\gﬁ = m)\pg

<ab_ b

p*¢") = —(¢"p") eg. (p*p’) = —me"
[p°q"] = —[¢"p"] eg. [pp"] =me®
(P"¢")[avpa] = 2p-q
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Little group transformations

Consider Lorentz transform p* — Lf,p¥ <« LV, = % tr(&“Sal,ST)

SSO S‘SZ
(1)3) Q@
MASSLESS:
p) — S|p) = €'*/*|Lp) (p| = (p|S™" = "/2(Lp|
p] — ST71|p] = /2| Lp] [p| — [p|ST = e~*/2[Lp|

e™® ¢ U(1) encode 2d rotations in frame where p = (E, 0,0, E)

MASSIVE:
") — S|p®) = w|Lp") Py — [p")S™ = w|Lp®)
p?] = ST p?] = w [ Lp’| [p?| — [p*ST = w [Lp"|

w € SU(2) encode 3d rotations in rest frame where p = (m, 0,0, 0)

34 /28



Wavefunctions from helicity spinors

Massless:
+ +
€Z+ _ ijto—ﬂlp] 5p .p:gp.q:O
2(qp) p'q"+ q"'p”
W'l SprEp—t -ty = Nk
B
gt — W9 14]
" V2pg) et gy = —om )
Massive:
( ) Py =0
i(p'®lou[p” ] b _ Duby
cop = WL S e =+ P
gab .o — _5lagh
p “Epcd = 7O %)

Guevara, AO, Vines '18

Chung, Huang, Kim, Lee '18
and (symmetrized) tensor products thereof
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Helicity basis

Arkani-Hamed, Huang, Huang '17
Take p# = (E, P cos psiné, Psin sin 6, P cos )

p?) = A @ = VE—P cos ¢ 5 —VE+Pe” “Psm
per vVE— Pewsmg \/E—i—Pcosg

= ko= —VE+Pe%sing  —/E—Pcos}
PI= %6 =\ /E¥Pcos?  —/E—Pe sin
Then

K@ 1 1 a—1_p

$ (up) 2m pary ’7 u _(_ ) Sp

sy = %(P, Ecospsinf, Esinpsinf, E cosf)

36
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3-pt gravitational vertices

Guw = N + Kl = g™ =0 + kW™ + O(k?)

Spin 0: [N
3
Lscalar = g™ (&L‘P)T(&/W) - ngaTgO (V)
v t ~ l/{pl p2
Loon = —kh* (0,0")(0,9) e
$1- T P2

Spin 1:
1

Lproca = =5 VL,V +m?V [V
Lyvy =k (VI,V,7 =m?ViV,)

hs?
=~ —ik[((p1 - p2) +m® )i
N + ) — 0 Pl — papi 0]
Vi v
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3-pt gravitational amplitudes
Spin 0:

- €
where x:\/ﬁu
m

Spin 1:
3+
_ IR 22 (1(a1 9(bry qaz)5b2)
= ——x (1'" 2 19272
202 (101 20) 190317
T{a} & *\ 2{b}
3-
_ IR 22 [1(a1 9(b17[7a2)32)
= 14912 19272
a2 (100 20193
T{a} & ‘\ z{b}
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Minimal 3-pt amplitudes

My(T1, 200 3%) =

Arkani-Hamed, Huang, Huang '17

7@ <1a2b>®23 )

9 m2s—2 T+

Ha} o} qmy _ 0K [192°]9%

M1, 20 37) = QG U
v — 2P, S (r[1[3] - _ 3y 1
m T m(r3y B m|r3] Ty

NB! Independent of ref. momentum r

p3 —m® =2pi-ps = (3[113] =0

=

Jx € C:|1]3) = —mxz|3]
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3-pt amplitudes as exponentials
Guevara, AO, Vines '18

(192%) = [192°] + —— [1k][K2"), me, = V2pr-£*)
mx+
[192°] i (192%) — ﬁ(l%)(k 2%y, mz_ =2(py-e7)

oghpoze {<1a2b> ) <1ak><k2b>]@23 (1ao lz <2§> ( k><kl)] o2
ma_ = \J ma_

— <1a|®23€xp( ku V;]2 )|2b>®23 _ <2b|®23€xp( ku I/;’l >|1a>®2$
D2

b1
(s) a? 2 Mgo) 2 kue, J* 2
S) 1 -\ _ s __ s v s
M5 (1,2,k7) = o [12]9%° = " (2| exp(z P >|1>
2 (0) + Juv
(s) T +y Ty o2s_ Mz 2s kuey J 2s
M57(1,2,k7) = P (12) = 2| exp(zp.@_ 1]
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Angular momentum diff. operator Witten '03

used in Cachazo, Strominger '14

Massless momentum k*

J |:>\a ,uu B Y 8 +)\ka,uuo¢ ? :|
“on PN

, 3 0 ,
Jadyﬂfé =2 |:)\k( 6)\ ) O‘B—’_ a,B k(a 8)\k;[3):| = Ota BﬂJ

Massive extension Conde, Joung, Mkrtchyan '16

0 < 0
Jad y = 20 |:/\ aaiaed' + €O¢5/\ ad.,':|
B8 p( 3)\5) B p( 8)\5)‘1
Consistency: 5
v spin-0 function f(p) Juw f(p) = L f(p), Ly, = 2ip[“w

Juwbp = P ¥, Juv€p = €087, P =[P og — P ol]
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Angular momentum diff. action

] o ) Guevara, AO, Vines '18
Differentiation action:

ke T ") = ke, J*|p"] =0
ke, TN oo 25)! ooy 1R (kp®)\?
< M > |p >®2 _ ( ) '|p >®(2 j)®<‘ >< >>

p-e” (2s — j)! ma_
kﬂgl—i—‘]uy ’ ‘pa]QQS — (25)' ’pa]Q(stj) o |k;] [kpa] I
p-et (25 — j)! ma4

Algebraic realization on |p)©?* and |p]©2*:

. ®j
(aea— =9 2s—y)\ mz_ ’ -

p 0 . j>2s
et N @)L (MFNY oo < o
o) T (2s — '\ may 0T

p 0 . j>2s

connects to intuitive “spin-operator” terminology in Guevara '17
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Angular momentum in soft theorem and Kerr BH

Soft theorem:* Cachazo, Strominger '14
- -e)? (pz e)(kue, JI) 1 (kung'Wf] 2
M, o | M, + Ok
e ;[pk pi-k 2 pi-k &
" (p; - £)? eI 1 (e, JE 2
_ Z p 5) ME i _ ( ,U€ ) Mn 4 O(kZ)
= i k p;-€ 2 p;-€
Vines '17

Energy tensor of Kerr BH:

T4 (k) = 6(p- k)p" exp(—iax k)" ,p* + O(G) =
Z_k#syS’“’ B 1 kue,S
p-€ 2 p-€

ST, () = S5 (p - k) (p - <) [1 ) + o).

where p" = mu*, St = ePpLa,

“Omitting prefactors of —i(x/2)" "2 in M, where k = /327G.
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