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Gravitational waves

[LIGO Scientific Collaboration and Virgo Collaboration 2016]
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Gravitational waves

[LIGO Scientific Collaboration and Virgo Collaboration 2016]
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Compact binary systems

SN

* Masses comparable: m = m; ~ my
Generalisation to different masses straightforward

* Nonrelativistic system: v < 1

Gm?
r

e Virial theorem: mv? ~

Post-Newtonian (PN) expansion:
Combined expansionin v ~ /Gm/r < 1
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Post-Newtonian expansion

Conservative dynamics, no spin: complete results up to 4PN (v8)

o ADM Hamiltonian formalism [Damour, Jaranowski, Schafer 2016]
¢ Fokker Lagrangian in harmonic coordinates

[Bernard, Blanchet, Bohé, Faye, Marchant, Marsat 2017]

e Non-relativistic effective field theory

[Foffa, Mastrolia, Porto, Rothstein, Sturani, Sturm 2017-2019]

Partial results at 5PN

[Foffa, Mastrolia, Sturani, Sturm, Torres Bobadilla 2019; Blimlein, Maier, Marquard 2019]

[Bern, Cheung, Roiban, Shen, Solon, Zeng 2019; Bini, Damour, Geralico 2019]

Method in this talk:
non-relativistic effective field theory (coidberger, Rotnstein 20041
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General Relativity
e Here: point-like objects
® No spin
* No finite-size effects (neutron stars: 5PN, black holes: 6PN)
* Harmonic gauge fixing: 0,,(v/—gg** —n**) =0
g = det(g"")
¢ Dimensional regularisation: d = 3 — 2¢

SGR = SeH + SaF + Spp
L[,
SEH_lﬁWG/d x +/—gR

1 d+1
SR g,
Sar 327rG/d XVTEL
oxt* OxY
Spp:_Zmi/dTi:_Zmi/dt —8uv ot or
R =g"" Ry

M = go‘ﬁr“o‘/s
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Non-relativistic effective theory

[Goldberger, Rothstein 2004]

Similar to non-relativistic QCD

[Caswell, Lepage 1985; Pineda, Soto 1997; Luke, Manohar, Rothstein 2000; ...]

Full theory:
General relativity

Sar = SeH + SaF + Spp

potential gravitons:
ko~ Lk~ 1

radiation gravitons:

ko~ ¥ k~ ¥
r r

—

Effective theory:
NRGR

SNRGR = fdt%m,-v,? + @ 4+ ...

classical potentials

radiation gravitons
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Potential matching

Expand Sgrinv ~ v/Gm/r < 1, e.g.

ax,-“ oxy
Spp_—Zm;/dt —8uv ot ot __Zmi/dt V_g00+0(vi)

Coupling to spatial components of metric suppressed

Temporal Kaluza-Klein decomposition ol, smoiin 2010]

g““ = e2¢ -1 d—1 Aj
A; e_2ﬁ¢(5,-j + O','j) — A,'Aj

0 2

v v v
é’ A; gij
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Potential matching

Diagrammatic expansion
Equate amplitude in effective and full theory:

— 1 1
‘71 —iv +§ —|—§ + ...
I\

R

L \

All momenta potential, py ~ ¥ < p;j ~ 1
— expand propagators:
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Potential matching
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Potential matching

Known results

Confirmation of previous results:
® 1PN: [Goldberger, Rothstein 2004]
® 2PN: [cimore, Ross 2008]
e 3PN: [Foffa, Sturani 2011]

* 4PN:
® “static” contribution v = 0:

[Foffa, Mastrolia, Sturani, Sturm 2016; Damour, Jaranowski 2017]
® v 75 0: [Foffa, Sturani 2019; Foffa, Porto, Rothstein, Sturani 2019]

[Bltmlein, Maier, Marquard 20XX]
New:
¢ 5PN static contribution:

[Foffa, Mastrolia, Sturani, Sturm, Torres Bobadilla 27 Feb 2019; Blumlein, Maier, Marquard 28 Feb 2019 |
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Potential matching

® 4PN including velocities:

#loops QGRAF sourceirred no source loops no tadpoles
0 3 3 3 3
1 70 70 70 70
2 1770 1770 1770 1468
3 13400 9792 9482 5910
4 11822 5407 4685 1815

e Static case:

#loops QGRAF sourceirred no source loops no tadpoles sym
0 1 1 1 1 1
1 2 2 2 2 1
2 19 19 19 15 5
3 360 276 258 122 8
4 10081 5407 4685 1815 50
5 332020 128080 101570 27582 154

15/26



Potential matching

Static 5PN calculation
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Potential matching

i
’ o 2¢p?
i s i
= T (61 Oiia + 8o 8y + (2 — )88 )
— . m;
l/f\ = —1 n
" Mp
\Pl
N ik, Cd A i
B = ey Ve T Vago)
P2

Vope = P1- P28"" — 2p)' py

\Pl Jij2
NS5 Cd e | \shivdi | \jiieit | \jiivat
/i_ 16m|%|(v¢¢"" +V¢¢00 +V¢¢00 +V¢¢00
P2 i,

Vil =piy - po(§0677 — 28 6%2) — 2(pf phSh + pf ph 67E) + 88 i p
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Potential matching

Feynman rules

iy
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Potential matching

AIgebraiC manipUIationS (FORM [Vermaseren et al.])
— massless propagators:

!

dvl ds N(q, h,..., I
(q):/ 1 5 N(q.h 5)

d/2 T d/2 T =2a ~2a1g

<~ &>

<>
<>
<>
<>

e
SGHO

HOOG
OO0



Potential matching

Reduction to master integrals (crusher): (chetyrkin, Tkachov 1981 Laporta 2000]

Vi = CO@ @
+ C3@ + O(e

¢j: Laurent series in € = %, polynomials in my, mo, r—1, G1

Master integrals factorise into <__ > and known <=

[Lee, Mingulov 2015; Damour, Jaranowski 2017]
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Potential matching

Result

G

V,\f:—Tmlmg

Vit —G—2mm( + my)

1PN = 53 Mima(my + m;

Visz ——G—3mm 1(m2+m2)~|—3mm

BN = — 3 mumy | 5 (my + m; 1My

V2 —G—4mm §(m3+m3)+6m (my + my)

3PN = 7 g M2 o M 2 1mz(my + mz
G® 3 31 141

Vi = ——mm, [é (mf +m3) + 3 mm: (m3 + m3) + Tmfm%}
G 5 91 653

Vi = 76 MM [16('77? +m3) + gmlmz(mf +m3) + ?m%mg(ml + m)
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Potential matching

Full corrections include velocities and higher time derivatives:

G3 1
Lopn = + lemg [Q(m% + mg) + 3m1m2}

+ (terms depending on vi, v3)

Can be eliminated using
e Total time derivatives 6L o« & F(F, A, )
 Equations of motion § £ (51 + %F) (52 — %F)

G3 1, » o 5
LopN = _?mlm2 Z(m1+m2)+1m1m2

+ (terms depending on vi, v3)
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Post-Newtonian expansion

Energy

0.00

o :
P !
Lo !
S -
Do ;
Lo !
Lo 3
- NS r
N | ‘
o :
B 3
Lo Equal mass case R
L . . . . . |
0.00 0.05 0.10 0.15 0.20 0.25 0.30
[(rs Q)/(2c)?3

23/26



Reconstruction of exact velocity dependence

[Bliimlein, Maier, Marquard, Schafer, Schneider 2019]

Post-Minkowskian potential in isotropic coordinates:
0 [e9) /
G p?
5, 7) G Vi(5) — n (P
VB = L WO (E) =3l (mg)

Vk(ﬁ) knOWn for k S 3 [Bern, Cheung, Roiban, Shen, Solon, Zeng 2019]

When can we recover Vi (p) from a finite number of a,(/)?
e Coefficients a(/) fulfil recurrence, up to finite polynomial
¢ Recurrence is first-order factorisable
* Rational dependence of Vi on p =
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Reconstruction of exact velocity dependence

[Bliimlein, Maier, Marquard, Schafer, Schneider 2019]

Reconstruction steps:
© Guessing algorithm to determine recursion
@ Solve recursion with Sigma (schneider 2007]
® Sum the series to obtain Vi (p)

recurrence
order degree # input values
i 2 0 8
Vs 4 12 45

%] 9 26 120
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Conclusions

Inspiral phase of compact binary systems described well by
Post-Newtonian (PN) expansion v ~ \/Gm/r < 1

Effective field theories and calculational methods from
particle physics very useful at high PN orders

Four independent calculations at 4PN, all in agreement
Static gravitational potential known at five loops (5PN)
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Post-Newtonian expansion

N

e 10km < X <10000km
® 10km < rg < 100km
e Inspiral: 0.1 < v 0.5, 100km < r < 1000 km

black holes neutron stars

masses ~10-560mg ~ 1mg
radiated energy ~ 1-5mg > 0.04 mg
redshift ~ 0.1-0.5 ~ 0.01

[LIGO Scientific Collaboration and the Virgo Collaboration, O1/02 Catalog, 2018]
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Potential matching

e No pure graviton loops (quantum corrections)
¢ No single-source corrections
* No source-reducible diagrams [Fischler 1977]
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Potential matching

e No pure graviton loops (quantum corrections)
|
LS
Ve
v ~

\,/

* No single-source corrections
* No source-reducible diagrams [rischier 1977)
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Potential matching

Diagram selection

e No pure graviton loops (quantum corrections)
* No source-reducible diagrams [rischier 1977)
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Potential matching

e No pure graviton loops (quantum corrections)

* No source-reducible diagrams [Fischler 1977]
Initially time-ordered diagrams:

I\ 1 I\ I\ I\

/A =3 /A + /A = 5 /A
tij—=\t ty —=\t t -\t [

@(t27t1) @(t27t1) @(tlftQ)
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Potential matching

e No pure graviton loops (quantum corrections)
¢ No single-source corrections

* No source-reducible diagrams [Fischler 1977]
Initially time-ordered diagrams:

I—1 — I—1 —T
| | \/ _ | | | |
| | + /\ - | | + | |

| =1 f— | =1 1=
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Potential matching

e No pure graviton loops (quantum corrections)
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Potential matching

e No pure graviton loops (quantum corrections)

* No single-source corrections

* No source-reducible diagrams [Fischler 1977]
Initially time-ordered diagrams:
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Potential matching

e No pure graviton loops (quantum corrections)
¢ No single-source corrections

* No source-reducible diagrams [Fischler 1977]
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Potential matching

s T (-1+9)
@—e r(2—6+3d) 2
& - sere | T=3)TB-d)(2-9)T7 (-1+4)T(5-2d)
=e r(5i%d)F(f2+d)r(2,3+%d)|—(277+3d)
O m e L F)PC_ T (14 3)1(6+ %)

F(6—2d)I2(=3+32)1 (=7 +3d)
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€
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