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Summary

Tree-level string amplitudes have a natural interpretation1 in terms
of twisted cohomology on M0,n. This gives a geometrical
understanding of many of its properties like monodromy relations
and the KLT construction.

Is there an analogue to higher loop amplitudes, that is, for strings
on higher genus surfaces? Yes!

As a first check on our construction we compute higher loop
monodromy relations for the string, and compare them with low
genus results in the literature2.

Field theory limit of loop-level monodromy relations and KLT
should shed light on color-kinematics duality and double copy at
loops. (see next talk by Piotr)

1Mizera ’17
2Plathe ’70; Tourkine & Vanhove ’16; Stieberger & Hohenegger ’17



Summary

As a consequence of defining higher genus twisted homology we:

I Simplify the computations monodromy relations

I Argue we have found all the (generic) string theory
monodromy relations for all genus

I Give new, explicit expressions for all genus

I Obtain field theory relations which work without the need to
shift the loop momentum



Properties of tree-level string amplitudes

Open string amplitude:

1

2

34

5

n

A(1 · · · n) =

∫
∆(1···n)

n−3∏
j=1

dzj
∏

1≤j<l≤n
|zl−zj |α

′kj ·kl ϕ(zj)

I ϕ(zj) theory-dependent, rational function of {zi , kµj , ε
µ
j }.

I ∆(1 · · · n) := {z1 < z2 < · · · < zn} is a top dimensional cycle
on M0,n(R).



Properties of tree-level string amplitudes

Not all A are independent:

A(12 · · · n) + e±πik1·k2A(213 . . . n) + · · ·

+ e±πik1·
∑i

j=2 kjA(2, . . . , i , 1, i+1, . . . , n) + · · ·

+ e±πik1·
∑n−1

j=2 kjA(2, . . . , n−1, 1, n) = 0

These are known as monodromy relations3.

I Together with permutations imply4 (n − 3)! independent A’s.

I Field theory limit corresponds to photon-decoupling and
Bern-Carrasco-Johansson (BCJ) identities.

3Plathe ’70
4Bjerrum-Bohr et al. ’09



Properties of tree-level string amplitudes

Closed string amplitude:

M(1 · · · n) =

∫
M0,n

n−3∏
j=1

d2zj
∏

1≤j<l≤n
|zl−zj |2α

′kj ·kl ϕ(zj , z̄j)

I ϕ(zj , z̄j) theory-dependent, rational function of {zi , kµj , ε
µ
j }.

I Integral is over the whole M0,n.

Note that the integrand looks like the square of the open string.



Properties of tree-level string amplitudes

This squaring is made precise by the Kawai-Lewellen-Tye5 (KLT)
relations

M(1 · · · n) =
∑

β∈B,γ∈C
A(β)H(β|γ)A(γ)

where H is the (n − 3)!× (n − 3)! KLT matrix.
For example:

M(123) = (A(123))2

M(1234) = A(1234)

(
sin(πα′s12) sin(πα′s14)

sin(πα′(s12 + s14))

)
A(1234)

M(12345) = sin(πα′s23) sin(πα′s45)A(12345)A(13254) + (3↔ 4)

sij = (ki + kj)
2

5KLT ’86



Properties of tree-level string amplitudes

Both the monodromy relations and the KLT relations were derived
by careful analytic continuation of the string integrands. Particular
care must be taken with the branches of the Koba-Nielsen (KB)
factor

(zi − zj)
α′k1·k2

which is the origin of the factors of

e±α
′πiki ·kj

in these relations.
Applying the same methods at higher genus quickly becomes quite
cumbersome.



Twisted homology

Twisted homology6 is a homology theory which takes into account
the monodromies of multivalued functions. For example take

f (z) = zs

with a cut along the negative real axis. f is defined on an Riemann
surface with ∞ number of sheets, but we want to define
integration on the simpler X = C− 0.

I =

∫
γ
f (z)

with γ some path on X , possibly crossing the cut.

6Steenrod ’43; Aomoto ’77; Aomoto & Kita ’11; Yoshida ’13



Twisted homology
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Some other applications

I Ambitwistor strings, scattering equations and the
Cachazo-He-Yuan formulas7.

I Basis of integrals and differential equations for Feynman
integrals8

I Localization formulas for Feynman integrals and others9

7Mizera ’17,’19
8Mastrolia et al. ’18, ’19
9Mizera & Pokraka ’19



Twisted homology: Tree-level string

Recall the open string amplitude

A(α) :=

∫
∆(α)

n−3∏
j=1

dzj
∏

1≤j<l≤n
|zl−zj |α

′kj ·kl ϕ(zj)

Take α = (12 · · · n) and analytic continue the integrand on z1,
keeping all others fixed results in

T0(z1) =
n∏

j=2

(zj − z1)k1·kj

which is multivalued defined on Σ0,n−1 with monodromies
αi = exp(−2iπk1 · kj)



Twisted homology: Tree-level string

z2 z3 z4 zn−1 zn

α3
α4

αn−1 αn

α2

Figure: Choice of branch cuts for the loading T0(z1) with monodromies
αj = e−2πiα′k1·kj . Note that α2 =

∏n
j=3 α

−1
j = e−2πiα′k1·k2 is not

independent of the other ones.



Twisted homology: Tree-level string

Twisted chain

a

b

γ

zj

αj

Here γ is twisted by a section of the line bundle L0 ' C
(αi ∈ End(L0) ' C∗).
Twisted boundary operator

δγ = αjb − a



Twisted homology: Tree-level string

Twisted cycles

αi

zi zi+1

ai

γi γi+1

ρi ρi+1

ai+1

ρ

αi+1

Twisted boundary operator

δ

(
γi

(αi − 1)
+ ρ− γi+1

(αi+1 − 1)

)
= ai − ai + ai+1 − ai+1 = 0

δ(ρi + ρ+ ρi+1) = 0

both represent the same element of H1(Σ0,n−1,L0)



Twisted homology: Tree-level string

Claim 1: The tree-level monodromy relations are simply the
boundary relations on the twisted homology group H1(Σ0,n−1,L0).

Claim 2: The KLT relations come from a bilinear pairing on the
twisted homology group H1(Σ0,n−1,L0). That is, the KLT matrix
is the (twisted) intersection matrix of this homology.10

10Mizera 1706.08527



Twisted homology: Tree-level string

z2 z3 z4 zn−1 zn

α3
α4

αn−1 αn

d1 d2 d3 dn−1 d1

C−

C+
d4 dn−2

The contours C± are zero in the twisted homology giving the
relations

d1 +
n−1∑
i=2

n−1∏
j=i+1

α−1
j di = 0 =

n−1∑
i=1

di

DimH1(Σ0,n−1,L0) = (n− 3) = number of independent d contours



Twisted homology: Tree-level string

Therefore

d1 +
∑n−1

i=2

∏n−1
j=i+1 α

−1
j di = 0 =

∑n−1
i=1 diy

A(12 · · · n) + e±πik1·k2A(213 . . . n) + · · ·

+ e±πik1·
∑i

j=2A(2, . . . , i , 1, i+1, . . . , n)

+ · · ·+ e±πik1·
∑n−1

j=2 A(2, . . . , n−1, 1, n) = 0

DimHn−3(M0,n,L0) = (n − 3)! = number of independent
tree-level amplitudes



1-loop monodromy relations

1

2
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r0 + 1

n

r0

r0 + 2

n− 1

`µ

One loop open string amplitude. Particles are distributed along
two boundaries.



1-loop monodromy relations

Open string one-loop integrand

I(α|β) :=

∫ ∞
0

dt

∫
∆(α|β)

n∏
j=1
j 6=m

dzj e
−πtα′`2

e−2πα′`·
∑n

j=1kjyj

×
∏

1≤j<l≤n
|G1(zj , zl)|α

′kj ·kl ϕ(`µ, zj , τ)

G1(zj , zk) =


log

∣∣∣∣ϑ1(iyj−iyk)

ϑ′1(0)

∣∣∣∣ for |xj−xk | = 0,

log

∣∣∣∣ϑ2(iyj−iyk)

ϑ′1(0)

∣∣∣∣ for |xj−xk | =
1

2
.



1-loop monodromy relations

Fixing all particles except z1, the relevant part of the integrand is
analytic continued as

T1(z1) := e2πik1·` z1

m∏
j=2

(−iϑ1(iyj−z1))k1·kj
n∏

j=m+1

ϑ2(iyj−z1)k1·kj .

where the analytic continued integrand is I(1 · · ·m|m + 1 · · · n)



1-loop monodromy relations

C− C+

d1

d2

zm
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z3
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a− a+

c− c+

α2

α3

αm−2

αm−1

β

B B

A′ A′′

A′ A′′
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zn−1
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zm+2

αm+1

αm+2

αn−1

αn
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zn−1
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b1

b2

bn−m

bn−m+1

b1

b2

bn−m

bn−m+1

Monodromies of T1

αj = e−2iπk1·kj

β = e−2iπk1·`e−2iπk1·km



1-loop monodromy relations

Contours C± are zero in the twisted homology and give the
relations

m−1∑
i=1

i∏
j=2

αj di − β
m−1∏
j=2

αj (a− + b1)

− β
m−1∏
j=2

αj

n−m∑
i=2

m+i−1∏
k=m+1

αk bi − β
n∏

j=2
j 6=m

αj (bn−m+1 − c−) = 0

m−1∑
i=1

di + a+ −
n−m+1∑
i=1

bi − c+ = 0

αj = e−2πik1·kj , β = e−2πik1·`e−2πik1·km .



1-loop monodromy relations

The relations become the two identities

m−1∑
i=1

e±πik1·
∑i

j=2 kj I(2, 3, . . . , i , 1, i+1, . . . ,m|m+1, . . . , n)

+
n∑

i=m

e±πik1·(`+
∑i

j=2 kj ) I(2, . . . ,m|m+1, . . . , i , 1, i+1, . . . , n)

= ∓e±πik1·`(e±πik1·
∑m

j=2 kjJa±(2, . . . ,m|1,m+1, . . . , n)

− Jc±(2, . . . ,m|m+1, . . . , n, 1))

which match results in the literature11, with caveats.

11Tourkine, Vanhove 1608.01665; Hohenegger, Stieberger 1702.04953



Higher loop monodromy relations

The relevant part of the string integrand is

e−2πi
∑2

I=1 `I ·k1Im
∫ z1
P ωI

n∏
i=2

|Eg (zi , z1)|ki ·k1

which is analytic continued to

Tg (z1) := e2πi
∑g

I=1 `I ·k1

∫ z1
P ωI

r0∏
i=2

E (iyi − z1)k1·ki×

×
r1∏

j=r0+1

E (iyj − z1 +A1/2)k1·kj · · ·
r̃g∏

p=r̃g−1

E (iyp − z1 +Ap/2)k1·kp



Higher loop monodromy relations

B1 Bg

`µ1 `µg
`µg`µ1 C+

C−A1 A1 Ag Ag

D



Higher loop monodromy relations

Î(12 · · · r0|·) +

r0∑
i=2

e±πik1·
∑i

j=2 kj Î(2 . . . i , 1, i+1 . . . r0|·)

+

g∑
j=1

e±πik1·`j e±iπk1·
∑r̃j−1

p=2 kp Î(·|1, r̃j−1+1, · · · , r̃j |·)

+

g∑
j=1

e±πik1·`j e
±iπk1·

∑r̃j−1
r̃p=2

kp

×
r̃j∑

i=r̃j−1

e
πik1·

∑i
p=r̃j−1

kp Î(·|r̃j−1 + 1, . . . i , 1, i + 1 . . . r̃j |·)

= ∓
g∑

j=1

e±πik1·`j e±πik1·
∑r̃j−1

p=2 kp

(
Ĵa±i (·|1, r̃j−1+1 · · · r̃j |·)

− e
±πik1·

∑r̃j
p=r̃j−1

kp Ĵc±i (·|r̃j−1+1 · · · r̃j , 1|·)
)



Basis of integrands

Euler characteristic of relevant configuration spaces

χ(F̃g ,n) =


(−1)n−3(n−3)! for g = 0, n ≥ 3,

(−1)n−1(n−1)! for g = 1, n ≥ 1,

(−1)n(2g+n−3)!/(2g−3)! for g ≥ 2

But surfaces that can be folded into open strings have more
symmetry (Z2 involution). Should probably consider the Euler
characteristic for the configuration space of the annulus, Gg ,n

χ(Gg ,n) =
(g + n − 2)!

g !

Compare to the number of open string configurations (n + g)!/g !
at g -loops.



Summary and future directions

Done:

I Generalized the twisted homology to higher genus and
obtained all the generic monodromy relations

To do:

I Systematize the field theory limit including the non-physical
cycles (see Piotr’s talk)

I Twisted intersection theory on higher genus surfaces → KLT
(some preliminary results)

I Relation to cohomology (differential forms) on higher genus
surface (Oliver’s talk)



Higher loop monodromy relations

Q
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D
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×
r1∏

j=r0+1
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p=r̃g−1

E (iyp − z1 +Ap/2)k1·kp
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Higher loop monodromy relations

d1 +

r0∑
i=2

i∏
j=2

αjdi −
g∑

j=1

j∏
q=1

βqα̃q−1(ai + b
(j)
1 )

−
g∑

i=1

i∏
q=1

βqα̃q−1

ri∑
j=2

j+r̃i−1∏
l=r̃i+1

αlb
(i)
j −

g∑
i=1

i∏
q=1

βqα̃qα̃0(b
(i)
ri+1−ci ) = 0

with αj = e−2πik1·kj , βi = e−2πik1·(`i−`i−1) and

r̃i =
∑i

j=0 rj , α̃i =

{∏r0
j=2 αj if i = 0∏ri
j∈{Bi} αj if i > 0

and
m−1∑
i=1

di +

g∑
i=1

(a′i − c′1) +

g∑
j=1

rj+1∑
i=1

b
(j)
i = 0


