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OUTLINE

1. Introduction - Recap of 3PM potential
2. Relativistic Integration: soft expansion

3. Post-Newtonian to post-Minkowskian via velcity
differential equations

4. First glimpse at 4PM / 3 loops: function space



ANATOMY OF GRAVITATIONAL WAVE SIGNAL

Inspiral Merger Ringdown
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[Picture: Antelis, Moreno, 1610.03567]

Inspiral Post-Newtonian / Post-Minkowskian / EOB

Merger Numerical relativity / EOB resummation
Ringdown Perturbative quasi-normal modes



POST-NEWTONIAN EXPANSION

Virial theorem G ~ P2. Hamiltonian:
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Einstein, Infeld, Hoffman, 1PN ~ O(G?)
m=ma+mp, v=u/M

tw=mampg/m

1PN [Einstein, Infeld, Hoffman '38]. 2PN [Ohta et al., '73]. 3PN [Jaranowski,
Schaefer, '97; Damour, Jaranowski, Schaefer, '97; Blanchet, Faye, '00; Damour,
Jaranowski, Schaefer, '01] 4PN [Damour, Jaranowski, Schafer, Bernard, Blanchet, Bohe,
Faye, Marsat, Marchand, Foffa, Sturani, Mastrolia, Sturm, Porto, Rothstein...] 5PN
static [Foffa, Mastrolia, Sturani, Sturm, Bodabilla, '19: Blimlein, Maier, Marquard, "19]
5PN approximate [Bini, Damour, Geralico, '19]



POST-MINKOWSKIAN EXPANSION

[Bertotti, Kerr, Plebanski, Portilla, Westpfahl, Goller, Bel, Damour, Deruelle, Ibanez, Martin, Ledvinka, Schafer, Bicak...]
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Hyperbolic orbit / scattering: GM/r < v ~ 1.

though scattering events haven't been seen...

- EOB through scattering angle [Damour, "6, "17; Vines, "17]
- Eikonal exponentiation [Amati, Ciafaloni, Veneziano, '90;

Akhoury, Saotome, Sterman' 13; Bjerrum-Bohr, Damgaard,

Festuccia, Planté, Vanhove, "18...]

- Classical observables from S-matrix [Kosower, Maybee,

O'Connel, '"18; Maybee, O'Connel, Vines, '19]

- Effective field theory [Cheung, Rothstein, Solon, 18]
- Analytic continuation [Kalin, Porto, "19]

Bound state dynamics: GM/r ~ v2.



3PM RESULT & OPEN QUESTIONS
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[Bern, Cheung, Roiban, Shen, Solon, MZ '19]
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- Can we predict and resum the log(o) behavior with
lg| < m1,mo K By, Es?

- How to bypass velocity resummation and directly perform
relativistic integration, with full € dependence?
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3PM RESULT & OPEN QUESTIONS (CONT.)

- What's the mechanism for cancellation of mushroom diagrams,
beyond non-relativistic formulations (potential region, NRGR) ?

wgm&%

§

-0.02

binding energy

—0.07F

—0.03}

| | |
o o o
o ] o
@) D N
T

orbits to merger

251510 5 4 3 2 1
L q=1 Higy'> === HypX
EOB,PS ]
H. 2PM ---H ?,EPONB
EOB,PS
H3PM -0 H4EPONB

[Antonelli, Buonanno,Steinhoff, Vines, '19]

. How to obtain 4PM / O(G*) results,

to directly compete with 4PN
predictions for LIGO / VIRGO?

- Five loops possible with A/ =8

supergravity! [Bern, Carrasco, Chen, Edison,
Johansson, Parra-Martinez, Roiban, MZ, 18]



RELATIVISTIC INTEGRATION [Ita, Ruf, MZ, in progress]

differential eqauations
>

Kotikov, '91; Bern, Dixon, Kosower, '92, '93;

PN expansion Remiddi, '97; Gehrmann, Remiddi, 99 PM expansion
t < (mv)? < m? t<m? v~0(1)
-€

consistency conditions:
cancellation of spurious singularities

expansion in
soft region

expansion in
potential region

| Method of regions:
Poten NRQCD: '
otential NRQC Beneke, Smirnov, '98

Pineda, Soto, '97 :
' ’ Heavy quark effective theory:

Worldlmeformulatlgn / NRGR: Full quantum Georgi, Eichten, Hill, Isgur, Wise,
Goldberger, Rothstein, '04 5 Shifman

Dynamic field formulation: t~m~° ~s |
Ci]/eun F];oths{ein Solon, 18 Heavy BH effective theory:
¥ | ’ Damgaard, Haddad, Helset, 19



SOFT EXPANSION

P2 = Mot + q/2 p3s = moug — q/2
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p1 =myuy —q/2 (1) ps=mius +q/2

Expanding matter propagators:

(1) : (]{71 —|—p1)2 — m% ~ 2m1u1 . k’l + 20
(2) : <k2 —1—]92)2 — m% ~ 27722%2 . ]{72 + 20

Soft region:
‘]{51’ ~ ‘]432‘ ~ ’C]‘ < TrL177rL27\/§

Kinematics:

2 2
ui=us=1,u;-gq=u2-q=0,

=t u -us=o

t - only intrinsic scale of
expanded integrals. Even & odd
powers of v/t decouple

o: nontrivial dependence on
this dimensionless parameter -
differential equations in o



DIFFERENTIAL EQUATIONS IN CANONICAL FORM

* DEs especially powerful in canonical form [Henn, '13]
¢ factorization symbol letters  matrix of rational numbers
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kinematic variable  pure master integrals of uniform transcendentality

- Related to dlog integrals in found in N' =4 SYM amplitudes [Arkani-Hamed,
Bourjaily, Cachazo, Trnka, 2010..] Solved iteratively as generalized polylogarithms

[Goncharov, Spradlin, Vergu, Volovich, 2010] String amplitude version:
talk by Oliver Scholotterer

- Recently applied to obtain analytic =8 SUGRA amplitudes: 2-loop 5-point
[Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia, '19; Abreu, Dixon, Herrmann, Page,
MZ,'19], 3-loop 4-point [Henn, Mistlberge, 119].  Talk by Lance Dixon

10



ALL 2-LOOP INTEGRALS FOR SOFT EXPANSION

[Ita, Ruf, MZ, in progress]

- Differentiate against velocity variable 0 = p1 - p2/(mims).
- IBP using FIRE6 [Smirnov "19], Canonical form found by epsilon [Prauso, "17].
- Verified against m,=m, exact results in literature [Smirnov '01; Heinrich,

Smirnov, '04; Bianchi, Leoni, '16]

7 masters 10 masters 10 masters
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0000000000000000
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2000000000000000

1/9? coefficient (only retained masters ~ [q[*", even & odd sectors decouple)
3 3

1 2mims (z* + 1) log®(z) lm‘llm% (z* +1)

€ x4 (22 —1)° € 3t (x2—1)°

— 2log”(z) — 7% log(x)24Lis(—z) + 24Liz(x) — 12Liz(z) log(z) — 6¢(3))

(— 12Liy(—x) log(x)

1+ 2?2 | — oaresinh ] O 1 (A) + (B) + perms.: only rational
2 og(—x) = —2arcsin 2 functions & log(x) left!

o =
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WHICH OTHER REGIONS CONTRIBUTE?

Diagrams with contact vertices vanish identically in soft region.

d 1

Scaleless / homogenious, vanishes
In dimensional regularizatoin.

soft-soft region + soft-hard region
results agree with SDExpand in

effectively shrinRs to a point FIESTA 4 [Smirnov, "15].
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CONNECTIONS TO MATTER POLES?

P2 = Mmaus + q/2
™3 > Classical picture arises from nontrivial cross-
ko talk between planar and nonplanar diagrams.

[Akhoury, Saotome, Sterman' 13; Bjerrum-Bohr,
Damgaard, Festuccia, Planté, Vanhove, '18]

k1
FV > 2 2 ]
plzmlul—q/z (kg —|—p2) — My %2m2u2-/€2—|—20
(kg — p3)2 — m% ~ —QTTLQUQ . kz + 20
P2 > ! — ! 271 6 (2mous - ko)
= — 27 .
> P S > 2m2U2 . kg + 10 _2m2’UQ . kQ -+ 10 2 ’
:’\;'.?‘” .
S aas Let's calculate the sum = cut Iintegrals
Instead of individual ones!
— > cut integrals in other contexts: e.qg. [Kosower, Larsen, '10;
pl : I ’ ’ ’

Primo, Tancredi, '16, '17: Abreu, Britto, Duhr, Gardi, '17]
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DIFFERENTIAL EQUATIONS ON MATTER CUTS

[Ita, Ruf, MZ, in progress; improved from Bern, Cheung, Roiban, Shen, Solon, MZ, "19]

static  high-energy
1+22 /

2x
mouU9
I =02 —1 , I =Vo*—1]/e '
miui
=
Iy = o/e 1/ ' d=4—2e¢
o
d (D dlog(l — z) dlogx dlog(1 + ) .
— | I2 ]| =€ M + M + Ms| - {12 ]
dx I dz dx dx I3

3x3 matrix



ArcSinh FROM DIFFERENTIAL EQUATIONS

[Ita, Ruf, MZ, in progress; improved from Bern, Cheung, Roiban, Shen, Solon, MZ, '19]

. . mau2
static  high-energy
1 + 27 4 4 I =vo?2 -1
Ul - Uy = 0 = , 1>x>0 1
2x
miuUq
a (b dlog(1 — ) dlog dlog(1 + z) L
— | 2] =€ My + My + Msz| - |12 ],
dx dx dx dx
I3 IS
—6 0 0 6 0 -1 symbol alphabet:
My=M;=|0 2 0|, My=|0 -2 =2 harmonic polylogs |
0 0 0 12 9 0 [Remiddi, Vermaseren' 99]

Physical input: potential has no log(v) ~ log(1 — x) singularity

I

M;-| L] =0 = Il‘le = Ig‘le = 0, 13’:10:1 = Ct_Ze/EQ
I3

I = ~(Ct7/e) loga + O(e”) ~ ~(4/e) (g t) axcsinh | T L

15



FIRST GLIMPSE AT 4PM / 3 LOOPS (Preliminary)

[Ita, Ruf, MZ, in progress]

mauz
static  high-energy
1+ x° !
q Up - Ug =0 = , 1>x>0
2x
miui
d - dlog(1l — dl dlog(1 dl
d—I:e og; :C)M1+ ;gbe"‘ og; +:13)M3_|_ oia(a:)M4 r
x C dr x x C dr
~ —~
spurious singularity at static limit New structure at 3 loops
0 0 0 0 0 0 0 2 0O 0 0 O
o —20/3 -8/3 0 o 4/3 473 2 o4 0 o0
Mi=1y —~16/3 8/3 0 » Ma=1 8/3 8/3 -2 cMa=14 0 g 0
0 0 0 2 —4 —8/3 4/3 —2 00 0 2
—4 —8/3 4/3 0
w, - | —8/3 4/3 0

4 8/3 —4/3 0
0 0 0 0
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FIRST GLIMPSE AT 4PM [/ 3 LOOPS (Preliminary)

[Ita, Ruf, MZ, in progress]

d - dlog(1l — dl dlog(1 dl S
4 7_  |dlog x)M1+ 8T og( +x)M3+ oga(ﬂ?)M4 T
dx dx dx dx dx
_ W, _ W,
N N
spurious singularity at static limit New structure at 3 loops
1 2
Uy - U = 0 = _I_x, 1>2>0
21
mau2

Tq x M{1+e[14(x2 — 1) —32x2loga+...]}
o

Uncut results also obtained!
8 masters. Same symbol alphabet.
mau2 |
| 2
1 1+x
q X logx + O(e
| | T lglo 1 — 22 5 (€)

miuq
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AMPLITUDE TO POTENTIAL

r

L= Z/¢T

\

Lagrangian: two non-relativistic scalars

<i8t - W) b:(k)

_ /k VI K)O](K) 61 ()84 K)o (—F)

[Cheung, Rothstein, Solon, 1808.02489]

N\

Feynman rules:

Determines V from Matching: EFT amplitude = full theory amplitude.

SO =

P -k -k, -p'

ko — \/k2+m124’3+z'0’

>< V(R K,

J

~N

J

K+

Alternative QM treatment: [Cristofoli, Bjerrum-Bohr, Damgaard, Vanhove, '19]

EFT amplitude through 4 loops: Talk by Chia-Hsien Shen
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CONCLUSIONS & OUTLOOK

- Higher orders within reach. Arsenal: double copy + EFT matching
+ differential equations. Playground: N/ = 8 SUGRA.
Talk by Julio Parra-Martinez
- Relativistic integration to fully settle questions about
velocity resummation at 3PM order; 4PM proof of principle.

- Scattering amplitudes begin to impact gravitational astronomy:.
Rich physics opportunities:

Spin, finite-size effects in PM expansion [Bini, Damour, "17; Vines, '17, Bini,
Damour, "18; Guevara, Ochirov, Vines, '18; Vines, Steinhoff, Buonanno, '18; Chung,
Huang, Kim, Lee, "18; Maybee O’Connell, Vines, "19; Guevara, Ochirov, Vines, '19...]

Tail effect / nonlocal potential: cleaner relativistic calculation?
[Bonnor, Rotenberg, Thorne, Blanchet, Damour, Galley, Lebovich, Proto, Ross,
Rothstein...]
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