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Introduction

Double-copy construction [Bern,Carrasco, Johansson, 2008]

Gauge-theory amplitudes:

iA(L)
n = iLgn−2+2L

∑
i∈cubic

∫ L∏
l=1

dD`l

(2π)D
1
Si

cini

Di

Color/kinematics duality : ni − nj = nk ⇔ ci − cj = ck

Gauge transformation (at tree level):

εµ(p)→ εµ(p) + pµ ⇒ ni → ni + δi , δi = ni

∣∣∣
ε→p∑

i∈cubic

ciδi

Di
= 0
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Introduction

Double-copy amplitudes:

iM(L)
n = iL

(κ
4

)n−2+2L ∑
i∈cubic

∫ L∏
l=1

dD`l

(2π)D
1
Si

niñi

Di

εµν(p)→ εµν(p) + p(µqν)

M(0) →M(0) +
∑

i∈cubic

δi ñi
∣∣
ε̃→q

Di
+
∑

i∈cubic

ni
∣∣
ε→qδ̃i

Di
=M(0)

The amplitude is by construction invariant under linearized diffeomorphisms
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Introduction

• KLT version of the double copy: [Kawai, Lewellen, Tye, 1986 ...]

Mtree
m = −i

∑
σ,ρ∈Sm−3(2,...,m−2)

Atree
m (1, σ,m− 1,m)S[σ|ρ]Ãtree

m (1, ρ,m,m− 1)

S[σ|ρ] is the field-theory KLT kernel
[Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove, 2010]
[Bern, Dixon, Perelstein, Rozowsky, 1998]

• The double copy is a built-in feature of various modern approaches to
amplitudes, including the CHY formalism and ambitwistor strings
[Cachazo, He, Yuan, 2013] [Mason & Skinner, 2013]
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Introduction

The many uses of the double copy

Multi-loop calculations (e.g.N = 8 ungauged sugra at 5 loops;
N = 4, 5 ungauged sugras at 4 loops)
[Bern, Carrasco, Chen, Edison, Johansson, Parra-Martinez, Roiban, Zeng, 2018]
[Bern, Davies, Dennen, Smirnov, Smirnov, 2014]
The web of double-copy-constructible theories
[MC, Johansson, Günaydin, Roiban, 2014–...] [Johansson, Ochirov, 2014]
[Cachazo, He, Yuan, 2014–...] [Geyer, Mason, Monteiro, Roehrig, 2015]
[Mafra, Schlotterer, Stieberger, 2011 ] [Broedel, Schlotterer, Stieberger, 2013]
[Carrasco, Mafra, Schlotterer, 2016 ] [Azevedo, MC, Johansson, Schlotterer, ’18]
[Anastasiou, Borsten, Duff, Marrani, Nagy, Zoccali, 2014–...]
[Johansson, Mogull, Teng, ’18] [Carrasco, Rodina, 2019]
Classical double copies [Luna, Monteiro, Nicholson, O'Connell, White...]
Off-shell superfields [Anastasiou, Borsten, Duff, Marrani, Nagy, Zoccali]
Calculations relevant to gravitational-wave physics
[See most talks at this workshop]
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Introduction

Shameless self-advertising!
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The web of theories—gravities and supergravities
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The web of theories—gravities and supergravities

The rules of the game

1 Consider gauge theories with only cubic invariant tensors, i.e. theories
for which amplitudes can be organized in terms of cubic graphs

2 The gauge theories will include matter fields transforming in general
(not necessarily irreducible) representations of the gauge group (not
necessarily semisimple). Only one adjoint representation

3 Numerator factors need to have the same algebraic properties as the
color factors. This includes symmetry properties as well as obeying two-
and three-term identities

4 Each state in the double-copy theory corresponds to a gauge-invariant
bilinear of gauge-theory states
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The web of theories—gravities and supergravities

Theories withN ≥ 4 and Generic Family

Supergravities withN ≥ 4: [Bern, Carrasco, Johansson, 2008]
[Bern, Boucher-Veronneau, Johansson, 2011]

N = 8 supergravity : (N = 4 SYM)⊗ (N = 4 SYM)

N = 6 supergravity : (N = 4 SYM)⊗ (N = 2 SYM)

N = 5 supergravity : (N = 4 SYM)⊗ (N = 1 SYM)

N = 4 supergravity : (N = 4 SYM)⊗ (N = 0 YM)

Generic Jordan Family ofN = 2 MESGTs:
[MC, Günaydin, Johansson, Roiban, 2014]

N = 2 supergravity : (N = 2 SYM)⊗ (N = 0 YM)

the non-supersymmetric theory is a pure (4 + n)-dimensional YM theory
reduced to four dimensions
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The web of theories—gravities and supergravities

Homogeneous Maxwell-Einstein supergravities
Basic idea: add a half-hypermultiplet in a pseudo-real representa-
tion to the supersymmetric gauge theory; add fermions in the same
pseudo-real representation to the non-SUSY gauge theory.

D DD 4D fermions nF(D, P, Ṗ) conditions flavor group

4 1 P R or W SU(P)

5 1 P R SO(P)

6 1 P+Ṗ RW SO(P)×SO(Ṗ)

7 2 2P R SO(P)

8 4 4P R or W U(P)

9 8 8P PR USp(2P)

10 8 8P+8Ṗ PRW USp(2P)×USp(2Ṗ)

11 16 16P PR USp(2P)

12 16 16P R or W U(P)

k+8 16Dk 16 r(k, P, Ṗ) as for k as for k

[MC, Günaydin, Johansson, Roiban, 2015]
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The web of theories—gravities and supergravities

#fD = 0 #fD = 1 #fD = 2 #fD = 3 · · ·
D = 4 — Luciani model —
D = 5 — Generic non-Jordan Family —
D = 6 — Generic Jordan Family —
D = 7 R
D = 8 C
D = 9

D = 10 H
· · ·

D = 14 O
· · ·

The double-copy reproduces the classification of homogeneous theories from
the supergravity literature [de Wit & van Proeyen, 1991]
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The web of theories—gravities and supergravities

One-loop calculations for general homogeneous theories: relation between
supergravity divergence and beta function for non-SUSY theory
[Ben-Shahar & MC, 2018] [Kälin, Mogull, Ochirov 2018]

Particular case: unified theories in various dimensions:

4D : Luciani model M4D =
U(P + 1, 1)

U(P + 1)× U(1)

5D : Generic non-Jordan family M5D =
SO(P + 1, 1)

SO(P + 1)

6D : Generic Jordan family M6D =
SO(P + 1, 1)

SO(P + 1)
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The web of theories—gravities and supergravities

Pure theories: treat the additional matter as a ghost multiplet by associating
an extra minus sign to each matter loop: [Johansson & Ochirov, 2014]

M(L)
m = iL−1

(κ
2

)m+2L−2 ∑
i∈cubic

∫
dLD`

(2π)LD
(−1)|i|

Si

niñi

Di

|i| is the number of matter loops

Theories with hypers: take as one copyN = 2 SYM theory with matter
hypermultiplets and as the second copy a YM theory with matter scalars
[MC, Günaydin, Johansson, Roiban, 2015]
[Anastasiou, Borsten, Duff, Marrani, Nagy, Zoccali, 2017]

Other work on ungauged theories with reduced SUSY:
[Damgaard, Huang, Sondergaard, Zhang, ’12] [Carrasco, MC, Günaydin, Roiban, ’12]
[Johansson, Kälin, Mogull ’17] [Anastasiou, Borsten, Duff, Hughes, Marrani, Nagy ’17]
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The web of theories—gravities and supergravities

Yang-Mills-Einstein theories [MC, Günaydin, Johansson, Roiban, 2014]

Basic idea: to introduce non-Abelian gauge interactions in a gravita-
tional theory from the double copy, it is sufficient to add trilinear cou-
plings among adjoint scalars in one of the gauge theories

δL =
λ

3!
FABCf âb̂̂cφAâφBb̂φCĉ

The effect of the trilinear couplings is to introduce nonzero supergravity
amplitudes

M3(1AA
−, 2AB

−, 3AC
+) = iA3(1A−, 2A−, 3A+)A3(1φA, 2φB, 3φC)

= − κ

2
√

2
λFABC 〈12〉3

〈23〉〈31〉
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The web of theories—gravities and supergravities

Analogous results with ambitwistor strings and CHY formalism
[Cachazo, He, Yuan, 2014] [Casali, Geyer, Mason, Monteiro, Roehrig, 2015]

Important variant: spontaneously-broken supergravities. Their
double-copy construction has the schematic form:
[MC, Günaydin, Johansson, Roiban, 2015](

Higgsed YME SG
)

=
(

Coulomb-branch SYM
)
⊗
(

YM + massive scalars
)

Fun with amplitude relations:

MYME
k,m (1, . . . , k | k + 1, . . . , k + m) =

∑
w

Nk(w)AYM
k+m(w)

[Stieberger & Taylor, 2016] [Nandan, Plefka, Schlotterer, Wen, 2016]
[MC, Günaydin, Johansson, Roiban, 2017] [Fu, Du, Huang, Feng, 2017]
[Teng & Feng, 2017]
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The web of theories—gravities and supergravities

Gauged Supergravities [MC, Günaydin, Johansson, Roiban, 2017-18]

Their double-copy construction:
1 contains massive spin-3/2 fields, realized as the double copies of

massive W bosons in one gauge theory with massive fermions in the
other;

2 reduces to the construction of the corresponding ungauged supergravity
in the massless limit

The simplest realization has the schematic form(
Gauged Supergravity

)
=
(

Coulomb-branch YM
)
⊗
(

s��uper YM
)

Focusing on gaugings ofN = 8 SUGRA, s��uper YM is an explicitly-broken
theory obtained starting from a higher-dimensional massive deformation of
N = 4 SYM which respects C/K duality and using a combination of Higgsing
and orbifolding
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The web of theories—gravities and supergravities

?Double-copy construction for Cremmer-Scherk-Schwarz-type gaugings
with unbroken U(1) andN = 4, 6 residual supersymmetry, as well as
non-Abelian gauging with SU(2)× U(1) unbroken gauge group andN = 4
residual supersymmetry

?Reproduces recent results from supergravity literature
[Catino, Dall'Agata, Inverso, Zwirner, 2013]

?Open problems: gaugings withN < 4 residual supersymmetry; gaugings
with non-Minkowski vacua
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The web of theories—gravities and supergravities

Conformal supergravities

the basic ingredient is a (massive deformation of) the DF2 theory:
[Johansson & Nohle, 2017] [Johansson, Mogull, Teng, 2018]

L(DF)2+YM =
1
2

(DµFaµν)2 − g
3

F3 +
1
2

(Dµϕα)2 +
g
2

CαabϕαFa
µνFbµν+

g
3!

dαβγϕαϕβϕγ − 1
2

m2(ϕα)2 − 1
4

m2(Fa
µν)2 .

the mass is a free parameter; color structures defined by relations:

CαabCαcd = f acef edb + f adef ecb ,

Cαabdαβγ = (Ta
R)βα(Tb

R)αγ + CβacCγcb + (a↔ b)
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The web of theories—gravities and supergravities

restricting to amplitudes with plane-wave external states, the simplest
double-copy construction has the form:(

CSG
)

=
(
SYM

)
⊗
(
(DF)2-theory

)
TakingN = 4, the corresponding Lagrangian is

−κ2√−g−1LN=4 = f (τ)(W+
µνρσ)2 + f (τ)(W−µνρσ)2 + . . .

with f (τ) = −iτ (N = 4 Berkovits-Witten theory)

?Open problem: extend the construction to massive/non-plane-wave
external states

?We will see that this mysterious DF2 theory shows up in other corners of the
web of theories!

?Related work on gravities with higher-dimension operators
[Broedel & Dixon, 2012]
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The web of theories—gravities and supergravities

Some recent work

Double copy for gravitational theories coupled to flavored massive
matter with spin [Johansson & Ochirov, 1906.12292] [See Ochirov's talk]

ex:
(

QCD+massive quarks
)2

=
(

gravity+Bµν+φ+massive scal./vect.
)

see also: [Plefka, Shi, Wang, 1911.06785] [Bautista & Guevara, 1908.11349]

New double-copy construction for higher-derivative
operators/counterterms in gauge theory and gravity
[Carrasco, Rodina, Yin, Zekioglu, 1910.12850] [See Rodina's talk]
•modification of color factors by permutation-invariant combinations
of Mandelstam variables consistent with C/K-duality
• dabcd color structures!
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The web of theories—gravities and supergravities

Two-loop n-point anomalous amplitudes inN = 4 pure supergravity;
previously-proposed finite counterterm cancels anomalous amplitudes
[Bern, Kosower, Parra-Martinez, 1905.05151]

Expansion of EYM theory by Differential Operators
[Feng, Li, Zhou, 1904.05997] [Zhou, 1908.10272 ] [Hu, Zhou, 1907.07857]

Kinematic algebra for BCJ numerators beyond the MHV sector
[Chen, Johansson, Teng, Wang, 1906.10683]
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The web of theories—stringy double copies
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The web of theories—stringy double copies

Stringy double copies [See Schlotterer, Tourkine & Casali's talks]

Building-blocks for organization of disk-integrals in open-string amplitudes:
[Mafra, Schlotterer, Stieberger, 2013] [Broedel, Schlotterer, Stieberger, 2013]

Zσ(ρ(1, 2, . . . , n)) = (2α′)n−3
∫

σ {−∞≤z1≤z2≤...≤zn≤∞}

dz1 dz2 . . . dzn

vol(SL(2,R))

∏n
i<j |zij|α

′sij

ρ {z12z23 · · · zn−1,nzn,1}

Double copy construction for open-superstring tree-level amplitudes with
massless external states:

Atree
OS (σ(1, 2, 3, . . . , n)) =

∑
τ,ρ∈Sn−3(2,...,n−2)

Zσ(1, τ, n, n−1)S[τ |ρ]ASYM(1, ρ, n−1, n)

S[τ |ρ] is the field-theory KLT kernel
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The web of theories—stringy double copies

The putative theory with amplitudes Zσ(ρ(1, 2, . . . , n)) was named Z-theory
[Carrasco, Mafra, Schlotterer, 2016]

Schematically:

(massless open superstring) = (Z-theory)⊗ (SYM)

A closed-string version of the Z-theory amplitudes involves integrals over the
Moduli space of punctured Riemann spheres: [Stieberger & Taylor, 2014]
[Schlotterer & Schnetz, 2018] [Vanhove & Zerbini, 2018] [Brown & Dupont, 2018]

sv Z(τ |σ)=

(
2α′

π

)n−3∫ d2z1 . . . d2zn

vol(SL(2,C))

∏n
i<j |zij|2α

′sij

τ {z̄12 · · · z̄n−1,nz̄n,1}σ {z12 · · · zn−1,nzn,1}
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The web of theories—stringy double copies

Additional "stringy" double copies

(closed superstring) = (SYM)⊗ sv
(
open superstring

)
(open bosonic string) =

(
Z-theory

)
⊗
(
(DF)2 + YM

)
,

(closed bosonic string) =
(
(DF)2 + YM

)
⊗ sv

(
open bosonic string

)
(heterotic string) =

(
(DF)2 + YM + φ3)⊗ sv

(
open superstring

)
These constructions are of the KLT form and apply at tree level and with
massless external states. The free mass parameter in the (DF)2+YM theory is
related toα′:

m2 = − 1
α′

[Azevedo, MC, Johansson, Schlotterer, 2018]
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The web of theories—non-gravitational theories
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The web of theories—non-gravitational theories

Some non-gravitational double copies

The DBI theory can be regarded as the double copy of (S)YM theory and
the NLSM [Cachazo, He, Yuan, 2014]

The DBI theory coupled to (S)YM theory can be constructed as a double
copy involving (S)YM theory and the NLSM coupled to bi-adjointφ3

theory [Cachazo, Cha, Mizera, 2016]

Two copies of the NLSM give the special-Galileon theory
[Cachazo, He, Yuan, 2014].
In three dimensions, two copies of the BLG theory give an alternative
construction for maximal supergravity
[Huang & Johansson, 2012] [Huang, Johansson, Lee, 2013]

Double-copy construction for (4, 0) theory in six dimensions (free
spectrum) [Borsten 2017] [MC, Günaydin, Roiban 2011]

Amplitudes in various six-dimensional supersymmetric theories
[Heydeman, Schwarz, Wen, Zhang, 2018] [Geyer & Mason, 2018]
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The web of theories—non-gravitational theories

Some recent work

UV considerations on scattering amplitudes in a web of theories
[Carrasco & Rodina, 1908.08033]
?NLSM amplitudes are determined by imposing C/K duality, cyclic
invariance and locality
?UV-behavior constraints are sufficient to determine amplitudes in
Bi-adjointφ3, NLSM, BI and Galileon theories with some additional
requirements

New flavor-kinematics dualities beyond the leading order in the
derivative expansion for SU(N) and SO(N) Nonlinear Sigma Models

[Low & Yin, 1911.08490] see also [Carrillo-Gonzalez, Penco, Trodden, 1908.07531]
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Conclusions/moving forward

Moving forward:

? The double copy is a way more general feature than originally thought, but
just how general is it?

? The web of theories is still quite mysterious; what is the physics behind the
links? What is the significance of the DF2 theory?

? Important research direction: use the double copy to compute amplitudes
in theories relevant for gravitational-wave physics [Many talks at this
workshop]

? The double copy beyond amplitudes:
Gauge×Gauge on Spheres [Borsten, Jubb, Makwana, Nagy, 1911.12324]
Double-copy structure for CFT correlators [Farrow, Lipstein, McFadden, 2018]

Thank You!
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