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Intro I — String perturbation theory

String amplitudes <— worldsheets as “fattened” Feynman diag’s

loop order in perturbation theory = genus of the worldsheet
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closed-string states: open-string states: convenient organization of loop integrand

external gravitons non-abelian gauge bosons “gravity = (gauge theory)?” (BCJ)



Intro I — String perturbation theory

String amplitudes <— worldsheets as “fattened” Feynman diag’s

loop order in perturbation theory = genus of the worldsheet
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~ ~ _
closed- Strmg states: open- strmg states: convenient organization of loop integrand
external gravitons non-abelian gauge bosons “oravity = (gauge theory)?” (BCJ)

This talk: Study corrections to field theory ~ inverse string tension o

—> rewarding laboratory for (elliptic) multiple zeta values & modular forms

coverned by differential equations similar to those of Feynman integrals



Intro I — String perturbation theory

Map external states to punctures e on the worldsheet, e.g.

open strings
conformal 9
at tree level: Symmetfy
3

String amplitudes (n points, g loop) <+ integrals over moduli spaces M,

of n-punctured worldsheets of genus ¢ (with / without boundary),

1@ &2

o'-expansions <+ generating series for (large classes of ) periods of M gin-




Intro II — From worldsheet cartoons to integral bases

Universal integrand: o/-dependent “KobaNielsen factor”

. /
“Koba—Nielsen” = —S ki k;
/ n / punctures zi—12..

T ,,
KNg,n = ©Xp ( Z Sig Gg(zi> 29 7_)) moduli 7 @ genus ¢>0
I<i<j
extra 3 for / \
open strings Green function, e.g. — log|z;;|* at tree level

At tree level: additionally, Parke—Taylor factors € integrand

1
PT(LQ,B,...,R): ] Zij:Zi_Zj
12723 - - - “n—1.n<n,l

Closed-string tree amplitudes <> basis of integrals over spheres (o, p € Sp)

dzz c. dQZ
tree — 1S| C -
1 2 e o o 1 2 v
W (0‘( , Ly ,n) ’p< y < 7”)) /C vol 2( )

x KNo, PT(0(1,2,....7n)) PT(p(1,2, ..., n))




Intro II — From worldsheet cartoons to integral bases

(Goals of this talk:

e propose genus-one analogues of Parke—Taylor tactors

©(1,2,...,n|T) < function on torus with poles (z19293. .. zn_lyn)_l

[Mafra, OS 1908.09848, 1908.10830]

e conjectural basis of torus integrals in one-loop string amplitudes

ImT
7=1

X KNin o(o(1,2,...,n)|1)e(p(1,2,...,n)|T)

nod%z.
WT(o(1,2,.. )| (1,2,....n)) _/ )
torus -

universal to bosonic, heterotic & supersymmetric theories.
[Gerken, Kleinschmidt, OS 1911.03476]

e homogeneous first-order differential equation w.r.t. 7 for W7’



Motivation I — Double copy

At tree level: Parke—Taylor basis revealed double copy
open _ SUper disk- or
( superstring ) — ( Yang Mills ) X ( Z-integrals )

dzy ... dz
2o (eyce) | p(1.2 o om)) = [ D KN PT(p(1,2,...m)

o{—00<21<29<...<zp <0}

e double copy manifest by KL/T-type formula (field-theory kernel S{a|3])

tree tree tree
Aopen E Acov(1, o, n,n—1) S| 27 (0| 1, B,n—1,n)
a, €Sy, _3 [Mafra, OS, Stieberger 1106.2645
& Brodel, OS, Stieberger 1304.7267]

o both PT(...) and AXS,(...) fall into (n—3)! bases

integration by parts — { PT(1,2,...,n) & perm(2,3,...,n—2) } .



Motivation I — Double copy

One-loop generalization of (n—3)! Parke-Taylors:

— conjectural (n—1)! basis of Kronecker—FEisenstein integrands
integration by parts =— { ©(1,2,3,...,n|7) & perm(2,3,...,n) } .

e open strings: induces basis of cylinder- & Mobius-strip integrals )

Z (o(cycle) | p(1,2,...,n)) = / 1 KN{,n olp(1,2,... . n)|r) |
o(cycle
Eduardo’s & Piotr’s talk: this talk: conjecturally

monodromy rel’s among cycles (n—1)! (twisted) cocycles

e long-term goal: one-loop double-copy construction for various theories:

one-loop bosonic / he- o some field 2 above one-loop
terotic / SUSY strings | theory Z"-integrals



Motivation II — All-order o'-expansion

Expanding Z%ee WWtree iy g, j = —%/ki-kj = multiple zeta values (MZVs)
0@

—N17 —No —
Cnl,ng,...,nr — Z kl 1]€2 S k?“ Tr : Ny > 2

O<ki<ko<..<ky

@ uniform transcendentality: weight n+no+ . .. +n, matches order in o

[Terasoma 9908045; Broedel, OS, Stieberger, Terasoma 1304.7304]

Analogous o/-expansion at genus one — functions of 7 (integrate later)

$

elliptic MZVs  [Enriquez 1301.3042]
[Brodel, Mafra, Matthes, OS 1412.5535]

modular (graph) forms  [D’Hoker,
S W7_<‘) — Green, Giirdogan, Vanhove 1512.06779]
[D’Hoker, Green 1603.00839]

— 77(|) = {




Motivation II — All-order o/-expansion

Generate one-loop o’-expansion from homogeneous differential eq. in 7:

2Wi%ZT(*\1,p(2,3,...,n)) — Z D7 (pla) Z7 (%1, (2,3, ...,n))

Q€Sn—1  [Mafra, OS 1908.09848, 1908.10830]

Clue: matrix D7 (p|a) acting on integrands is linear in o

—> solution via path-ordered exponential has uniform transcendentality!

T q / .
z6iip) = 3 ew{ [ SE0 0l ) 250
100 271
aESH—1 - J \ itree o4
generates eMZVs (n+2) points

T — 100

112
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Motivation II — All-order o/-expansion

Generate one-loop o’-expansion from homogeneous differential eq. in 7:

9,

2mi == Z7(x[1,p(2,3,...,n)) = > D7(pla) Z7([1,c(2,3,. ... n))

Q€Sn—1  [Mafra, OS 1908.09848, 1908.10830]

Clue: matrix D7 (p|a) acting on integrands is linear in o

—> solution via path-ordered exponential has uniform transcendentality!

d
76 = Y ewf [ o p (pla) } 2 (s]1.0)
)
a€Sy—1 § \ ziree ¢
generates eMZVs (n+2) points

e resembles e-form of diff. eq. for Feynman integrals in D = 4 — 2¢ dim
[e.g. Henn 1304.1806; Adams, Weinzierl 1802.05020]

e work in progress: similar expansion techniques for closed-string W7 (-|-)
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Outline: some more details on the results

[. The Kronecker—Eisenstein integrands

II. Open-string differential equations

I1I. Closed-string integrals and their differential equations

IV. Summary & Outlook

[Mafra, OS 1908.09848 & 1908.10830,
Gerken, Kleinschmidt, OS 1911.03476]
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Results I — The Kronecker—Eisenstein integrands

Parke-Taylor factors are related by partial fraction (z;; = 2; — 2;)

1 1 1
= -
<12%13 <12%23 <13%32

—> KK relations among PT(...)

Naive genus-1 generalization of zi;l: odd Jacobi theta function

1 L |
. . quasi-periodic completion
J; log 91(22]‘7) o 2i T (W.r.t. z—z+1 & Z%Z—I—T) ’
.. more specifically:
. m . . .
01 (z|7) = 26”7_/4 sin(mz) H (1_62mm‘) (1_62m(n7‘+z)) (1_62m(n7‘—z))
n=I1

Problem: quasi-periodic completion spoils partial fraction:

0.log 01(z12|7)0.1og 01(z13|7) # 0.log 01(212|7)0.log 01 (z93|7) + O.log 01(z13|7)0.1log 01 (z32|7)
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Results I — The Kronecker—Eisenstein integrands

Parke-Taylor factors are related by partial fraction (2;; = 2; — 2;)

1 1 1
= +
<12%13 <12<23 <13%32

—> KK relations among PTY. . ")

genus-1 generalization of ziglz doubly-periodic Kronecker—Eisenstein series

ImZ)%@TWﬂz+Mﬂ
01(2[7)01(nl|T)

Partial fraction generalizes to Fay identity involving auxiliary var’s n

Q(z,m,T) = exp (27Ti77

Im 7

Q(Z12,7727T)Q(Z13,773>T> - 9(2127772+77377)Q<Z23777377) + 9(2137772+773,T)Q<Z32ﬂ7277)

Kronecker—FEisenstein integrand at n points: n—1 auxiliary var's no, ns, ..., nn

n
gpg(l, 2,...,n) = H Qzj—1,ntnjg1+ ..+, T)
j=2



Results I — The Kronecker—Eisenstein integrands

Fay identity among doubly-periodic Kronecker—Eisenstein series ...

[m Z) 01(017)01(2 + n|7)
01(z|7)01(n|7)

... propagates to Kronecker—Eisenstein integrands

Q(z,m,T) = exp (2772'771
m T

n
gp%(l, 2,...,n) = H Qzj—1,,n+tnj41+ ..+, T)
j=2

—> KK relations leaving only (n—1)! independent permutations

P LB bg) = (1P (L () W (b b))

Same counting for conjectural one-loop basis integrals: p € .S,,_1 basis

ZL(o(cycle) | 1,p(2,3,...,n)) = / KN7, o1, p(2,3,...,n)).
! o(cycle) o

14
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Results I — The Kronecker—Eisenstein integrands

Example at four points: 6 permutations p € S3 of (2,7;) € integrand

Zmmlolevo) [ Lp2,3.4) = [ KN,
o o(cycle) ’

x p{ Qz12, o+n3+na, 7)Q 203, n3+14, ) 234, 14, 7) }
e open superstring: 4pt integrand is 1 in place of 3 = pick 77]-_3 order

1
from product of  Q(z,n,7) = — + 9;logb1(z|T) + O(n)
Ui

e open bos. string: 4pt integrand ~ 8212. of (log#q)'s = pick 77;1 order

In fact, Z%' are generating series of genus-one integrals in string amplitudes:

different orders in n; «— different string theories / amounts of SUSY
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Results II — Open-string differential equations

Another benefit of n;-dependent €)(z,7, 7) in the integrand of

ZL(o(cycle) |1, p(2,3,...,n)) = / KNTY
n o(cycle) 7

n
X P{ H Q2515 nj+mj01+ - - - “‘777%7')} -
j=2

—> (n—1)amily p € S,,_1 closes under 7-derivative

0 - _
2mi == Zi(x[1,p(2,3, ... = Y Dipla) ZF(+[1,(2,3,.. . ,n))
a€S,_1
with (n—1)! x (n—1)! matrix D%(p[oz) linear in o' (i.e. 555 = —%/kz- - kj).

e in comparison to Feynman integrals, o’ is the new dim-reg €

e closure under O is strong evidence the Z%(* | 1, p) furnish a basis
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Results II — Open-string differential equations

Two-point example: “1 x 1 matrix” Dy (2[2)
omi 277 (%[1,2) = 812(—— — (2, T) — 2(2) Zny(%[1,2)
or 2 ’ 9 877% ’ 72 )

with Weierstrafl function generating holomorphic Fisenstein series

1 - k—2 1
p(n,7) = = + Y (k=1)n""2Culr),  Gulr) = > P
n (mT+4n)
k=4 (m,n)eZ?
(m,n)#£(0,0)

All-order o/-expansion from path-ordered exponential

T dr! -
Z;Z(*H,Q) = exp / TDZQ(Q,Q) 7191, 2)
o 2T

eMZVs as iterated Eisenstein integrals cot () [F (1— 512 )} 2

2
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Results II — Open-string differential equations

Two-point example: “1 x 1 matrix” Dy (2[2)

1 2

0
2l == 2y, (%[1,2) = 812(———@(772, )—2C2) p(*(1,2)
or 2 8772
D7, (2]2)
Three-point example: 2 x 2 differential operator Dy, ,,(2, 3|a(2,3))

2mi0; Zy, 1 (%]1,2,3) = (812[%8772 — (a1, )] + 523[5(0y—0ys)* — (13, 7) ]
+S13Ban3 - (77377)] — 2@23123) 9, 773( ’1 2 3)
+S513 [@(772+7737T> o @(7737 )} 72, 773( |1 3 2)

- Z D (2, 310(2,3)) Zy, g (%]1, (2, 3))

a€S9

In general, all 7-dependence of D% occurs via p(n, 7) & hence Gp.(7).
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Results III — Closed-string differential equations

Conjectural basis of closed-string integrals in bos / het / SUSY theories

T - dzzj T
WL o(2...,n)|1,p2,...,n)) = /t(]HlImT) KNj,
< 1] U{Q(Zj—l,j» N1t 0, T)} P{Q(Zj—l,ja Nttt 0, T)}

j=2

Expansion in 7;,7; and o’ generates modular graph forms
[D’Hoker, Green, Giirdogan, Vanhove 1512.06779; D’Hoker, Green 1603.00839]

Differential eq. involves modular version of (‘% “Maafl operators”



Results III — Closed-string differential equations

Largely recycle differential operators D% from open string ...

0

2mi — ZL(%[1, p(2,3, . .. Z DT (pla) ZL(x|1, (2, 3, . ..

or "
aES)_1

.. but drop the (5 term (indicated by “sv” notation)

1
e.g. svDp(22) = s10 (53%2 — (2, T)>%@) @ 2pt
v Dy 13(2,312,3) = s12[30;, — 9(n2+n3, 7)) + 523[3(0py—03)” —

+ s13[305, — (13, 7)] = 265103

20

0)

o(13,7)]

Q 3pt
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Results III — Closed-string differential equations

Largely recycle differential operators D% from open string ...

QWZQZT( «|1, (2,3, ... = Y Dipla) ZF(+[1,(2,3,.. . ,n))

or "
aES)_1

.. but drop the (5 term (indicated by “sv” notation)

1
e.g.  svDp(22) =519 (58%2 — ©(no, T)>%@) Q 2pt
Holomorphic differential only acts on 2nd entry p:

QWiVﬁW%(l,UH,p):(T—f) Z SVD%(p]oz) W%(l,aﬂ,oz)

acS)_1 n

no open-string analogue:

.
mild interaction between \_/» + 2mi Zn]a W 1 0’1 /0)

left & right after loop integral
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Results III — Closed-string differential equations

Also, Laplace operator closes on W%' . simply mixes component integrals

Ap = (Vp— 1)V — (n — 1+ Z njanj) (n — 2+ En: njanj)
. pa

generate Laplace equations for all modular graph forms (9, = 0):

@riP A Wi Lol p) = 3 {Sadus|@riP 2= n)(n— 1+ D (00, +70,))

a,BE€5, 1 1=2
+ <27Ti)2 Z (niﬁj - njﬁ%’)(@??jaﬁz' B aﬁzaﬁj)
same sv D;L 2<i<j
as n VﬁWﬁT + 2mi(7—7) Z Sij(anj _ am)(aﬁj o aﬁi)}
1<i<j<n

+ 2mi(T—7) [50704 Z NiOpsv DE(p|B) + 6, Z 10 SV Dg(a\a)}

+ (r=7)%v Di(a]a)sv Dy(plB) } W7 (1,0[1, 9)
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Summary & Outlook

e proposed universal (n—1)! basis of torus integrands gp%(l, 2,...,m)
for one-loop string amplitudes in bosonic / heterotic / SUSY theories

e basis integrals satisfy homogeneous first-order differential eq. in 7

e broader picture: closed-string amplitudes from single-valued open strings

— 1-loop input from comparing & solving differential equations
[Brown 1707.01230 & 1708.03354; Gerken, Kleinschmidt, Mafra, OS: in progress|

[D’Hoker, Green, Pioline 1712.06135 & 1806.02691]

Thank you for your attention !




