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ThereÕs an ambitious experimental program in GW.Scalability is key.

ThereÕs an ambitious theoretical program in QFT. Useful for GW?
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FIG. 1. Unitarity cuts needed for the classical scattering a m-
plitude. The shaded ovals represent tree amplitudes while the
exposed lines depict on-shell states. The wiggly and straight
lines denote gravitons and massive scalars, respectively.

explicitly the completeness of our second method, where
we work in strictly D = 4 so as to beneÞt from very
simple expressions for gauge-theory amplitudes in terms
of spinor helicity [19] variables. We then build the two
corresponding gravitational amplitudes via the KLT re-
lations [16]. At two loops, both approaches are e! cient,
but at higher loops, helicity amplitudes o" er a much more
compact starting point.

For concreteness, consider the Þrst generalized unitar-
ity cut in Fig. 1, which we refer to asCH-cut and is com-
prised of products of four three-point and one four-point
amplitudes. Since four-point tree amplitudes are already
very simple there is little computational advantage to
imposing the on-shell conditions on matter lines. Thus,
we replace the pairs of three-point amplitudes at the top
and bottom of the cut with four-point amplitudes and
then impose the matter cut conditions at the end. The
resulting iterated two-particle cut is then

C2,2 =
!

states

M 4(2s, ! 8, 7, 3s)M 4(! 5, 6, ! 7, 8)

" M 4(1s, 5, ! 6, 4s), (1)

whereM 4 denotes the tree-level four-point amplitude for
gravity minimally coupled to two massive scalars denoted
here by legs 1s, 2s, 3s, 4s. In this cut, legs 1s, 4s have
massm1 while legs 2s, 3s have massm2. All momenta in
each tree amplitude are taken to be outgoing. The sum
runs over graviton states for legs 5, 6, 7, 8, where the
minus signs on the labels indicate reversed momenta.

The four-point gravity tree amplitudes needed in the
cuts are obtained from gauge-theory ones via the Þeld-
theory limit of KLT relations [16],

M 4(1, 2, 3, 4) = ! is12A4(1, 2, 3, 4) A4(1, 2, 4, 3), (2)

where the A4 are tree-level color-ordered gauge-theory
four-point amplitudes and sij = ( pi + pj )2, working
in mostly minus metric signature throughout. Strictly
speaking, the KLT relations apply only to massless
states. However, they can be applied here by interpreting
the scalar masses, in the sense of dimensional reduction,
as extra-dimensional momentum components. While we
have not included coupling constants, these are easily
restored at the end of the calculation by including an
overall factor of (8! G)3, where G is NewtonÕs constant.

In terms of the spinor-helicity conventions of Ref. [20],
the independent tree-level gauge-theory amplitudes

needed in Eq. (1) are

A4(1s, 2+ , 3+ , 4s) = i
m2

1 [2 3]
#2 3$t12

,

A4(1s, 2+ , 3! , 4s) = i
#3| 1 |2]2

t23 t12
,

A4(1! , 2! , 3+ , 4+ ) = i
#1 2$4

#1 2$ #2 3$ #3 4$ #4 1$
,

A4(1! , 2+ , 3! , 4+ ) = i
#1 3$4

#1 2$ #2 3$ #3 4$ #4 1$
, (3)

where t ij = 2 pi ápj and the ± denote gluon helicities.
The dilaton and antisymmetric tensor states are re-

moved from unitarity cuts by correlating the gluon helic-
ities on both sides of the double copy. The unwanted
states correspond to one gluon in the double copy of
positive helicity and the other of negative helicity. An
internal graviton state is obtained by taking the corre-
sponding gluons in the KLT formula in Eq. (2) to be of
the same helicity.

Using spinor evaluation techniques, it is straightfor-
ward to obtain a compact expression for the iterated two-
particle cut in Eq. ( 1) (e.g. see Ref. [25]). Imposing cuts
on the matter lines, as indicated in the Þrst unitarity cut
of Fig. 1, further simpliÞes it and givesCH-cut . We Þnd

CH-cut = 2 i
"

1
(p5 ! p8)2 +

1
(p5 + p7)2

#

"
"
s2

23m4
1m4

2 +
1

s6
23

!

i =1 ,2

$
E4

i + O4
i + 6 O2

i E2
i

%#
, (4)

where we have deÞned

E2
1 =

1
4

s2
23(t18t25 ! t12t58)2, O2

1 = E2
1 ! m2

1m2
2s2

23t2
58,

E2
2 =

1
4

s2
23(t17t25 ! t12t57 ! s23(t17 + t57))2,

O2
2 = E2

2 ! m2
1m2

2s2
23t2

57. (5)

The simplicity of this expression is a reßection of the
double-copy structure: the same building blocks appear
in the simpler corresponding gauge-theory cut.

The spurious double-pole ins23 can be explicitly can-
celled by adding terms proportional to the Gram determi-
nant formed from the Þve independent momenta at two
loops which vanishes inD = 4. In fact, the expression de-
rived from the D-dimensional approach is automatically
free of such spurious singularities. While these Gram
determinants contribute quantum mechanically, we have
checked explicitly that they vanish in the classical limit.
This is not accidentalÑsuch terms are of the wrong form
to generate the required log(s23) needed to contribute to
the classical 3PM amplitude (see Ref. [24] for details).

The remaining two independent generalized unitarity
cuts in Fig. 2 are more complicated because they re-
quire Þve-point tree amplitudes with two massive scalar
legs. The four-dimensional input gauge-theory ampli-
tudes are simple to compute using modern methods

H
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potential

2 Classical Versus Quantum

The goal of this section is to introduce the basic ideas for e! ciently identifying the parts of quantum

scattering amplitudes that contribute to the classical potential. We discuss the kinematics, scale

hierarchies, power counting, and truncation of graph structures that allow us to drop quantum

contributions at the integrand level. This leads to enormous simpliÞcations that are crucial for the

scalability to high loop orders.

2.1 External Matter Kinematics

Gravitationally interacting spinless compact bodies with massesm1 and m2 can be described by a

system of two real scalar Þelds! 1 and ! 2 minimally coupled to gravity:

SGR =
!

dD x
!

" g

"

#"
1

16" G
R +

1
2

$

i =1 ,2

%
D µ! i Dµ! i " mi ! 2

i

&
'

( , (2.1)

where the Þrst term is the usual Einstein-Hilbert action. Here we consider the point-particle ap-

proximation, although Þnite size corrections can be systematically included using higher-dimension

operators [11, 46].1 Moreover, we exclude local interactions between matter Þelds, which violate the

classical assumption that the inter-particle separation is larger than their de Broglie wavelength.

The main focus of our analysis is the elastic-scattering amplitude of! 1 and ! 2 in the center of

mass frame, where the incoming states have four-momenta(E1, p) and (E2, " p) while the outgoing

states have four-momenta(E1, p!) and (E2, " p!). The energies are deÞned in the usual way, e.g.

E1 =
)

p2 + m2
1, and the conservation of energy for each matter Þeld impliesp2 = p!2. We deÞne

the four-momentum transfer in the scattering process as

q = (0 , q) = (0 , p " p!) . (2.2)

Classical physics applies whenever the minimal inter-particle separation is larger than the

de Broglie wavelength,#, of each particle. For a scattering process we may take the impact param-

eter |b| as a measure of the minimal separation, while for a bound state we may take it to be the

periastron or the average radius for quasi-circular orbits. Thus, in the classical regime we have

|b| # # =
1

|p|
, (2.3)

in natural, ! = 1, units. An immediate consequence is that, for any such two-body classical system,

the angular momentum is large

J $ |p %b| # 1. (2.4)

1These e! ects are important, especially for neutron-star mergers [47].
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Physics first.



On-shell methods are powerful.

Feynman diagrams wonÕt scale
hundred terms
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FIG. 1. Unitarity cuts needed for the classical scattering a m-
plitude. The shaded ovals represent tree amplitudes while the
exposed lines depict on-shell states. The wiggly and straight
lines denote gravitons and massive scalars, respectively.

explicitly the completeness of our second method, where
we work in strictly D = 4 so as to beneÞt from very
simple expressions for gauge-theory amplitudes in terms
of spinor helicity [19] variables. We then build the two
corresponding gravitational amplitudes via the KLT re-
lations [16]. At two loops, both approaches are e! cient,
but at higher loops, helicity amplitudes o" er a much more
compact starting point.

For concreteness, consider the Þrst generalized unitar-
ity cut in Fig. 1, which we refer to asCH-cut and is com-
prised of products of four three-point and one four-point
amplitudes. Since four-point tree amplitudes are already
very simple there is little computational advantage to
imposing the on-shell conditions on matter lines. Thus,
we replace the pairs of three-point amplitudes at the top
and bottom of the cut with four-point amplitudes and
then impose the matter cut conditions at the end. The
resulting iterated two-particle cut is then

C2,2 =
!

states

M 4(2s, ! 8, 7, 3s)M 4(! 5, 6, ! 7, 8)

" M 4(1s, 5, ! 6, 4s), (1)

whereM 4 denotes the tree-level four-point amplitude for
gravity minimally coupled to two massive scalars denoted
here by legs 1s, 2s, 3s, 4s. In this cut, legs 1s, 4s have
massm1 while legs 2s, 3s have massm2. All momenta in
each tree amplitude are taken to be outgoing. The sum
runs over graviton states for legs 5, 6, 7, 8, where the
minus signs on the labels indicate reversed momenta.

The four-point gravity tree amplitudes needed in the
cuts are obtained from gauge-theory ones via the Þeld-
theory limit of KLT relations [16],

M 4(1, 2, 3, 4) = ! is12A4(1, 2, 3, 4) A4(1, 2, 4, 3), (2)

where the A4 are tree-level color-ordered gauge-theory
four-point amplitudes and sij = ( pi + pj )2, working
in mostly minus metric signature throughout. Strictly
speaking, the KLT relations apply only to massless
states. However, they can be applied here by interpreting
the scalar masses, in the sense of dimensional reduction,
as extra-dimensional momentum components. While we
have not included coupling constants, these are easily
restored at the end of the calculation by including an
overall factor of (8! G)3, where G is NewtonÕs constant.

In terms of the spinor-helicity conventions of Ref. [20],
the independent tree-level gauge-theory amplitudes

needed in Eq. (1) are

A4(1s, 2+ , 3+ , 4s) = i
m2

1 [2 3]
#2 3$t12

,

A4(1s, 2+ , 3! , 4s) = i
#3| 1 |2]2

t23 t12
,

A4(1! , 2! , 3+ , 4+ ) = i
#1 2$4

#1 2$ #2 3$ #3 4$ #4 1$
,

A4(1! , 2+ , 3! , 4+ ) = i
#1 3$4

#1 2$ #2 3$ #3 4$ #4 1$
, (3)

where t ij = 2 pi ápj and the ± denote gluon helicities.
The dilaton and antisymmetric tensor states are re-

moved from unitarity cuts by correlating the gluon helic-
ities on both sides of the double copy. The unwanted
states correspond to one gluon in the double copy of
positive helicity and the other of negative helicity. An
internal graviton state is obtained by taking the corre-
sponding gluons in the KLT formula in Eq. (2) to be of
the same helicity.

Using spinor evaluation techniques, it is straightfor-
ward to obtain a compact expression for the iterated two-
particle cut in Eq. ( 1) (e.g. see Ref. [25]). Imposing cuts
on the matter lines, as indicated in the Þrst unitarity cut
of Fig. 1, further simpliÞes it and givesCH-cut . We Þnd

CH-cut = 2 i
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1
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where we have deÞned
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The simplicity of this expression is a reßection of the
double-copy structure: the same building blocks appear
in the simpler corresponding gauge-theory cut.

The spurious double-pole ins23 can be explicitly can-
celled by adding terms proportional to the Gram determi-
nant formed from the Þve independent momenta at two
loops which vanishes inD = 4. In fact, the expression de-
rived from the D-dimensional approach is automatically
free of such spurious singularities. While these Gram
determinants contribute quantum mechanically, we have
checked explicitly that they vanish in the classical limit.
This is not accidentalÑsuch terms are of the wrong form
to generate the required log(s23) needed to contribute to
the classical 3PM amplitude (see Ref. [24] for details).

The remaining two independent generalized unitarity
cuts in Fig. 2 are more complicated because they re-
quire Þve-point tree amplitudes with two massive scalar
legs. The four-dimensional input gauge-theory ampli-
tudes are simple to compute using modern methods
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FIG. 1. Unitarity cuts needed for the classical scattering a m-
plitude. The shaded ovals represent tree amplitudes while the
exposed lines depict on-shell states. The wiggly and straight
lines denote gravitons and massive scalars, respectively.

explicitly the completeness of our second method, where
we work in strictly D = 4 so as to beneÞt from very
simple expressions for gauge-theory amplitudes in terms
of spinor helicity [19] variables. We then build the two
corresponding gravitational amplitudes via the KLT re-
lations [16]. At two loops, both approaches are e! cient,
but at higher loops, helicity amplitudes o" er a much more
compact starting point.

For concreteness, consider the Þrst generalized unitar-
ity cut in Fig. 1, which we refer to asCH-cut and is com-
prised of products of four three-point and one four-point
amplitudes. Since four-point tree amplitudes are already
very simple there is little computational advantage to
imposing the on-shell conditions on matter lines. Thus,
we replace the pairs of three-point amplitudes at the top
and bottom of the cut with four-point amplitudes and
then impose the matter cut conditions at the end. The
resulting iterated two-particle cut is then

C2,2 =
!

states

M 4(2s, ! 8, 7, 3s)M 4(! 5, 6, ! 7, 8)

" M 4(1s, 5, ! 6, 4s), (1)

whereM 4 denotes the tree-level four-point amplitude for
gravity minimally coupled to two massive scalars denoted
here by legs 1s, 2s, 3s, 4s. In this cut, legs 1s, 4s have
massm1 while legs 2s, 3s have massm2. All momenta in
each tree amplitude are taken to be outgoing. The sum
runs over graviton states for legs 5, 6, 7, 8, where the
minus signs on the labels indicate reversed momenta.

The four-point gravity tree amplitudes needed in the
cuts are obtained from gauge-theory ones via the Þeld-
theory limit of KLT relations [16],

M 4(1, 2, 3, 4) = ! is12A4(1, 2, 3, 4) A4(1, 2, 4, 3), (2)

where the A4 are tree-level color-ordered gauge-theory
four-point amplitudes and sij = ( pi + pj )2, working
in mostly minus metric signature throughout. Strictly
speaking, the KLT relations apply only to massless
states. However, they can be applied here by interpreting
the scalar masses, in the sense of dimensional reduction,
as extra-dimensional momentum components. While we
have not included coupling constants, these are easily
restored at the end of the calculation by including an
overall factor of (8! G)3, where G is NewtonÕs constant.

In terms of the spinor-helicity conventions of Ref. [20],
the independent tree-level gauge-theory amplitudes

needed in Eq. (1) are

A4(1s, 2+ , 3+ , 4s) = i
m2

1 [2 3]
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#1 3$4

#1 2$ #2 3$ #3 4$ #4 1$
, (3)

where t ij = 2 pi ápj and the ± denote gluon helicities.
The dilaton and antisymmetric tensor states are re-

moved from unitarity cuts by correlating the gluon helic-
ities on both sides of the double copy. The unwanted
states correspond to one gluon in the double copy of
positive helicity and the other of negative helicity. An
internal graviton state is obtained by taking the corre-
sponding gluons in the KLT formula in Eq. (2) to be of
the same helicity.

Using spinor evaluation techniques, it is straightfor-
ward to obtain a compact expression for the iterated two-
particle cut in Eq. ( 1) (e.g. see Ref. [25]). Imposing cuts
on the matter lines, as indicated in the Þrst unitarity cut
of Fig. 1, further simpliÞes it and givesCH-cut . We Þnd
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The simplicity of this expression is a reßection of the
double-copy structure: the same building blocks appear
in the simpler corresponding gauge-theory cut.

The spurious double-pole ins23 can be explicitly can-
celled by adding terms proportional to the Gram determi-
nant formed from the Þve independent momenta at two
loops which vanishes inD = 4. In fact, the expression de-
rived from the D-dimensional approach is automatically
free of such spurious singularities. While these Gram
determinants contribute quantum mechanically, we have
checked explicitly that they vanish in the classical limit.
This is not accidentalÑsuch terms are of the wrong form
to generate the required log(s23) needed to contribute to
the classical 3PM amplitude (see Ref. [24] for details).

The remaining two independent generalized unitarity
cuts in Fig. 2 are more complicated because they re-
quire Þve-point tree amplitudes with two massive scalar
legs. The four-dimensional input gauge-theory ampli-
tudes are simple to compute using modern methods

3

FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! !) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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" G3#2m4 logq2

6$2%

'
3 " 6# + 206#&" 54&2 + 108#&2 + 4 #&3 "

48#
(
3 + 12&2 " 4&4

)
arcsinh

*
" " 1

2
#

&2 " 1

"
18#$

(
1 " 2&2

) (
1 " 5&2

)

(1 + $) (1 + &)

+
+

8" 3G3#4m6

$4%

'
3$

(
1 " 2&2) (

1 " 5&2)
F1 " 32m2#2 (

1 " 2&2) 3
F2

+
,

(8)

where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
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i
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where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±
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i . We then express the integrand
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, i.e. in terms of the particle poles
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i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is
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where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!
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, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±
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k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
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k 2
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i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is
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where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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Figure 4: Generalized two-particle cuts for a elastic scattering of two distinct scalars! 1 and ! 2 with
massesm1 and m2. The pairs of legs (1,4) and (2,3) correspond to! 1 and ! 2 respectively. The blobs
represent tree amplitudes, which can have several diagrams in a given blob, and exposed lines are all on
shell. Cut (a) separates the two matter Þelds by cutting graviton lines and contributes to the classical
potential. The top and bottom internal lines in Cut (b) are scalar ! 1 and ! 2, respectively. The internal
lines are both ! 2 for Cut (c). None of the Cut (b) and (c) contains any new classical contributions.
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Figure 5: Some generalized unitarity cuts for extracting the conservative two-body potential at (a) 2PM
order and (b) at 3PM order. The blobs represent tree amplitudes and exposed lines are all on shell. Straight
lines represent massive scalars and the wiggly lines are either gluons or gravitons, depending on whether
we are considering a gauge theory or a gravity cut.

Another contribution that can be discarded arises from any diagram or contribution to a diagram

that contains a closed loop of momentum! that never ßows through a matter line, but only through

graviton propagators, as illustrated in Fig.3(b). The only singularities in the closed loop come from

graviton poles, when|! 0| ! |! |, which is outside the potential region that contributes to the classical

potential. Conversely, this implies that classical contributions only arise from diagrams in which all

closed loops include at least one matter line. Note however that diagrams that pass this criterion

may still be quantum mechanical, such as diagrams (c) and (d) in Fig.3.

A third discarded contribution contains graviton lines which start and end on the same mat-

ter line. As we will discuss in Sec.12, diagrams containing such gravitons do not contribute to

the classical potential. This implies, for example, that diagrams (c) and (d) in Fig.3 can be dis-

carded. One may intuitively understand this by noticing that these diagrams represent quantum

mechanically-induced gravitational form factors for the matter Þelds. Alternatively, from the me-

chanics of integration one will Þnd that the three-momentum component of such graviton exchanges

is not parametrically set by the momentum transferq. From the perspective of generalized unitarity

at one loop discarding such diagrams amounts to ignoring cuts that pass twice through the same

matter line, such as the one illustrated in Fig.4(c). In this case legs 5 and 6 are the same scalar,

as identiÞed by its mass and the Lagrangian (2.1).
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Loop three-momenta

2)  infrared artifacts: iteration, superclassical

However, many of the integrals naively diverge due to contributions from poles at inÞnity. As we

will see, by averaging over routings of the loop momenta, we obtain Þnite answers which incorporate

various computable symmetry factors. A similar approach is discussed in [? ].

All of our examples in Sec.?? will employ this method of energy integral reduction. However,

there is a second simpler approach we dub the Òresidue methodÓ. In this case, we evaluate the

integral as a sum over residues on the matter poles. The residues are reweighted by various symmetry

factors that can be derived systematically and are actually equal to the corresponding master energy

integrals encountered in energy integral reduction. We present the details of the residue method in

Sec.??.

Step 3: Momentum Loop Integration

Our last step is to perform the three-momentum integration. The spatial integrand!I is a quite

complicated nonanalytic function of the loop momenta. Its functional form involves square roots

coming from the evaluation of the energy integrals. Direct evaluation of these integrals is likely very

di! cult. Our approach is instead to expandI in the nonrelativistic limit, e.g., in |p| ! m1, m2,

up to some order. As we will see, each term in the series is a simple rational function of the loop

momenta, and in fact, the form of these objects is identical to those which appear in NRGR.

Upon expansion, every one-loop integral which appears can be evaluated using the same me-

chanical procedure, and remarkably, applying this procedure sequentially is su! cient for evaluating

all two-loop integrals. This integration method exploits the fact that all spatial integrands we

encounterÑin some cases after straightforward integration by parts (IBP) reductionÑcan be writ-

ten in the form
!I =

"

!

"

"

"

#

f (!"# ) (! )
[! 2]! [(! + w )2]" [2z! + ! 2]#

, (99)

where! is one of the loop momenta andw and z denote vectors built from other loop momenta or

the external momenta. Here! and " can take on fractional powers but# is one or zero. The function

f (!"# ) is a polynomial in momenta. The! 2 and (! + w)2 poles are generated by combinations of

internal graviton propagators while the2z! + ! 2 poles arise from internal matter propagators.

To begin, we check whether there exists a loop momentum! such that Eq. (99) holds with

# = 0. This arises whenever a diagram contains a triangle subdiagram. In this case we trivially

evaluate these integrals using the following analytic formula for an arbitrary tensor numerator [? ],

[This formula has a lot of room for error!]

# dD ! 1!
(2$)D ! 1

! µ1 ! µ2 á á á! µn

[! 2]! [(! + w )2]"
=

1
(2$)D ! 1

i$
D ! 1

2 (" 1)n+ D ! 1
2

[w 2]! + " ! D ! 1
2

"n/ 2#"

m=0

A(! , " ; n, m)

$
w 2

2

%m &
[%]m[w ]n! 2m

' µ1µ2áááµn
,

(100)

where the quantity in curly brackets denotes a fully symmetric tensor built fromm powers of the

spatial metric, i.e. the (D " 1)-dimensional Kronecker delta function, andn " 2m powers ofw .
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! !) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is
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where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is
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where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-

Resummation: geometric, binomial, arcsinh

Loop energies
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contribu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig. 1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig. 2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.

Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations

of energies,! and ! !, in the potential region. As we will
prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! ! ) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij
is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-

matter poles
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,
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graviton propagators
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where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±
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i . We then express the integrand
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, i.e. in terms of the particle poles
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i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will
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where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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Here for every equation we have omitted a factor of12(8! G)3 ln q2 for the Þnite terms and a factor of

(8! G)3 for the remaining infrared divergent integrals. We have not included a factor of1/ (4E1E2) for

nonrelativistic normalization. Moreover, for diagrams4 and 4, we denote by{ 1 ! 2} contributions

obtained from swapping the mass and energy subscripts in all terms. The results above are for the

individual diagrams 1 " 8, and do not include contributions from topologies related by ßipping the

diagram. Graphs1, 2, 4, 7 are related to graphs1, 2, 4, 7 by crossing, i.e. by swapping the external

momentap2 ! p3 or equivalently p1 ! p4. We refer the reader to Table 1.

Note that judicious further expansion of factors ofEi in some places can lead to even simpler

results. In particular, series resummation often yields factors ofEi and mi that cancel in the Þnal

result (see Appendix C). For example, in graph6, expanding the factor ofm2
2/E 2

2 in large m2

cancels the geometric series inp2/E 2
2, yielding a result that is exact at 2PN. This is expected since

it follows from the topology of 6 that its nonrelativistic expansion is in |q|/m i , and there are no

velocity corrections from integration.

We see that graphs1 , 1 , 3, and 8 are zero except for a contribution from iterations of lower

order processes which will cancel in the matching with the EFT.

9.2 Post-Minkowskian Expansion

The results for graphs1 " 8 above are expressed in terms of series that have a substantially simple

structure order by order in p2. This simplicity is of course due to relativistic invariance. However,

even if it is trivial by inspection to resum all orders in velocity, it is natural to be suspicious since

any Þnite number of terms in a generic series has no bearing on the full function. Nevertheless, apart

from the veriÞcation of certain graphs by fully relativistic methods, we believe that our resummation

is trustworthy due to the following argument.

The underlying worry about resummation is that extrapolation may fail due to the appearance of

new velocity-dependent structures at some high order. Note, however, that the velocity expansion is

not an arbitrary series. Rather, it is strongly constrained by relativistic invariance of the underlying

theory and any new velocity-dependent structure must originate from a new fully relativistic one.

There is a simple argument from dimensional analysis that forbids new relativistic structures

from appearing at arbitrarily high order in the PN expansion. First, recall that the two loop

scattering amplitude has mass dimension six. Since every graph has seven propagators and the

integration measure has mass dimension eight, the numerator of the integrand must have mass

dimension twelve. If we assume conservatively that the entire mass dimension of the numerator is
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,
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Following the procedure outlined in Ref. [21], we Þrst
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order, we integrate over two independent combinations
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where the sum runs over distinct pairings (i, j ) of matter
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is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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ÒPost-NewtonianÓ amplitudes

3

FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! !) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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simple structure, nPN is not special, 4PN bound.



!9

V (p, r ) =
!!

i =1

ci (p2)
"

G
|r |

# i
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2

Here
!

k 1 ááák n
=

! d3 k 1
(2 ! ) 3 á á ád

3 k n
(2 ! ) 3 and the Feynman vertex

V (k , k !) is the potential in the center of mass frame.

Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ⌧ mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
menta, so|k0�k!

0| ⌧ |k�k !|.1 For a classical system, the
NR particles are separated by a distance|r | ⇠ 1/ |k � k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
|k � k !| ⌧ |k |, |k ! |, corresponds to an expansion in large
angular momentum, J ⇠ |k ⇥ r | � 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J " 1
/ k � k !

/ " 1, (3)

where k , k !
/ 1 + J " 1. The Þrst relation holds because

angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
 is the coupling constant, which for example in gravity
is the gravitational constant,  = 4⇡G. The classical
potential has the same scaling as the leading Coulomb
interaction, / |k � k !|2 / J 3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k 2, k !2, and k ák !. However, sincek 2

� k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded fork 2 and k !2 via the equations of motion.
We thus choose a Þeld basis in whichV only depends on
k 2 + k !2 and |k � k !|, so [4]

V (k , k !) =


|k � k !|2
(c1 + c2|k � k !| + á á á) , (4)

where we have only included terms which are classical
and thus scale asJ 3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in.2 ci

"
k 2 + k 02

2

#

are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1
While it may seem peculiar to integrate out massless states, the

potential modes are o↵-shell. Moreover, the EFT contains ultra-

soft modes with energy and momenta of order |k�k0| but these
encode dissipative e↵ects irrelevant to the conservative potential.

2
Higher order classical terms odd in  include factors of log |k�k0|.

ward to obtain the Feynman rules,

(k0, k ) =
i

k0 �

$
k 2 + m2

A,B + i0
,

k k !

-k !-k

= �iV (k , k !) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess wherep and p! are the incoming and outgoing three-
momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,

EA,B =
$

p2 + m2
A,B =

$
p!2 + m2

A,B . (6)

We deÞne the total energy and the reduced energy ratio,

E = EA + EB and ⇠ =
EA EB

(EA + EB )2 . (7)

Note that 0  ⇠  1/ 4 and moreover⇠ and E are de-
pendent variables sinceEA and EB are related through
Eq. (6). We also deÞne the momentum transferq =
p � p!

/ J " 1, with classical scaling dictated by Eq. (3).
The EFT amplitude can either be organized in terms

of the  expansion or in terms of loop orders, so

M EFT =
#%

i =1

M (i )
EFT =

#%

L =0

M L -loop
EFT , (8)

whereM (i )
EFT is at i th order in  and arises from Feynman

diagrams at i � 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

M L -loop
EFT = á á á

p

-p

k1

-k1

kL

-kL

p!

-p!

. (9)

For convenience, we merge each pair of matter lines into
an e↵ective Òtwo-body propagatorÓ,

�(k ) = i
&

dk0

2⇡
1

k0 �
'

k 2 + m2
A

1

E � k0 �
'

k 2 + m2
B

=
1

E �
'

k 2 + m2
A �

'
k 2 + m2

B

,

(10)
where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then

M L -loop
EFT = �

&

k 1 ááák L

V (p, k1)�(k1) á á á�(kL )V (kL , p!)

= �

&

k 1 ááák L

N L -loop
EFT

X 2
1 X 2

2 á á áX 2
L +1 Y1Y2 á á áYL

,

(11)

= �iV (p, q)
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Cristofoli, Bjerrum-Bohr, Damgaard, Vanhove 2019; Kalin, Porto 2019; 
Bjerrum-Bohr, Cristofoli, Damgaard 2019; Damour 2019

hard : (! , ! ) ! (m, m)

soft : (! , ! ) ! (|q|, |q|)

potential : ( ! , ! ) ! (|q||v |, |q|)

radiation : ( ! , ! ) ! (|q||v |, |q||v |)
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Classical Potential

2

Here
!

k 1 ááák n
=

! d3 k 1
(2 ! ) 3 á á ád

3 k n
(2 ! ) 3 and the Feynman vertex

V (k , k !) is the potential in the center of mass frame.

Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ⌧ mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
menta, so|k0�k!

0| ⌧ |k�k !|.1 For a classical system, the
NR particles are separated by a distance|r | ⇠ 1/ |k � k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
|k � k !| ⌧ |k |, |k ! |, corresponds to an expansion in large
angular momentum, J ⇠ |k ⇥ r | � 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J " 1
/ k � k !

/ " 1, (3)

where k , k !
/ 1 + J " 1. The Þrst relation holds because

angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
 is the coupling constant, which for example in gravity
is the gravitational constant,  = 4⇡G. The classical
potential has the same scaling as the leading Coulomb
interaction, / |k � k !|2 / J 3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k 2, k !2, and k ák !. However, sincek 2

� k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded fork 2 and k !2 via the equations of motion.
We thus choose a Þeld basis in whichV only depends on
k 2 + k !2 and |k � k !|, so [4]

V (k , k !) =


|k � k !|2
(c1 + c2|k � k !| + á á á) , (4)

where we have only included terms which are classical
and thus scale asJ 3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in.2 ci

"
k 2 + k 02

2

#

are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-
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While it may seem peculiar to integrate out massless states, the

potential modes are o↵-shell. Moreover, the EFT contains ultra-

soft modes with energy and momenta of order |k�k0| but these
encode dissipative e↵ects irrelevant to the conservative potential.
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Higher order classical terms odd in  include factors of log |k�k0|.
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where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess wherep and p! are the incoming and outgoing three-
momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,

EA,B =
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p2 + m2
A,B =
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p!2 + m2

A,B . (6)

We deÞne the total energy and the reduced energy ratio,

E = EA + EB and ⇠ =
EA EB

(EA + EB )2 . (7)

Note that 0  ⇠  1/ 4 and moreover⇠ and E are de-
pendent variables sinceEA and EB are related through
Eq. (6). We also deÞne the momentum transferq =
p � p!

/ J " 1, with classical scaling dictated by Eq. (3).
The EFT amplitude can either be organized in terms

of the  expansion or in terms of loop orders, so
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V (k , k !) is the potential in the center of mass frame.
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Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ! mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
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NR particles are separated by a distance|r | # 1/ |k " k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
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on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
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are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1 While it may seem peculiar to integrate out massless states, the
potential modes are o ! -shell. Moreover, the EFT contains ultra-
soft modes with energy and momenta of order |k ! k ! | but these
encode dissipative e! ects irrelevant to the conservative potential.
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where from here on the +i0 prescription will be implicit.
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momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,
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We deÞne the total energy and the reduced energy ratio,

E = EA + EB and # =
EA EB

(EA + EB )2 . (7)
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pendent variables sinceEA and EB are related through
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potential has the same scaling as the leading Coulomb
interaction, ! / |k " k !|2 & J 3.

Higher order potential terms are parametrized by ar-
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ants k 2, k !2, and k ák !. However, sincek 2 " k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! !) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):

M 3 =
" G3#2m4 logq2

6$2%

'
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,

(8)

where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
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eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
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Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
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with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):

M 3 =
" G3#2m4 logq2

6$2%

'
3 " 6# + 206#&" 54&2 + 108#&2 + 4 #&3 "

48#
(
3 + 12&2 " 4&4

)
arcsinh

*
" " 1

2
#

&2 " 1

"
18#$
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)
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-

+
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2

Here
!

k 1 ááák n
=

! d3 k 1
(2 ! ) 3 á á ád

3 k n
(2 ! ) 3 and the Feynman vertex

V (k , k !) is the potential in the center of mass frame.

Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ! mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
menta, so|k0 " k!

0| ! |k " k !|.1 For a classical system, the
NR particles are separated by a distance|r | # 1/ |k " k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
|k " k !| ! |k |, |k ! |, corresponds to an expansion in large
angular momentum, J # |k $ r | % 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J " 1 & k " k ! & ! " 1, (3)

where k , k ! & 1 + J " 1. The Þrst relation holds because
angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
! is the coupling constant, which for example in gravity
is the gravitational constant, ! = 4 " G. The classical
potential has the same scaling as the leading Coulomb
interaction, ! / |k " k !|2 & J 3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k 2, k !2, and k ák !. However, sincek 2 " k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded fork 2 and k !2 via the equations of motion.
We thus choose a Þeld basis in whichV only depends on
k 2 + k !2 and |k " k !|, so [4]

V (k , k !) =
!

|k " k !|2
(c1 + c2! |k " k !| + á á á) , (4)

where we have only included terms which are classical
and thus scale asJ 3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in! .2 ci

"
k 2 + k ! 2

2

#

are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1 While it may seem peculiar to integrate out massless states, the
potential modes are o ! -shell. Moreover, the EFT contains ultra-
soft modes with energy and momenta of order |k ! k ! | but these
encode dissipative e! ects irrelevant to the conservative potential.

2 Higher order classical terms odd in ! include factors of log |k ! k ! |.

ward to obtain the Feynman rules,

(k0, k ) =
i

k0 "
$

k 2 + m2
A,B + i0

,

k k !

-k !-k

= " iV (k , k !) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess wherep and p! are the incoming and outgoing three-
momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,

EA,B =
$

p2 + m2
A,B =

$
p!2 + m2

A,B . (6)

We deÞne the total energy and the reduced energy ratio,

E = EA + EB and # =
EA EB

(EA + EB )2 . (7)

Note that 0 ' # ' 1/ 4 and moreover# and E are de-
pendent variables sinceEA and EB are related through
Eq. (6). We also deÞne the momentum transferq =
p " p! & J " 1, with classical scaling dictated by Eq. (3).

The EFT amplitude can either be organized in terms
of the ! expansion or in terms of loop orders, so

M EFT =
#%

i =1

M (i )
EFT =

#%

L =0

M L -loop
EFT , (8)

whereM (i )
EFT is at i th order in ! and arises from Feynman

diagrams at i " 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

M L -loop
EFT = á á á

p
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. (9)

For convenience, we merge each pair of matter lines into
an e! ective Òtwo-body propagatorÓ,
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'
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where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then
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Here
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3 k n
(2 ! ) 3 and the Feynman vertex

V (k , k !) is the potential in the center of mass frame.

Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ! mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
menta, so|k0 " k!

0| ! |k " k !|.1 For a classical system, the
NR particles are separated by a distance|r | # 1/ |k " k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
|k " k !| ! |k |, |k ! |, corresponds to an expansion in large
angular momentum, J # |k $ r | % 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J " 1 & k " k ! & ! " 1, (3)

where k , k ! & 1 + J " 1. The Þrst relation holds because
angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
! is the coupling constant, which for example in gravity
is the gravitational constant, ! = 4 " G. The classical
potential has the same scaling as the leading Coulomb
interaction, ! / |k " k !|2 & J 3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k 2, k !2, and k ák !. However, sincek 2 " k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded fork 2 and k !2 via the equations of motion.
We thus choose a Þeld basis in whichV only depends on
k 2 + k !2 and |k " k !|, so [4]

V (k , k !) =
!

|k " k !|2
(c1 + c2! |k " k !| + á á á) , (4)

where we have only included terms which are classical
and thus scale asJ 3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in! .2 ci
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are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1 While it may seem peculiar to integrate out massless states, the
potential modes are o ! -shell. Moreover, the EFT contains ultra-
soft modes with energy and momenta of order |k ! k ! | but these
encode dissipative e! ects irrelevant to the conservative potential.

2 Higher order classical terms odd in ! include factors of log |k ! k ! |.

ward to obtain the Feynman rules,

(k0, k ) =
i

k0 "
$

k 2 + m2
A,B + i0

,

k k !

-k !-k

= " iV (k , k !) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess wherep and p! are the incoming and outgoing three-
momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,

EA,B =
$

p2 + m2
A,B =

$
p!2 + m2

A,B . (6)

We deÞne the total energy and the reduced energy ratio,

E = EA + EB and # =
EA EB

(EA + EB )2 . (7)

Note that 0 ' # ' 1/ 4 and moreover# and E are de-
pendent variables sinceEA and EB are related through
Eq. (6). We also deÞne the momentum transferq =
p " p! & J " 1, with classical scaling dictated by Eq. (3).

The EFT amplitude can either be organized in terms
of the ! expansion or in terms of loop orders, so

M EFT =
#%

i =1

M (i )
EFT =

#%

L =0

M L -loop
EFT , (8)

whereM (i )
EFT is at i th order in ! and arises from Feynman

diagrams at i " 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

M L -loop
EFT = á á á

p

-p

k1

-k1

kL

-kL

p!

-p!

. (9)

For convenience, we merge each pair of matter lines into
an e! ective Òtwo-body propagatorÓ,
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'
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=
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where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then

M L -loop
EFT = "
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Here
!

k 1 ááák n
=

! d3 k 1
(2 ! ) 3 á á ád

3 k n
(2 ! ) 3 and the Feynman vertex

V (k , k !) is the potential in the center of mass frame.

Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ⌧ mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
menta, so|k0�k!

0| ⌧ |k�k !|.1 For a classical system, the
NR particles are separated by a distance|r | ⇠ 1/ |k � k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
|k � k !| ⌧ |k |, |k ! |, corresponds to an expansion in large
angular momentum, J ⇠ |k ⇥ r | � 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J " 1
/ k � k !

/ " 1, (3)

where k , k !
/ 1 + J " 1. The Þrst relation holds because

angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
 is the coupling constant, which for example in gravity
is the gravitational constant,  = 4⇡G. The classical
potential has the same scaling as the leading Coulomb
interaction, / |k � k !|2 / J 3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k 2, k !2, and k ák !. However, sincek 2

� k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded fork 2 and k !2 via the equations of motion.
We thus choose a Þeld basis in whichV only depends on
k 2 + k !2 and |k � k !|, so [4]

V (k , k !) =


|k � k !|2
(c1 + c2|k � k !| + á á á) , (4)

where we have only included terms which are classical
and thus scale asJ 3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in.2 ci

"
k 2 + k 02

2

#

are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1
While it may seem peculiar to integrate out massless states, the

potential modes are o↵-shell. Moreover, the EFT contains ultra-

soft modes with energy and momenta of order |k�k0| but these
encode dissipative e↵ects irrelevant to the conservative potential.

2
Higher order classical terms odd in  include factors of log |k�k0|.

ward to obtain the Feynman rules,

(k0, k ) =
i

k0 �

$
k 2 + m2

A,B + i0
,

k k !

-k !-k

= �iV (k , k !) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess wherep and p! are the incoming and outgoing three-
momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,

EA,B =
$

p2 + m2
A,B =

$
p!2 + m2

A,B . (6)

We deÞne the total energy and the reduced energy ratio,

E = EA + EB and ⇠ =
EA EB

(EA + EB )2 . (7)

Note that 0  ⇠  1/ 4 and moreover⇠ and E are de-
pendent variables sinceEA and EB are related through
Eq. (6). We also deÞne the momentum transferq =
p � p!

/ J " 1, with classical scaling dictated by Eq. (3).
The EFT amplitude can either be organized in terms

of the  expansion or in terms of loop orders, so

M EFT =
#%

i =1

M (i )
EFT =

#%

L =0

M L -loop
EFT , (8)

whereM (i )
EFT is at i th order in  and arises from Feynman

diagrams at i � 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

M L -loop
EFT = á á á

p

-p

k1

-k1

kL

-kL

p!

-p!

. (9)

For convenience, we merge each pair of matter lines into
an e↵ective Òtwo-body propagatorÓ,
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dk0
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where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then

M L -loop
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Here
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k 1 ááák n
=

! d3 k 1
(2 ! ) 3 á á ád

3 k n
(2 ! ) 3 and the Feynman vertex

V (k , k !) is the potential in the center of mass frame.

Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ! mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
menta, so|k0 " k!

0| ! |k " k !|.1 For a classical system, the
NR particles are separated by a distance|r | # 1/ |k " k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
|k " k !| ! |k |, |k ! |, corresponds to an expansion in large
angular momentum, J # |k $ r | % 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J " 1 & k " k ! & ! " 1, (3)

where k , k ! & 1 + J " 1. The Þrst relation holds because
angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
! is the coupling constant, which for example in gravity
is the gravitational constant, ! = 4 " G. The classical
potential has the same scaling as the leading Coulomb
interaction, ! / |k " k !|2 & J 3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k 2, k !2, and k ák !. However, sincek 2 " k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded fork 2 and k !2 via the equations of motion.
We thus choose a Þeld basis in whichV only depends on
k 2 + k !2 and |k " k !|, so [4]

V (k , k !) =
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|k " k !|2
(c1 + c2! |k " k !| + á á á) , (4)

where we have only included terms which are classical
and thus scale asJ 3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in! .2 ci
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are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1 While it may seem peculiar to integrate out massless states, the
potential modes are o ! -shell. Moreover, the EFT contains ultra-
soft modes with energy and momenta of order |k ! k ! | but these
encode dissipative e! ects irrelevant to the conservative potential.

2 Higher order classical terms odd in ! include factors of log |k ! k ! |.

ward to obtain the Feynman rules,

(k0, k ) =
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k 2 + m2
A,B + i0

,

k k !

-k !-k

= " iV (k , k !) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess wherep and p! are the incoming and outgoing three-
momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,

EA,B =
$

p2 + m2
A,B =

$
p!2 + m2

A,B . (6)

We deÞne the total energy and the reduced energy ratio,

E = EA + EB and # =
EA EB

(EA + EB )2 . (7)

Note that 0 ' # ' 1/ 4 and moreover# and E are de-
pendent variables sinceEA and EB are related through
Eq. (6). We also deÞne the momentum transferq =
p " p! & J " 1, with classical scaling dictated by Eq. (3).

The EFT amplitude can either be organized in terms
of the ! expansion or in terms of loop orders, so

M EFT =
#%

i =1

M (i )
EFT =
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L =0

M L -loop
EFT , (8)

whereM (i )
EFT is at i th order in ! and arises from Feynman

diagrams at i " 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

M L -loop
EFT = á á á

p

-p
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For convenience, we merge each pair of matter lines into
an e! ective Òtwo-body propagatorÓ,
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'
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where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then

M L -loop
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Here
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=
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(2 ! ) 3 á á ád

3 k n
(2 ! ) 3 and the Feynman vertex

V (k , k !) is the potential in the center of mass frame.

Classical Limit . The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k |, |k ! | ! mA,B . By deÞnition, these potential
modes have energies parametrically less than their mo-
menta, so|k0 " k!

0| ! |k " k !|.1 For a classical system, the
NR particles are separated by a distance|r | # 1/ |k " k !|
that is parametrically larger than the Compton wave-
lengths of the particles, |k |, |k ! |. The resulting hierarchy,
|k " k !| ! |k |, |k ! |, corresponds to an expansion in large
angular momentum, J # |k $ r | % 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J " 1 & k " k ! & ! " 1, (3)

where k , k ! & 1 + J " 1. The Þrst relation holds because
angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
! is the coupling constant, which for example in gravity
is the gravitational constant, ! = 4 " G. The classical
potential has the same scaling as the leading Coulomb
interaction, ! / |k " k !|2 & J 3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k 2, k !2, and k ák !. However, sincek 2 " k !2 vanishes
on-shell, it can be eliminated by a Þeld redeÞnition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded fork 2 and k !2 via the equations of motion.
We thus choose a Þeld basis in whichV only depends on
k 2 + k !2 and |k " k !|, so [4]

V (k , k !) =
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|k " k !|2
(c1 + c2! |k " k !| + á á á) , (4)

where we have only included terms which are classical
and thus scale asJ 3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in! .2 ci
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are momentum-dependent functions characterizing con-
tributions at i th order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1 While it may seem peculiar to integrate out massless states, the
potential modes are o ! -shell. Moreover, the EFT contains ultra-
soft modes with energy and momenta of order |k ! k ! | but these
encode dissipative e! ects irrelevant to the conservative potential.

2 Higher order classical terms odd in ! include factors of log |k ! k ! |.

ward to obtain the Feynman rules,

(k0, k ) =
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k0 "
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k 2 + m2
A,B + i0

,

k k !

-k !-k

= " iV (k , k !) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess wherep and p! are the incoming and outgoing three-
momenta in the center of mass frame, andEA and EB
are the energies of the incoming particles,

EA,B =
$

p2 + m2
A,B =

$
p!2 + m2

A,B . (6)

We deÞne the total energy and the reduced energy ratio,

E = EA + EB and # =
EA EB

(EA + EB )2 . (7)

Note that 0 ' # ' 1/ 4 and moreover# and E are de-
pendent variables sinceEA and EB are related through
Eq. (6). We also deÞne the momentum transferq =
p " p! & J " 1, with classical scaling dictated by Eq. (3).

The EFT amplitude can either be organized in terms
of the ! expansion or in terms of loop orders, so

M EFT =
#%

i =1

M (i )
EFT =

#%

L =0

M L -loop
EFT , (8)

whereM (i )
EFT is at i th order in ! and arises from Feynman

diagrams at i " 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

M L -loop
EFT = á á á

p

-p

k1

-k1

kL

-kL

p!

-p!

. (9)

For convenience, we merge each pair of matter lines into
an e! ective Òtwo-body propagatorÓ,

" (k ) = i
&

dk0

2"
1

k0 "
'

k 2 + m2
A

1

E " k0 "
'

k 2 + m2
B

=
1

E "
'

k 2 + m2
A "

'
k 2 + m2

B

,

(10)
where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then

M L -loop
EFT = "

&

k 1 ááák L

V (p, k1)" (k1) á á á" (kL )V (kL , p!)

= "
&

k 1 ááák L

N L -loop
EFT

X 2
1 X 2

2 á á áX 2
L +1 Y1Y2 á á áYL

,

(11)
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! !) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):

M 3 =
" G3#2m4 logq2

6$2%

'
3 " 6# + 206#&" 54&2 + 108#&2 + 4 #&3 "

48#
(
3 + 12&2 " 4&4

)
arcsinh

*
" " 1

2
#

&2 " 1

"
18#$

(
1 " 2&2

) (
1 " 5&2

)

(1 + $) (1 + &)

+
+

8" 3G3#4m6

$4%

'
3$

(
1 " 2&2) (

1 " 5&2)
F1 " 32m2#2 (

1 " 2&2) 3
F2

+
,

(8)

where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
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ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
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comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
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with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
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FIG. 1. Unitarity cuts needed for the classical scattering a m-
plitude. The shaded ovals represent tree amplitudes while the
exposed lines depict on-shell states. The wiggly and straight
lines denote gravitons and massive scalars, respectively.

explicitly the completeness of our second method, where
we work in strictly D = 4 so as to beneÞt from very
simple expressions for gauge-theory amplitudes in terms
of spinor helicity [19] variables. We then build the two
corresponding gravitational amplitudes via the KLT re-
lations [16]. At two loops, both approaches are e! cient,
but at higher loops, helicity amplitudes o" er a much more
compact starting point.

For concreteness, consider the Þrst generalized unitar-
ity cut in Fig. 1, which we refer to asCH-cut and is com-
prised of products of four three-point and one four-point
amplitudes. Since four-point tree amplitudes are already
very simple there is little computational advantage to
imposing the on-shell conditions on matter lines. Thus,
we replace the pairs of three-point amplitudes at the top
and bottom of the cut with four-point amplitudes and
then impose the matter cut conditions at the end. The
resulting iterated two-particle cut is then

C2,2 =
!

states

M 4(2s, ! 8, 7, 3s)M 4(! 5, 6, ! 7, 8)

" M 4(1s, 5, ! 6, 4s), (1)

whereM 4 denotes the tree-level four-point amplitude for
gravity minimally coupled to two massive scalars denoted
here by legs 1s, 2s, 3s, 4s. In this cut, legs 1s, 4s have
massm1 while legs 2s, 3s have massm2. All momenta in
each tree amplitude are taken to be outgoing. The sum
runs over graviton states for legs 5, 6, 7, 8, where the
minus signs on the labels indicate reversed momenta.

The four-point gravity tree amplitudes needed in the
cuts are obtained from gauge-theory ones via the Þeld-
theory limit of KLT relations [16],

M 4(1, 2, 3, 4) = ! is12A4(1, 2, 3, 4) A4(1, 2, 4, 3), (2)

where the A4 are tree-level color-ordered gauge-theory
four-point amplitudes and sij = ( pi + pj )2, working
in mostly minus metric signature throughout. Strictly
speaking, the KLT relations apply only to massless
states. However, they can be applied here by interpreting
the scalar masses, in the sense of dimensional reduction,
as extra-dimensional momentum components. While we
have not included coupling constants, these are easily
restored at the end of the calculation by including an
overall factor of (8! G)3, where G is NewtonÕs constant.

In terms of the spinor-helicity conventions of Ref. [20],
the independent tree-level gauge-theory amplitudes

needed in Eq. (1) are

A4(1s, 2+ , 3+ , 4s) = i
m2

1 [2 3]
#2 3$t12

,

A4(1s, 2+ , 3! , 4s) = i
#3| 1 |2]2

t23 t12
,

A4(1! , 2! , 3+ , 4+ ) = i
#1 2$4

#1 2$ #2 3$ #3 4$ #4 1$
,

A4(1! , 2+ , 3! , 4+ ) = i
#1 3$4

#1 2$ #2 3$ #3 4$ #4 1$
, (3)

where t ij = 2 pi ápj and the ± denote gluon helicities.
The dilaton and antisymmetric tensor states are re-

moved from unitarity cuts by correlating the gluon helic-
ities on both sides of the double copy. The unwanted
states correspond to one gluon in the double copy of
positive helicity and the other of negative helicity. An
internal graviton state is obtained by taking the corre-
sponding gluons in the KLT formula in Eq. (2) to be of
the same helicity.

Using spinor evaluation techniques, it is straightfor-
ward to obtain a compact expression for the iterated two-
particle cut in Eq. ( 1) (e.g. see Ref. [25]). Imposing cuts
on the matter lines, as indicated in the Þrst unitarity cut
of Fig. 1, further simpliÞes it and givesCH-cut . We Þnd

CH-cut = 2 i
"

1
(p5 ! p8)2 +

1
(p5 + p7)2

#

"
"
s2

23m4
1m4

2 +
1

s6
23

!

i =1 ,2

$
E4

i + O4
i + 6 O2

i E2
i

%#
, (4)

where we have deÞned

E2
1 =

1
4

s2
23(t18t25 ! t12t58)2, O2

1 = E2
1 ! m2

1m2
2s2

23t2
58,

E2
2 =

1
4

s2
23(t17t25 ! t12t57 ! s23(t17 + t57))2,

O2
2 = E2

2 ! m2
1m2

2s2
23t2

57. (5)

The simplicity of this expression is a reßection of the
double-copy structure: the same building blocks appear
in the simpler corresponding gauge-theory cut.

The spurious double-pole ins23 can be explicitly can-
celled by adding terms proportional to the Gram determi-
nant formed from the Þve independent momenta at two
loops which vanishes inD = 4. In fact, the expression de-
rived from the D-dimensional approach is automatically
free of such spurious singularities. While these Gram
determinants contribute quantum mechanically, we have
checked explicitly that they vanish in the classical limit.
This is not accidentalÑsuch terms are of the wrong form
to generate the required log(s23) needed to contribute to
the classical 3PM amplitude (see Ref. [24] for details).

The remaining two independent generalized unitarity
cuts in Fig. 2 are more complicated because they re-
quire Þve-point tree amplitudes with two massive scalar
legs. The four-dimensional input gauge-theory ampli-
tudes are simple to compute using modern methods

H
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New result: 3PM Amplitude
along with expressions for the 1PM and 2PM amplitudes, M1 and M2, for completeness:

M1 = ≠4fiG‹2m2

“2›q2
(1 ≠ 2‡2) ,

M2 = ≠3fi2G2‹2m3

2“2›|q| (1 ≠ 5‡2) + 32fi2G2‹4m5(1 ≠ 2‡2)2

“3›

⁄ dD≠1¸1

(2fi)D≠1

1
¸2(¸ + q)2(¸2 + 2p¸) ,

M3 = fiG3‹2m4 ln |q|
3“2›

C

3 ≠ 6‹ + 206‹‡ ≠ 54‡2 + 108‹‡2 + 4‹‡3

≠
48‹ (3 + 12‡2 ≠ 4‡4) arcsinh

Ò
‡≠1

2Ô
‡2 ≠ 1

≠ 18‹“ (1 ≠ 2‡2) (1 ≠ 5‡2)
(1 + “) (1 + ‡)

D

+ 8fi3G3‹4m6

“4›

C

3“
1
1 ≠ 2‡2

2 1
1 ≠ 5‡2

2 ⁄ dD≠1¸

(2fi)D≠1

1
¸2|¸ + q|(¸2 + 2p¸)

≠ 32m2‹2
1
1 ≠ 2‡2

2
3

⁄ dD≠1¸1

(2fi)D≠1

dD≠1¸2

(2fi)D≠1

1
¸2

1(¸2 ≠ ¸1)2(¸2 + q)2(¸2
1 + 2p¸1)(¸2

2 + 2p¸2)

D

.

(9.3)

We remind the reader that here we use center-of-mass coordinates where the incoming and outgoing
particle momenta are ±p and ±(p ≠ q), respectively. We have included the overall normalization
factor (8fiG)3 as well as the nonrelativistic normalization factor 1/4E1E2, where E1,2 =

Ò
p2 + m2

1,2.
We define the total mass m = m1 + m2, the symmetric mass ratio ‹ = m1m2/m2, the total energy
E = E1 + E2, the symmetric energy ratio › = E1E2/E2, the energy-mass ratio “ = E/m, and the
relativistic kinematic invariant ‡ = p1·p2

m1m2
.

The remaining integrals in Eq. (9.3) are IR divergent and manifest the iterative structure through
factors of the tree-level and one loop triangle scalar coe�cients, given respectively by (1 ≠ 2‡2) and
(1≠5‡2). The integrals in M2 and M3 that are proportional to (1≠2‡2)2 and (1≠2‡2)3 represent
the double and triple iterations of tree-level exchange. The integral in M3 that is proportional
to (1 ≠ 2‡2)(1 ≠ 5‡2) represents the iteration of the tree-level and one loop triangle. Note that
the (1 ≠ 5‡2) factor arises from combining the IR divergent integrals in graphs 2 and 4. We have
also computed these IR pieces by using factorization properties of the full amplitude in transverse
impact parameter space. As we will see in the next section, these IR artifacts will cancel with
similar contributions from the EFT. This is of course guaranteed because the two theories describe
the same infrared dynamics, but nonetheless provides a nontrivial check.

Moreover, for some diagrams such as 7 + 7, we have checked the result using relativistic inte-
gration (see Sec. 8).

Note that the arcsinh factor is proportional to the sum of particle rapidities, arctanh |p|/E1,2.
Curiously, these arcsinh functions diverge as m1,2 æ 0, which seems contradictory to the known
fact that collinear divergences vanish in gravity. As we will discuss at length in Sec. 12.1 this is
purely an artifact of the classical limit, since quantum terms of order |q|/m1,2 have been dropped.

As an alternative to resummation by inspection, we can build an ansatz from the small number
of simple functional basis elements encountered in the case of scalar two loop integrals. The basis
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We remind the reader that here we use center-of-mass coordinates where the incoming and outgoing
particle momenta are ±p and ±(p ≠ q), respectively. We have included the overall normalization
factor (8fiG)3 as well as the nonrelativistic normalization factor 1/4E1E2, where E1,2 =

Ò
p2 + m2

1,2.
We define the total mass m = m1 + m2, the symmetric mass ratio ‹ = m1m2/m2, the total energy
E = E1 + E2, the symmetric energy ratio › = E1E2/E2, the energy-mass ratio “ = E/m, and the
relativistic kinematic invariant ‡ = p1·p2

m1m2
.

The remaining integrals in Eq. (9.3) are IR divergent and manifest the iterative structure through
factors of the tree-level and one loop triangle scalar coe�cients, given respectively by (1 ≠ 2‡2) and
(1≠5‡2). The integrals in M2 and M3 that are proportional to (1≠2‡2)2 and (1≠2‡2)3 represent
the double and triple iterations of tree-level exchange. The integral in M3 that is proportional
to (1 ≠ 2‡2)(1 ≠ 5‡2) represents the iteration of the tree-level and one loop triangle. Note that
the (1 ≠ 5‡2) factor arises from combining the IR divergent integrals in graphs 2 and 4. We have
also computed these IR pieces by using factorization properties of the full amplitude in transverse
impact parameter space. As we will see in the next section, these IR artifacts will cancel with
similar contributions from the EFT. This is of course guaranteed because the two theories describe
the same infrared dynamics, but nonetheless provides a nontrivial check.

Moreover, for some diagrams such as 7 + 7, we have checked the result using relativistic inte-
gration (see Sec. 8).

Note that the arcsinh factor is proportional to the sum of particle rapidities, arctanh |p|/E1,2.
Curiously, these arcsinh functions diverge as m1,2 æ 0, which seems contradictory to the known
fact that collinear divergences vanish in gravity. As we will discuss at length in Sec. 12.1 this is
purely an artifact of the classical limit, since quantum terms of order |q|/m1,2 have been dropped.

As an alternative to resummation by inspection, we can build an ansatz from the small number
of simple functional basis elements encountered in the case of scalar two loop integrals. The basis
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3

FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! !) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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" G3#2m4 logq2

6$2%

'
3 " 6# + 206#&" 54&2 + 108#&2 + 4 #&3 "

48#
(
3 + 12&2 " 4&4

)
arcsinh

*
" " 1

2
#

&2 " 1

"
18#$

(
1 " 2&2

) (
1 " 5&2

)

(1 + $) (1 + &)

+
+

8" 3G3#4m6

$4%

'
3$

(
1 " 2&2) (

1 " 5&2)
F1 " 32m2#2 (

1 " 2&2) 3
F2

+
,

(8)

where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-
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along with expressions for the 1PM and 2PM amplitudes, M1 and M2, for completeness:
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We remind the reader that here we use center-of-mass coordinates where the incoming and outgoing
particle momenta are ±p and ±(p ≠ q), respectively. We have included the overall normalization
factor (8fiG)3 as well as the nonrelativistic normalization factor 1/4E1E2, where E1,2 =

Ò
p2 + m2

1,2.
We define the total mass m = m1 + m2, the symmetric mass ratio ‹ = m1m2/m2, the total energy
E = E1 + E2, the symmetric energy ratio › = E1E2/E2, the energy-mass ratio “ = E/m, and the
relativistic kinematic invariant ‡ = p1·p2

m1m2
.

The remaining integrals in Eq. (9.3) are IR divergent and manifest the iterative structure through
factors of the tree-level and one loop triangle scalar coe�cients, given respectively by (1 ≠ 2‡2) and
(1≠5‡2). The integrals in M2 and M3 that are proportional to (1≠2‡2)2 and (1≠2‡2)3 represent
the double and triple iterations of tree-level exchange. The integral in M3 that is proportional
to (1 ≠ 2‡2)(1 ≠ 5‡2) represents the iteration of the tree-level and one loop triangle. Note that
the (1 ≠ 5‡2) factor arises from combining the IR divergent integrals in graphs 2 and 4. We have
also computed these IR pieces by using factorization properties of the full amplitude in transverse
impact parameter space. As we will see in the next section, these IR artifacts will cancel with
similar contributions from the EFT. This is of course guaranteed because the two theories describe
the same infrared dynamics, but nonetheless provides a nontrivial check.

Moreover, for some diagrams such as 7 + 7, we have checked the result using relativistic inte-
gration (see Sec. 8).

Note that the arcsinh factor is proportional to the sum of particle rapidities, arctanh |p|/E1,2.
Curiously, these arcsinh functions diverge as m1,2 æ 0, which seems contradictory to the known
fact that collinear divergences vanish in gravity. As we will discuss at length in Sec. 12.1 this is
purely an artifact of the classical limit, since quantum terms of order |q|/m1,2 have been dropped.

As an alternative to resummation by inspection, we can build an ansatz from the small number
of simple functional basis elements encountered in the case of scalar two loop integrals. The basis
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We remind the reader that here we use center-of-mass coordinates where the incoming and outgoing
particle momenta are ±p and ±(p ≠ q), respectively. We have included the overall normalization
factor (8fiG)3 as well as the nonrelativistic normalization factor 1/4E1E2, where E1,2 =
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1,2.
We define the total mass m = m1 + m2, the symmetric mass ratio ‹ = m1m2/m2, the total energy
E = E1 + E2, the symmetric energy ratio › = E1E2/E2, the energy-mass ratio “ = E/m, and the
relativistic kinematic invariant ‡ = p1·p2
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The remaining integrals in Eq. (9.3) are IR divergent and manifest the iterative structure through
factors of the tree-level and one loop triangle scalar coe�cients, given respectively by (1 ≠ 2‡2) and
(1≠5‡2). The integrals in M2 and M3 that are proportional to (1≠2‡2)2 and (1≠2‡2)3 represent
the double and triple iterations of tree-level exchange. The integral in M3 that is proportional
to (1 ≠ 2‡2)(1 ≠ 5‡2) represents the iteration of the tree-level and one loop triangle. Note that
the (1 ≠ 5‡2) factor arises from combining the IR divergent integrals in graphs 2 and 4. We have
also computed these IR pieces by using factorization properties of the full amplitude in transverse
impact parameter space. As we will see in the next section, these IR artifacts will cancel with
similar contributions from the EFT. This is of course guaranteed because the two theories describe
the same infrared dynamics, but nonetheless provides a nontrivial check.

Moreover, for some diagrams such as 7 + 7, we have checked the result using relativistic inte-
gration (see Sec. 8).

Note that the arcsinh factor is proportional to the sum of particle rapidities, arctanh |p|/E1,2.
Curiously, these arcsinh functions diverge as m1,2 æ 0, which seems contradictory to the known
fact that collinear divergences vanish in gravity. As we will discuss at length in Sec. 12.1 this is
purely an artifact of the classical limit, since quantum terms of order |q|/m1,2 have been dropped.

As an alternative to resummation by inspection, we can build an ansatz from the small number
of simple functional basis elements encountered in the case of scalar two loop integrals. The basis
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FIG. 2. The eight independent diagrams showing the propa-
gator structure of integrals from which the classical contr ibu-
tions are extracted.

(e.g. see Ref. [26]). For ourD construction we obtain
a BCJ representation, allowing us to express the gravity
cuts directly in terms of local diagrams. The particular
representation was chosen such that we can ignore the ref-
erence momenta when projecting the internal states into
gravitons. Further details will be given elsewhere [24].

To facilitate integration, we merge the cuts into a sin-
gle integrand whose cuts match those in Fig.1. This is
achieved using an ansatz in terms of eight independent
diagrams with only cubic vertices displayed in Fig.2. The
diagrammatic numerators are polynomials of the appro-
priate dimension exhibiting the symmetries of the corre-
sponding diagram. Their coe! cients are then Þxed via
the method of maximal cuts [27], whereby cuts of the in-
tegrand are constrained to match the known ones. This
approach is su! cient for the two-loop problem.
Integration. Our method of integration follows Ref. [21].
For convenience, we give a short summary here, leaving
details to Ref. [24]. Terms in the integrand take the form,

I =
numerator

graviton propagators
!

!

i

1
! 2

i " k 2
i " m2

i
, (6)

where i labels each matter line, which has energy! i ,
spatial momentum ki , and massmi . The matter prop-
agators can be factored into particle and antiparticle
poles, ! i ±

"
k 2

i + m2
i . We then express the integrand

as I = N !
#

i
1
zi

, i.e. in terms of the particle poles

zi = ! i "
"

k 2
i + m2

i and an e" ective numerator N which
absorbs the rest of the integrand.

Following the procedure outlined in Ref. [21], we Þrst
evaluate the energy integrals. At two loops, i.e. 3PM
order, we integrate over two independent combinations
of energies,! and ! !, in the potential region. As we will

prove in detail in Ref. [24], the result is

$I =
%

d!
2"

d! !

2"
I (! , ! !) =

&

(i,j )

Sij Res
! ij ,! !

ij

I (! , ! ! ), (7)

where the sum runs over distinct pairings (i, j ) of matter
poles andzi = zj = 0 when (! , ! !) = ( ! ij , ! !

ij ). Here Sij

is a calculable symmetry factor whose sign and magni-
tude depend on the topology of the cut graph. Note that
the residue for an (i, j ) pairing will vanish if there are no
values of ! and ! ! for which zi = zj = 0.

The resulting quantity $I depends on two independent
spatial loop momenta. To integrate over them we em-
ploy dimensional regularization to deal with ultraviolet
divergences stemming from the renormalization of delta
function contact interactions which do not contribute
classically. Due to the localization on energy residues,
$I is a complicated, non-polynomial function of three-
dimensional invariants involving square roots. Neverthe-
less, we can series expand$I in large m1,2, yielding poly-
nomials of kinematic invariants which we can integrate
at each order. After expanding, nearly all the spatial
integrals are simple bubbles for which there are known
analytic expressions [28]. The remaining integrals are
evaluated via integration-by-parts identities [29].

For diagrams free from infrared (IR) singularities gen-
erated by iterations of lower-loop graviton exchanges, we
have checked that our integrated results accord with sev-
eral standard methods in the Feynman integral litera-
ture, including the Mellin-Barnes representation [28, 30],
numerical integration via sector decomposition [31], and
di" erential equations [32] derived through integration-by-
parts reduction [29, 33]. Since the classical contribution
comes from certain residues on matter poles, the system
of di" erential equations omits integrals without support
on such residues.
Amplitude and potential. We apply the integration pro-
cedure outlined above order by order in the large-mass
expansion, i.e. in powers of velocity. Combining an ex-
plicit evaluation of the 3PM amplitude up to 7PN order
with information on the pole structure of individual in-
tegrals and exact, manifestly relativistic analytic results
for certain graph topologies, we conjecture a full, all or-
ders in velocity expression for the 3PM amplitude (whose
uniqueness will be discussed in Ref. [24]):
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where the log scale dependence is absorbed into a delta- function ultraviolet counterterm. Here we use center-of-

Caron-Huot, Zahrae; 
Parra-Martinez
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where for convenience, the expressions forc1 and c2 in
Ref. [20] are reproduced here with slightly di! erent nor-
malization and in our current notation. As emphasized
in Ref. [20], the cancellation of IR divergences between
M (EFT)

3PM and M 3PM depends critically on c1 and c2 and
thus provides a nontrivial check of our calculation.

Consistency checks.Our results pass several highly non-
trivial consistency checks (see Ref. [23] for more details).
First and foremost, we have veriÞed that the 4PN terms
in our Hamiltonian are physically equivalent to known
results up to a canonical coordinate transformation,

(r , p) # (R , P ) = ( A r + B p, C p + D r )

A = 1 !
Gm!
2|r |

+ á á á, B =
G(1 ! 2/ ! )

4m|r |
p ár + á á á,

C = 1 +
Gm!
2|r |

+ á á á, D = !
Gm!
2|r |3

p ár + á á á,

(12)
with ellipses denoting higher order corrections entering
as a power series inG/ |r |, p2, and (p ár )2/ r 2 (for past
treatments, see Ref. [35, 36]). To derive this coordinate
transformation we generate an ansatz forA, B, C, D and
constrain it to preserve the Poisson brackets,{ r , p} =
{ R , P } = 1 and other vanishing ones , in the spirit of
Ref. [37]. We verify that within this space of canonical
transformations exists a subspace which maps our Hamil-
tonian in Eq. (11) to the one in the literature, e.g.as sum-
marized in Eq.(8.41) of Ref. [9], up to the intersection of
3PM and 4PN accuracy.

Second, applying the methods of Ref. [20] we have
checked that the full-theory amplitude M 3PM in Eq. (8)
is identical to the amplitude M (EFT)

3PM computed from the
conservative Hamiltonian in Ref. [9] up to 4PN accuracy.

Third, we have extracted from our Hamiltonian the
coordinate invariant energy of a circular orbit as a func-
tion of the period. Working at 2PN orderÑthe highest
order subsumed by 3PM which is relevant to a virialized
systemÑwe agree with known results [8].

Fourth, we have extracted from our Hamiltonian the
3PM-accurate scattering angle for an unbound orbit in
center of mass frame:

%= !
m"# &M 1

2&L|p|
!

m"# &M 2

2&L 2 +
2m"#|p| &M 3

&L 3

!
m2" 2#2 &M 1 &M 2

2&3L 3|p|
+

m3" 3#3 &M 3
1

96&3L 3|p|3
, (13)

where the angular momentum L = b|p|, b is the im-
pact parameter and the &M i are the IR Þnite pieces of
the PM amplitudes with their q dependence removed:
&M 1 = q2M

!

1PM , &M 2 = |q|M
!

2PM , &M 3 = M
!

3PM / logq2.
Here the prime denotes that these are the IR Þnite pieces
deÞned in our subtraction,e.g. for 3PM this is given by
the logq2 term in Eq. (8); for 1PM and 2PM see Ref. [20].
Truncated to 4PN order, this expression is in agreement
with known results [38].

Last but not least, in the probe limit m1 $ m2, our
result exactly coincides with the Hamiltonian for a point
particle in a Schwarzschild background toO(G3) and all
orders in velocity, e.g. as given in Eq.(8) of Ref. [39].

Conclusions. We have presented the Þrst computation
of the 3PM amplitude for classical scattering of gravita-
tionally interacting massive spinless particles. From this
amplitude we have extracted the corresponding conser-
vative Hamiltonian for binary dynamics at 3PM order.

Our results leave many avenues for future work,e.g.ex-
tending to higher orders in the PM expansion, incorpo-
rating important phenomena like spin, radiation, Þnite-
size e! ects, and connecting our results to the e! ective
one-body formalism [3, 11, 34, 40].

The remarkable simplicity of the 3PM amplitude in
Eq. (8) and potential in Eq. (11) bodes well for future
progress. Moreover, since the amplitude and EFT meth-
ods employed in this paper are far from exhausted, we
believe that the progress we have reported marks only
the beginning.
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where for convenience, the expressions forc1 and c2 in
Ref. [20] are reproduced here with slightly di! erent nor-
malization and in our current notation. As emphasized
in Ref. [20], the cancellation of IR divergences between
M (EFT)

3PM and M 3PM depends critically on c1 and c2 and
thus provides a nontrivial check of our calculation.

Consistency checks.Our results pass several highly non-
trivial consistency checks (see Ref. [23] for more details).
First and foremost, we have veriÞed that the 4PN terms
in our Hamiltonian are physically equivalent to known
results up to a canonical coordinate transformation,
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with ellipses denoting higher order corrections entering
as a power series inG/ |r |, p2, and (p ár )2/ r 2 (for past
treatments, see Ref. [35, 36]). To derive this coordinate
transformation we generate an ansatz forA, B, C, D and
constrain it to preserve the Poisson brackets,{ r , p} =
{ R , P } = 1 and other vanishing ones , in the spirit of
Ref. [37]. We verify that within this space of canonical
transformations exists a subspace which maps our Hamil-
tonian in Eq. (11) to the one in the literature, e.g.as sum-
marized in Eq.(8.41) of Ref. [9], up to the intersection of
3PM and 4PN accuracy.

Second, applying the methods of Ref. [20] we have
checked that the full-theory amplitude M 3PM in Eq. (8)
is identical to the amplitude M (EFT)

3PM computed from the
conservative Hamiltonian in Ref. [9] up to 4PN accuracy.

Third, we have extracted from our Hamiltonian the
coordinate invariant energy of a circular orbit as a func-
tion of the period. Working at 2PN orderÑthe highest
order subsumed by 3PM which is relevant to a virialized
systemÑwe agree with known results [8].

Fourth, we have extracted from our Hamiltonian the
3PM-accurate scattering angle for an unbound orbit in
center of mass frame:
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deÞned in our subtraction,e.g. for 3PM this is given by
the logq2 term in Eq. (8); for 1PM and 2PM see Ref. [20].
Truncated to 4PN order, this expression is in agreement
with known results [38].

Last but not least, in the probe limit m1 $ m2, our
result exactly coincides with the Hamiltonian for a point
particle in a Schwarzschild background toO(G3) and all
orders in velocity, e.g. as given in Eq.(8) of Ref. [39].

Conclusions. We have presented the Þrst computation
of the 3PM amplitude for classical scattering of gravita-
tionally interacting massive spinless particles. From this
amplitude we have extracted the corresponding conser-
vative Hamiltonian for binary dynamics at 3PM order.

Our results leave many avenues for future work,e.g.ex-
tending to higher orders in the PM expansion, incorpo-
rating important phenomena like spin, radiation, Þnite-
size e! ects, and connecting our results to the e! ective
one-body formalism [3, 11, 34, 40].

The remarkable simplicity of the 3PM amplitude in
Eq. (8) and potential in Eq. (11) bodes well for future
progress. Moreover, since the amplitude and EFT meth-
ods employed in this paper are far from exhausted, we
believe that the progress we have reported marks only
the beginning.
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Here we use center of mass coordinates where the incom-
ing and outgoing particle momenta are± p and ± (p ! q),
respectively, and have included the nonrelativistic nor-

malization factor, 1/ 4E1E2, where E1,2 =
!

p2 + m2
1,2.

We also deÞne the total massm = m1 + m2, the
symmetric mass ratio ! = m1m2/m 2, the total energy
E = E1 + E2, the symmetric energy ratio " = E1E2/E 2,
the energy-mass ratio # = E/m , and the relativistic
kinematic invariant $ = p1·p2

m 1m 2
. Note that the sinh�1

factor is proportional to the sum of particle rapidities,
tanh�1 |p|/E 1,2.

Eq. (8) only includes q-dependent terms which persist
in the classical limit. In particular, the log q2 term ulti-
mately feeds into the conservative Hamiltonian through
the Fourier transform

"
logq2

#
FT = ! 1

2⇡|r|3 , while the re-
maining IR divergent piece cancels in the EFT matching.
For completeness, we present expressions for the latter in
dimensional regularization, keeping only the classically

relevant terms in the small-|q| expansion,
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dropping terms at O(|q|0) or higher and expressing the
integrands in the notation of Ref. [20]. While the O(&)
contributions to the coe�cients of these integrals are
needed to obtain the full amplitude in dimensional reg-
ularization, our integrand-level IR subtraction bypasses
this issue.

The Hamiltonian is extracted from the amplitude us-
ing the EFT method developed in Refs. [20, 21, 33] (see
Ref. [34] for another approach). In particular, consider
massive spinless particles interacting via the center of
mass Hamiltonian

H (p, r ) =
!

p2 + m2
1 +

!
p2 + m2

2 + V(p, r ),

V (p, r ) =
1'

i =1

ci (p2)
(

G
|r |

) i

,
(10)

where r is the distance vector between particles andi
runs over the PM expansion. Note that the form of
the above Hamiltonian implicitly Þxes a gauge in which
terms involving p ár or time derivatives of p are absent.
We then compute the scattering amplitude of massive
scalars,M (EFT) =

* 1
i =1 M (EFT)

i PM , whereM (EFT)
3PM receives

contributions from diagrams with two or fewer loops de-
pending onc1, c2, and c3. In Ref. [20], the coe�cients c1
and c2 were extracted analytically to all orders in veloc-
ity. Inserting these into M (EFT)

3PM e↵ectively implements
the subtraction of iterated contributions. By equating
M (EFT)

3PM = M 3PM , we solve for the 3PM coe�cient c3.
The main result of the present work is the 3PM poten-

tial, encapsulated by the coe�cients

3PM
3X

i=1

ci(p
2)
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mass coordinates where the incoming and outgoing par-
ticle momenta are ±p and ±(p − q), respectively. We
emphasize that M3 includes the nonrelativistic normal-

ization factor, 1/4E1E2, where E1,2 =
√

p2 +m2
1,2. We

also define the total mass m = m1 +m2, the symmetric
mass ratio ν = m1m2/m2, the total energy E = E1+E2,
the symmetric energy ratio ξ = E1E2/E2, the energy-
mass ratio γ = E/m, and the relativistic kinematic in-
variant σ = p1·p2

m1m2
. We emphasize that Eq. (8) is not

valid for m1,2 → 0 since quantum terms of order |q|/m1,2

are dropped, as will be elaborated on in Ref. [25]. Also,
note that the arcsinh factor is proportional to the sum of
particle rapidities, arctanh |p|/E1,2.

Eq. (8) only includes q-dependent terms which persist
in the classical limit. The log q2 term ultimately feeds
into the conservative Hamiltonian through the Fourier
transform

[
log q2

]
FT

= − 1
2π|r|3 . The IR-divergent con-

tributions, parameterized by F1 =
∫
k1

1
X2

1
Y1X2

and F2 =
∫
k1,k2

1
X2

1
Y1X

2
2
Y2X

2
3

in the notation described in Eq.(12)

of Ref. [22], will cancel in the EFT matching.
The Hamiltonian is extracted from the amplitude via

EFT methods developed in Refs. [22, 23, 35] (see Ref. [13]
for another approach). Consider massive spinless parti-
cles interacting via the center-of-mass Hamiltonian

H(p, r) =
√

p2 +m2
1 +

√
p2 +m2

2 + V (p, r),

V (p, r) =
∞∑

i=1

ci(p
2)

(
G

|r|

)i

,
(9)

where r is the distance vector between particles and i la-
bels PM orders. The above Hamiltonian is in a gauge in
which terms involving p·r or time derivatives of p are ab-
sent. We then compute the scattering amplitude of mas-

sive scalars, M(EFT) =
∑∞

i=1 M
(EFT)
i , where M(EFT)

3
comes from diagrams with two or fewer loops that de-
pend on c1, c2, and c3. In Ref. [22], the coefficients c1
and c2 were extracted analytically to all orders in veloc-

ity. Inserting these into M(EFT)
3 effectively implements

the subtraction of iterated contributions. By equating

M(EFT)
3 = M3, we solve for the 3PM coefficient c3.
The main result of the present work is the 3PM poten-

tial, encapsulated in the coefficients

c1 =
ν2m2

γ2ξ

(
1− 2σ2

)
, c2 =

ν2m3

γ2ξ

[
3

4

(
1− 5σ2

)
−

4νσ
(
1− 2σ2

)

γξ
−

ν2(1− ξ)
(
1− 2σ2

)2

2γ3ξ2

]

,

c3 =
ν2m4

γ2ξ

[
1

12

(
3− 6ν + 206νσ − 54σ2 + 108νσ2 + 4νσ3

)
−

4ν
(
3 + 12σ2 − 4σ4

)
arcsinh

√
σ−1
2√

σ2 − 1

−
3νγ

(
1− 2σ2

) (
1− 5σ2

)

2(1 + γ)(1 + σ)
−

3νσ
(
7− 20σ2

)

2γξ
−

ν2
(
3 + 8γ − 3ξ − 15σ2 − 80γσ2 + 15ξσ2

) (
1− 2σ2

)

4γ3ξ2

+
2ν3(3− 4ξ)σ

(
1− 2σ2

)2

γ4ξ3
+

ν4(1− 2ξ)
(
1− 2σ2

)3

2γ6ξ4

]

,

(10)

where for convenience, the expressions for c1 and c2 in
Ref. [22] are reproduced here with slightly different nor-
malization and in our current notation. As emphasized
in Ref. [22], the cancellation of IR divergences between

M(EFT)
3 and M3 depends critically on c1 and c2 and thus

provides a nontrivial check of our calculation.
Consistency checks. Our results pass several nontrivial
albeit overlapping consistency checks (see Ref. [25] for
details). First and foremost, we have verified that the
4PN terms in our Hamiltonian are equivalent to known
results up to a canonical coordinate transformation,

(r,p) → (R,P ) = (A r +B p, C p+D r)

A = 1− Gmν

2|r| + · · · , B =
G(1− 2/ν)

4m|r| p · r + · · · ,

C = 1 +
Gmν

2|r| + · · · , D = −Gmν

2|r|3 p · r + · · · ,

(11)

with ellipses denoting higher order corrections entering
as a power series in G/|r|, p2, and (p · r)2/r2 (for past
treatments, see Ref. [36, 37]). To derive this coordinate
transformation we generate an ansatz for A,B,C,D and
constrain it to preserve the Poisson brackets, i.e. {r,p} =
{R,P } = 1 with all other brackets vanishing, in the
spirit of Ref. [38]. We verify that within this space of
canonical transformations exists a subspace which maps
our Hamiltonian in Eq. (10) to the one in the literature,
e.g. as summarized in Eq.(8.41) of Ref. [10], up to the
intersection of 3PM and 4PN accuracy.

Second, applying the methods of Ref. [22] we have
checked that the full-theory amplitude M3 in Eq. (8)

is identical to the amplitude M(EFT)
3 computed from the

conservative Hamiltonian in Ref. [10] up to 4PN accu-
racy.

Third, we have extracted from our Hamiltonian the
coordinate invariant energy of a circular orbit as a func-

3PM Hamiltonian
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FIG. 2. Energetics of PM Hamiltonians. We compare to NR the binding energy as a function of orbital frequency GM⌦
from both PM and PM-EOB Hamiltonians for a nonspinning binary black hole with mass ratio q = 1 (left panel) and q = 10
(right panel). The dots at the end of the curves mark the ISCOs, when present in the corresponding two-body dynamics. The
NR binding energy and its error are in cyan. The top x-axis shows the number of orbits until merger. In the lower panel we
show the fractional di↵erence between the approximants and the NR result.

q = 1 and 10 [24]. In Fig. 1 we display the NR waveforms.
Those simulations span about 56 and 36 GW cycles (cor-
responding to ⇠ 28 and ⇠ 18 orbital cycles), for q = 1
and q = 10, respectively, before merger. We highlight in
Fig. 1 the portion of the waveform that we use to com-
pare with the binding-energy approximants. As can be
seen, the comparisons with NR extend up to about 1.4
and 1.8 GW cycles, for q = 1 and q = 10, respectively,
before the two black holes merge. Thus, our comparisons
of analytic models to NR predictions extend to the late
inspiral of a binary evolution, a stage characterized by
high velocity and strong gravity.

We compare NR predictions against analytic results
obtained with PM, EOB and PN Hamiltonians, summa-
rized in Table I. Notably, we compute results with the
Hamiltonian at mPM orders with m = 1, 2, 3 [64, 81]
(labeled HmPM), and with the EOB Hamiltonian of
Refs. [53, 56] and this paper at mPM orders with m =
1, 2, 3 (labeled H

EOB,PS

mPM
). We also compare results with

the PM EOB Hamiltonian augmented with PN results
up to 4PN order (labeled H

EOB,PS

mPM+nPN
), as derived in Ap-

pendix A. Furthermore, the (original) EOB Hamiltonian
employed in LIGO/Virgo data analysis [25, 27] is built
from the EOB Hamiltonian of Refs. [18, 66, 67], and it
resums perturbative PN results di↵erently from the PM

EOB Hamiltonian. To understand the impact of the dif-
ferent resummation, and also highlight the accuracy that
PM results would need to achieve in order to motivate
their use in waveform modeling, we also show results
with such an EOB Hamiltonian (labeled H

EOB

nPN
). Fi-

nally, we also employ the PN Hamiltonian from Ref. [84]
(labeled HnPN), and an alternative 3PM EOB Hamilto-
nian presented for circular orbits in Appendix B (labeled

H
EOB,fPS

3PM
).

In Figs. 2 and 3 we compare the binding energy com-
puted in NR with the ones from PM and PM EOB
Hamiltonians versus either the binary’s orbital frequency
(Fig. 2) or angular momentum (Fig. 3), for mass ratios
q = 1 and q = 10. We clearly see the improvement of
the PM binding energy from 1PM to 3PM, especially at
low frequency. The PM-EOB binding energies generally
show better agreement with NR, but they have a much
smaller range of variation from 1PM to 3PM. The 3PM
result does slightly better than 1PM, while 2PM is worse
than the other two. Overall those results demonstrate
the value and relevance of pushing PM calculations at
higher order, and of further exploring how to use PM
results to improve EOB models.

To understand the impact of PM calculations for
LIGO/Virgo analyses, it is important to compare the
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q = 1 and q = 10. We clearly see the improvement of
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3PM is an interesting meeting point between QCD and gravity.
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Conclusions

Thanks!

Time will tellÉ if we compute.
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NRGR, others?

Quantum Þeld theory is useful for GW physics.


