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Geometry of gluon amplitudes



Tree-level gluon amplitudes

✤ Simplest amplitude: MHV amplitude

✤ General N=4 SYM tree-level amplitude

An =
�(Q)

h12ih23ih34ih45i . . . hn1i

dual conformal symmetry
momentum twistors

geometric interpretation

An,k = An ⇥Rn,k(Zj)

color-ordered
amplitudes:

cyclic symmetry

(Parke, Taylor)
(Nair)



Amplitude as volume

✤ Focus on 6pt NMHV amplitude 1�2�3�4+5+6+
(Hodges  2009)

same as in real spaces, it is also legitimate to picture the contour integrals using
figures in three real dimensions, and we shall do so in the following.

We now note that likewise

h1365i3

h1235ih2365ih1236ih1265i =

Z

T1365

6

(W.Z2)4
DW (21)

where T1365 has bounding faces W.Z1 = 0, W.Z3 = 0, W.Z5 = 0, W.Z6 = 0.

In both integrals, the necessary condition h1235i 6= 0 can be interpreted as the con-
dition that the vertex V135 is a finite point when the bounding face corresponding
to Z

↵

2 is sent to infinity.

3.1 Why spurious poles cancel: spurious boundaries

We have neglected questions of sign in the preceding discussion, (and the overall
sign will continue to neglected) but more precisely, we have tetrahedral contours
equipped with an orientation. We shall use the sign of the permutation to indicate
relative orientation, thus writing T1365 = �T1356. Then the di↵erence between (18)
and (21) is equivalent to integrating over T1345 � T1365 = T1345 + T1356. This is a
new polyhedron P6 = T13[46]5 with 6 vertices, 9 edges and 5 faces (Figure 2). The
vertex V135 is absent. It follows that the combined integral, giving the amplitude,
remains finite even when the vertex V135 is at infinity. This explains geometrically
why the pole h1235i no longer appears in the amplitude.

Figure 2: The polyhedron P6 = T13[46]5, with 6 vertices, 9 edges and 5 faces.

Our guiding idea is that spurious poles arise from spurious boundaries. If we
consider the amplitude to be given by the integration of (W.Z2)�4 over P6, which
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dition that the vertex V135 is a finite point when the bounding face corresponding
to Z

↵

2 is sent to infinity.

3.1 Why spurious poles cancel: spurious boundaries

We have neglected questions of sign in the preceding discussion, (and the overall
sign will continue to neglected) but more precisely, we have tetrahedral contours
equipped with an orientation. We shall use the sign of the permutation to indicate
relative orientation, thus writing T1365 = �T1356. Then the di↵erence between (18)
and (21) is equivalent to integrating over T1345 � T1365 = T1345 + T1356. This is a
new polyhedron P6 = T13[46]5 with 6 vertices, 9 edges and 5 faces (Figure 2). The
vertex V135 is absent. It follows that the combined integral, giving the amplitude,
remains finite even when the vertex V135 is at infinity. This explains geometrically
why the pole h1235i no longer appears in the amplitude.

Figure 2: The polyhedron P6 = T13[46]5, with 6 vertices, 9 edges and 5 faces.

Our guiding idea is that spurious poles arise from spurious boundaries. If we
consider the amplitude to be given by the integration of (W.Z2)�4 over P6, which
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135
h1345i3

h1245ih2345ih1234ih1235i

h1356i3

h1256ih6123ih2356ih1235i

-R6,3 =

In momentum
space

h1|2 + 3|4]3

s234[23][34]h56ih61ih5|3 + 4|2]
A6,3 = + h3|4 + 5|6]3

s345[61][12]h34ih45ih5|3 + 4|2]



Amplituhedron

✤ This volume picture does not generalize 

✤ Amplituhedron: generalization to Grassmannians, beyond

✤ Search for “dual Amplituhedron” still ongoing

has no boundary at the vertex (1235), the spurious pole never arises. The spurious
poles only arise from the representation of P6 as the di↵erence of T1345 and T1365,
which requires the insertion of a spurious boundary.

An observation as elementary as school geometry now allows a marvellous applica-
tion of this identification of spurious boundaries. Note that P6 can be decomposed
in a quite di↵erent way into the sum of three tetrahedra:

P6 = T1346 + T3546 + T5146

This is most easily seen in the dual picture (Figure 3), where these three tetrahedra
meet on their common edge {46}.

Figure 3: In the dual representation, P6 appears as the join of two tetrahedra,
with 5 vertices, 9 edges and 6 faces.

It follows that the volume of this polytope can also be written as

1

h1246ih2346i

✓
h1346i3

h1234ih1236i

◆
+

1

h2346ih2546i

✓
h3546i3

h2345ih2356i

◆

+
1

h1246ih2546i

✓
h5146i3

h1245ih1256i

◆
(22)

But this expression corresponds exactly to the formula (2) for the amplitude. Thus
twistor geometry reduces the hexagon identity almost to triviality in the special
case of split-helicity.

In this case it is the vertices V146, V346, V546 that correspond to spurious poles.
(Again, this is more easily seen in the dual picture, where these vertices correspond
to the internal faces which split the polyhedron into three parts.)
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3.1 Why spurious poles cancel: spurious boundaries

We have neglected questions of sign in the preceding discussion, (and the overall
sign will continue to neglected) but more precisely, we have tetrahedral contours
equipped with an orientation. We shall use the sign of the permutation to indicate
relative orientation, thus writing T1365 = �T1356. Then the di↵erence between (18)
and (21) is equivalent to integrating over T1345 � T1365 = T1345 + T1356. This is a
new polyhedron P6 = T13[46]5 with 6 vertices, 9 edges and 5 faces (Figure 2). The
vertex V135 is absent. It follows that the combined integral, giving the amplitude,
remains finite even when the vertex V135 is at infinity. This explains geometrically
why the pole h1235i no longer appears in the amplitude.

Figure 2: The polyhedron P6 = T13[46]5, with 6 vertices, 9 edges and 5 faces.

Our guiding idea is that spurious poles arise from spurious boundaries. If we
consider the amplitude to be given by the integration of (W.Z2)�4 over P6, which
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A = dlog formA = volume

(Arkani-Hamed, JT 2013) (Arkani-Hamed, Thomas, JT 2017)

(Herrmann, Langer, Zheng, JT, in progress)(Arkani-Hamed, Hodges, JT 2015)



BCFW recursion relations

✤ Calculate 6pt amplitude using BCFW recursion relations

1�2�3�4+5+6+

many different shifts � e�
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✤ Calculate 6pt amplitude using BCFW recursion relations

etc

BCFW recursion relations

1�2�3�4+5+6+

many different shifts � e�
We always get one of two formulas:

R6,3 = (1) + (3) + (5) = (2) + (4) + (6)

R-invariants

R[a, b, c, d, e] =
(habcdi⌘e + hbcdei⌘a + · · ·+ heabci⌘d)4

habcdihbcdeihcdeaihdeabiheabci

make manifest
dual conformal

(and also Yangian)
symmetrywhere (1) = R[2, 3, 4, 5, 6]



R-invariants

R6,3 = (1) + (3) + (5) = (2) + (4) + (6)

h1345i3

h1245ih2345ih1234ih1235i
h1356i3

h1256ih6123ih2356ih1235i +

h3456i3

h2345ih2356ih2346ih2456i + h1456i3

h1245ih1256ih2456ih1246i + h1346i3

h1234ih6123ih1246ih2346i

1�2�3�4+5+6+For helicity amplitude

(Drummond, Henn, Korchemsky, Sokatchev) (Arkani-Hamed, Cachazo, Cheung, Kaplan) (Mason, Skinner)



R-invariants

R6,3 = (1) + (3) + (5) = (2) + (4) + (6)

h1345i3

h1245ih2345ih1234ih1235i
h1356i3

h1256ih6123ih2356ih1235i +

h3456i3

h2345ih2356ih2346ih2456i + h1456i3

h1245ih1256ih2456ih1246i + h1346i3

h1234ih6123ih1246ih2346i

For helicity amplitude 1�2�3�4+5+6+

(Drummond, Henn, Korchemsky, Sokatchev) (Arkani-Hamed, Cachazo, Cheung, Kaplan) (Mason, Skinner)

Two different triangulations



Gluon recap

Amplitude
= volume of geometry



Gluon recap

Amplitude
= volume of geometry

Triangulation:
spurious vertices

BCFW recursion:
spurious poles

rigid formulas = fixed by geometry
manifest dual conformal symmetry

=



Graviton amplitudes



Graviton amplitudes

✤ No momentum twistors, use spinor helicity variables

✤ MHV amplitude: non-trivial, does not factorize

✤ Natural proposal: study BCFW recursion relations

An =
detH

(abc)(def)

Problem: good large-z behavior
I

dz A(z)(a+ bz)

z
= 0

Other formulas 
(Hodges 2012)

(Mason, Skinner  2008)
(Spradlin, Volovich, Wen 2009)

(Berends, Giele, Kuijf 1988)

An(z) ⇠
1

z2

Many different formulas, no rigidity, they all look different

(Bern, Dixon, Perelstein, Rozowsky 1999



Example of BCFW formula

✤ Explicit example: (34) shift

The first configuration (4,!3|!2, 1, 5, 6) evaluates to

D1 = ⟨12⟩7[34] ⟨2|3 + 4|5]⟨4|2 + 3|1]⟨51⟩ − ⟨12⟩p2234⟨45⟩[51]
⟨14⟩⟨15⟩⟨16⟩⟨23⟩2⟨25⟩⟨26⟩⟨34⟩⟨45⟩⟨46⟩⟨56⟩

. (3.6)

The last configuration (1,!3|!2, 4, 5, 6) gives

D2 = ⟨12⟩8[13] ⟨14⟩[45]⟨52⟩p2123 − ⟨45⟩⟨2|1 + 3|4]⟨1|2 + 3|5]
⟨13⟩⟨14⟩⟨15⟩⟨16⟩⟨23⟩2⟨24⟩⟨25⟩⟨26⟩⟨45⟩⟨46⟩⟨56⟩

. (3.7)

Adding all four contributions, we get

A(1−, 2−, 3+, 4+, 5+, 6+) = D1 +D1(4 ↔ 5) +D1(4 ↔ 6) +D2. (3.8)

(3.8) agrees with the known result for the six graviton MHV amplitude.

The non-MHV amplitude A(1−, 2−, 3−, 4+, 5+, 6+) has contribution from six classes

of diagrams D1 = (2,!3|!4, 5, 6, 1)+(1 ↔ 2), D2 = (1, 6,!3|!4, 2, 5)+(1 ↔ 2)+(5 ↔ 6)+(1 ↔
2, 5 ↔ 6), D3 = (2, 5, 6,!3|!4, 1) + (1 ↔ 2), D4 = D

flip

3 , D5 = D
flip

1 and D6 = (5, 6,!3|!4, 1, 2).
The ’conjugate flip’ D

flip
exchanges the spinor products ⟨⟩ ↔ [] and the labels i ↔ 7− i.

The first class of diagrams D1 : (2,!3|!4, 5, 6, 1) + (1 ↔ 2) evaluates to

D1 =
⟨23⟩⟨1|2 + 3|4]7

"
⟨1|2 + 3|4]⟨5|3 + 4|2][51] + [12][45]⟨51⟩p2234

#

⟨15⟩⟨16⟩[23][34]2⟨56⟩p2234⟨1|3 + 4|2]⟨5|3 + 4|2]⟨5|2 + 3|4]⟨6|3 + 4|2]⟨6|2 + 3|4]
+ (1 ↔ 2).

(3.9)

The second group, D2 : (1, 6,!3|!4, 2, 5)+ permutations, gives

D2 =− ⟨13⟩7⟨25⟩[45]7[16]
⟨16⟩[24][25]⟨36⟩p2245⟨1|2 + 5|4]⟨6|2 + 5|4]⟨3|1 + 6|5]⟨3|1 + 6|2]

+ (1 ↔ 2) + (5 ↔ 6) + (1 ↔ 2, 5 ↔ 6).

(3.10)

The third class D3 : (2, 5, 6,!3|!4, 1) + (1 ↔ 2) is

D3 =
⟨13⟩8[14][56]7

"
⟨23⟩⟨56⟩[62]⟨1|3 + 4|5] + ⟨35⟩[56]⟨62⟩⟨1|3 + 4|2]

#

⟨14⟩[25][26]⟨34⟩2p2134⟨1|3 + 4|2]⟨1|3 + 4|5]⟨1|3 + 4|6]⟨3|1 + 4|2]⟨3|1 + 4|5]⟨3|1 + 4|6]
+ (1 ↔ 2).

(3.11)

The fourth and fifth group are related by conjugate flip to the third and first group re-

spectively. The last group to evaluate consists of a single diagram D6 : (5, 6,!3|!4, 1, 2)

D6 =
⟨12⟩[56]⟨3|1 + 2|4]8

[21][14][24]⟨35⟩⟨36⟩⟨56⟩p2124⟨5|1 + 2|4]⟨6|1 + 2|4]⟨3|5 + 6|1]⟨3|5 + 6|2] . (3.12)

6
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. (3.6)
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. (3.7)

Adding all four contributions, we get

A(1−, 2−, 3+, 4+, 5+, 6+) = D1 +D1(4 ↔ 5) +D1(4 ↔ 6) +D2. (3.8)

(3.8) agrees with the known result for the six graviton MHV amplitude.

The non-MHV amplitude A(1−, 2−, 3−, 4+, 5+, 6+) has contribution from six classes
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2, 5 ↔ 6), D3 = (2, 5, 6,!3|!4, 1) + (1 ↔ 2), D4 = D

flip

3 , D5 = D
flip

1 and D6 = (5, 6,!3|!4, 1, 2).
The ’conjugate flip’ D

flip
exchanges the spinor products ⟨⟩ ↔ [] and the labels i ↔ 7− i.

The first class of diagrams D1 : (2,!3|!4, 5, 6, 1) + (1 ↔ 2) evaluates to

D1 =
⟨23⟩⟨1|2 + 3|4]7

"
⟨1|2 + 3|4]⟨5|3 + 4|2][51] + [12][45]⟨51⟩p2234

#

⟨15⟩⟨16⟩[23][34]2⟨56⟩p2234⟨1|3 + 4|2]⟨5|3 + 4|2]⟨5|2 + 3|4]⟨6|3 + 4|2]⟨6|2 + 3|4]
+ (1 ↔ 2).

(3.9)

The second group, D2 : (1, 6,!3|!4, 2, 5)+ permutations, gives
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The first configuration (4,!3|!2, 1, 5, 6) evaluates to
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. (3.7)

Adding all four contributions, we get
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(3.8) agrees with the known result for the six graviton MHV amplitude.
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flip
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"
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#
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(3.8) agrees with the known result for the six graviton MHV amplitude.
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flip
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The third class D3 : (2, 5, 6,!3|!4, 1) + (1 ↔ 2) is

D3 =
⟨13⟩8[14][56]7

"
⟨23⟩⟨56⟩[62]⟨1|3 + 4|5] + ⟨35⟩[56]⟨62⟩⟨1|3 + 4|2]

#

⟨14⟩[25][26]⟨34⟩2p2134⟨1|3 + 4|2]⟨1|3 + 4|5]⟨1|3 + 4|6]⟨3|1 + 4|2]⟨3|1 + 4|5]⟨3|1 + 4|6]
+ (1 ↔ 2).

(3.11)

The fourth and fifth group are related by conjugate flip to the third and first group re-

spectively. The last group to evaluate consists of a single diagram D6 : (5, 6,!3|!4, 1, 2)

D6 =
⟨12⟩[56]⟨3|1 + 2|4]8

[21][14][24]⟨35⟩⟨36⟩⟨56⟩p2124⟨5|1 + 2|4]⟨6|1 + 2|4]⟨3|5 + 6|1]⟨3|5 + 6|2] . (3.12)
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Adding the pieces together, the six graviton non-MHV amplitude reads

A(1−, 2−, 3−, 4+, 5+, 6+) = D1 +D
flip

1 +D2 +D3 +D
flip

3 +D6. (3.13)

4. Derivation of the Recursion Relations

The derivation of the tree-level recursion relations (2.5) goes, with few modifications,

along the same lines as the derivation of the tree-level recursion relations for scattering

amplitudes of gluons [2], so we will be brief.

We start with the scattering amplitude A(z) defined at shifted momenta, see (2.4)

and (2.3). A(z) is a rational function of z because the z dependence enters the scattering

amplitude only via the shifts !λi → !λi + z!λj and λj → λj − zλi and because the original

tree-level scattering amplitude is a rational function of the spinors.

Actually, for generic momenta, A(z) has only single poles in z. These come from the

singularities of the propagators in Feynman diagrams. To see this, recall that for tree level

amplitudes, the momentum through a propagator is always a sum of momenta of external

particles PI = pi1 +pi2 + . . .+pil , where I is a group of not necessarily adjacent gravitons.

At nonzero z, the momentum becomes PI(z) = pi1(z) + pi2(z) + . . .+ pil(z). Here, pk(z)

is independent of z for k ≠ i, j and pi(z) + pj(z) is independent of z. Hence, PI(z) is

independent of z if both i and j are in I or if neither of them is in I. In the remaining

case, one of i and j is in the group I and the other is not. Without loss of generality, we

take i ∈ I. Then PI(z) = PI + zλi
!λj and P 2

I (z) = P 2
I − z⟨i|PI |j]. Clearly, the propagator

1/PI(z)2 has a simple pole for

zI =
P 2
I

⟨i|PI |j]
. (4.1)

For generic momenta, PI ’s are distinct for distinct groups I, hence the zI ’s are distinct.

So all singularities of A(z) are simple poles.

To continue the argument, we need to assume that A(z) vanishes as z → ∞. In the

next section we will argue that the tree level graviton amplitudes obey this criterium. A

rational function A(z) that has only simple poles and vanishes at infinity can be expressed

as

A(z) =
"

I

ResA(zI)

z − zI
, (4.2)
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Reminder: Yang-Mills formula

A6,3 =
X

S

h1|2 + 3|4]3

s234 · [23][34] · h56ih61i · h5|3 + 4|2]

(123, 456) ! (321, 654)
relabeling sum multiparticle

anti-holomorphic
holomorphic spurious

Only adjacent indices appear

h1|2 + 3|4]3

s234[23][34]h56ih61ih5|3 + 4|2]
h3|4 + 5|6]3

s345[61][12]h34ih45ih5|3 + 4|2]+Rewrite:



✤ Formula for graviton amplitude

New graviton formula

1�2�3�4+5+6+

A6,3 =
X

S

h1|2 + 3|4]3

s234 · [23][34] · h56ih61i · h5|3 + 4|2]

X

S

h1|2 + 3|4]6 · h3|4 + 5|6]
s234 · [23]2[34][24] · h56i2h61ih15i · h5|3 + 4|2]+

s7123
[12]2[23]2[13]2 · h45i2h56i2h64i2

in comparison to YM:

(JT, in progress)
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✤ Formula for graviton amplitude
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multi-particle
factorization channel

(JT, in progress)
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✤ Formula for graviton amplitude
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X
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S
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✤ Formula for graviton amplitude

A6,3 =
X

S

h1|2 + 3|4]3

s234 · [23][34] · h56ih61i · h5|3 + 4|2]

X

S

h1|2 + 3|4]6 · h3|4 + 5|6]
s234 · [23]2[34][24] · h56i2h61ih15i · h5|3 + 4|2]+

s7123
[12]2[23]2[13]2 · h45i2h56i2h64i2

extra term: respects
complete label symmetry

(JT, in progress)

New graviton formula

1�2�3�4+5+6+



Second formula

✤ The other Yang-Mills formula: (1) + (3) + (5)

✤ Gravity:
A6,3 =

X

S

h23i6[56]6 · h6|1 + 2|3]
s234 · [61][51] · h34ih24i · h2|3 + 4|5] · h4|5 + 6|1]2

+
X

S

s3123 · h12ih23i[46][56]
[12][23] · h45ih56i · h4|5 + 6|1]h4|5 + 6|3] · h6|4 + 5|3]h6|4 + 5|1]

A6,3 =
X

S

h23i3[56]3

s234 · [61] · h34i · h2|3 + 4|5] · h4|5 + 6|1]

+
s3123

[12][23] · h45ih56i · h4|5 + 6|1] · h6|4 + 5|3]

(JT, in progress)

Structure of poles
again analogous!
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Outlook

✤ Very early stage, so far only have some nice formulas 
reminiscent of Amplituhedron geometry

✤ Challenge 1: What is the singularity structure? 

✤ Challenge 2: What is the positive space?

it can not be only logarithmic
gravity amplitudes have double poles

An
�3=↵�2
�����! Fn

↵=0
���! O

✓
1

↵2

◆. . .

. . . h12ih23ih13i

needs to be formulated in momentum space
must capture all properties of gravity amplitudes
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✤ Very early stage, so far only have some nice formulas 
reminiscent of Amplituhedron geometry

✤ Challenge 1: What is the singularity structure? 

✤ Challenge 2: What is the positive space?

it can not be only logarithmic
gravity amplitudes have double poles

An
�3=↵�2
�����! Fn

↵=0
���! O

✓
1

↵2

◆. . .

. . . h12ih23ih13i

needs to be formulated in momentum space
must capture all properties of gravity amplitudes

apart from geometry
new symmetry in 
tree-level graviton 

amplitudes?



Thank you!


