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Outline

Electroweak corrections to the anomalous magnetic moments

Another anniversary (95th) related to g-2 in QED 

g-factor of a bound electron: an alternative route to New Physics
- new two (three) loop corrections



 

25 years ago: SLAC Summer Institute, 
26 July - 3 August 1993

E158 @ SLAC, 2005



 

Electroweak corrections to g-2 of the muon

How about two-loop electroweak corrections? 
Then (1995) none had been calculated. 
g-2 was the right observable to start with (no tree-level effect)

The original motivation for the Brookhaven experiment;
one-loop: contribute  195 / 1011 to the total g-2 



 

1995 Pisa Conference

1678 diagrams

Also at Pisa 1995: 
Ettore Remiddi reported his result with
Stefano Laporta: analytical 3-loop QED g-2.



 

Our approach: 

Neglect 92 per cent of diagrams 
- drop all multiple scalar couplings (factor of ~6 decrease)
- adopt a special gauge: non-linear (factor of ~2)

- evaluate the remaining ~140 diagrams analytically 
  (asymptotic expansions, 
   Karlsruhe QCD expertise: Chetyrkin, Steinhauser)

Can eliminate WGγ vertex:



 

Asymptotic expansions: an example

There are three mass scales in this amplitude: top, Higgs, muon.

We are interested in very small Higgs masses (possibly even below the muon).

(Work in progress with W. J. Marciano)

functions of 



 

How are the coefficient functions computed?
Consider various scaling regimes of loop momenta; “regions”:

only top-loop hard

One scale eliminated

all hard ~ mt

The remaining two scales are separated 
similarly. Consider two cases,



 

Results for the coefficient function f0

(leading order in inverse top mass expansion)
(Higgs lighter than muon)

(Higgs heavier than muon)



 

Results for the coefficient function f0

(leading order in inverse top mass expansion)
(Higgs lighter than muon)

(Higgs heavier than muon)

The same coefficient of the top-mass log

Odd powers present: non-analyticity



 

Behavior of the expansions



 

Behavior of the expansions



 

Behavior of the expansions



 

With so much data: the exact coefficients can 
be guessed
For example, odd powers:

What is the convergence radius? (d'Alembert criterion)

Convergent for 



 

Now sum the series to all orders



 

All two-loop electroweak effects

AC, Marciano, Vainshtein

Total two-loop correction: 



 

Recent numerical calculation

1780 diagrams; 

Difference seems to come mainly from fermion loops. 
Unclear treatment of Higgs couplings to fermions. 
(Constituent quark masses?) 



 

Another anniversary (yesterday, 95th)



 

Bound-electron g-factor



 

Bound-electron g-2: binding and loops

Pachucki,
AC
Jentschura,
Yerokhin
(2005)

two-loop corrections

Pachucki,
Jentschura,
Yerokhin
(2004)

Breit 1928



 

A new source of alpha: highly-charged ions

    
Pb

    
Pb

e-

Hydrogen-like lead Boron-like lead

There is a combination of g-factors in both ions where the sensitivity
to the nuclear structure largely cancels, but the sensitivity to alpha remains.

large Z favorable

Shabaev, Glazov, Oreshkina, Volotka, Plunien, Kluge, Quint



 

New idea: medium-charged ions

  
  

e-

Hydrogen-like ion Lithium-like ion

Combine H-like and Li-like to remove nuclear dependence;
then combine with a different nucleus, to remove free-g dependence!
 
Much interesting theoretical work remains to be done.

Yerokhin, Berseneva, Harman, Tupitsyn, Keitel: PRL (2016)

  
  



 

One- and two-loop binding corrections at (Za)5

One-loop: Pachucki+Puchalski, PRA96 (2017) 032503
conceptual breakthrough 

Sources of α2(Zα)5 effects:
- additional short-distance potential generated by Lamb-shift diagrams
- energy-dependence of the Lamb shift (and B-field change of energy)
- modification of the electron response to the B-field 
- modification of the B-field by the Coulomb field



 

Summary

* Electroweak corrections to the muon g-2: 2018 complete numerical 
   calculation confirms previous approximations

* Bound-electron g-factor: potential new source of alpha;
   Theory: richer than for free particles (and less developed)

* Synergy with beautiful experiments: 
   mass of the electron and, in future, the fine structure constant.

* For g: α(Zα)5 and α2(Zα)5 newly-finished



 

Now sum the series to all orders

Reconcile logarithms: 



 

Recent experimental improvement

Together, new experiments in Mainz and this theory
improved the accuracy of me by about a factor 3,

Nature 2014
Sturm et al

-18.0



 

Recent experimental improvement

Nature 2014
Sturm et al

Next theory challenge:
(Zα)5 effects.



 

Short-distance potential at O(α2(Zα)2)

+ 18 other diagrams with two-loop self-energy

First computed for Lamb shift in hydrogen:
   Pachucki, PRL 72, 3154 (1994); 
   Eides and Shelyuto, PRA 52, 954 (1995).

Improved precision by reduction to master integrals:
   Dowling, Mondejar, Piclum, AC, PRA 81, 022509 (2010).



 

Crucial tool: Laporta algorithm
Integration by parts

Identities among loop integrals
with various powers of propagators

System of difference equations

Solution in terms of a basis of master integrals 

Tkachev PLB 100 (1981) 65
Chetyrkin and Tkachev NPB 192 (1981) 159
Laporta IJMP 15 (2000) 5087
Smirnov JHEP 0810 (2008) 107 

Milestone papers:



 

Result: short-distance potential

Lamb shift
Correction to g

Karshenboim, PLA 266 (2000) 380



 

Next effect: energy dependence of Lamb

Propagators depend on the energy
of the electron

The energy is shifted in the magnetic field,



 

Modified electron response to the B-field 

External magnetic field

A group of about a hundred 3-loop diagrams: automatically generated
from Lamb.  Reduce to the same master integrals.

Gauge dependent: need g3 to cancel the ξ-dependence. 



 

Coulomb field modifies the magnetic field

“Magnetic loop”: a vacuum-polarization effect,

Karshenboim, Milstein, PLB 549 (2002) 321

Note: technically simpler --> analytical result.
Numerically small.



 

Light-by-light contributions



 

Light-by-light: virtual-muon “magnetic loop”

Recently considered numerically
in Belov et al, 1610.01340.

we find that this is the only difference
with the virtual-electron loop.
(Karshenboim & Milstein 2002) 



 

Light-by-light contribution to the Lamb shift

We consider two momentum regions in 



 

Light-by-light contribution to the Lamb shift

We consider two momentum regions in 

If all loops are 
short-distance (hard)



 

Light-by-light contribution to the Lamb shift

We consider two momentum regions in 

If all loops are 
short-distance (hard) If the lowest loop is soft

Pachucki; Eides+Shelyuto
Dowling, Mondejar, Piclum, AC

AC, Szafron
(Jentschura, AC, Pachucki)



 

How large is the resulting Lamb shift?

Decreases 1S-2S splitting by about 280 Hz.

For comparison, the experimental error is 10 Hz  (~ 10-15 relative error)
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