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Introduction
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Pieces of Muon g − 2 Theory Prediction
Contribution Value ×1010 Uncertainty ×1010

QED 11 658 471.895 0.008
EW 15.4 0.1
HVP LO 692.5 2.7
HVP NLO −9.84 0.06
HVP NNLO 1.24 0.01
Hadronic light-by-light 10.5 2.6
Total SM prediction 11 659 181.7 3.8
BNL E821 result 11 659 209.1 6.3
Fermilab E989 target ≈ 1.6

Experiment-Theory difference is 27.4(7.3) =⇒ 3.7σ tension!

Hadronic contributions are least certain
=⇒ Lattice QCD directly accesses hadronic contributions for g − 2!

[Blum et al., (2018)] 4 / 32



RBC/UKQCD Error Budget

[Blum et al., (2018)]
Full program of computations to improve total uncertainties:

I Reduce statistical uncertainties on light connected contribution
I Compute QED, SIB contributions
I Improve lattice spacing determination
I Finite volume and continuum extrapolation study
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RBC/UKQCD Error Budget

New Diagrams

Several Ensembles
Exclusive Study

[Blum et al., (2018)]
Full program of computations to improve total uncertainties:

I Reduce statistical uncertainties on light connected contribution
I Compute QED, SIB contributions
I Improve lattice spacing determination
I Finite volume and continuum extrapolation study
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Window Method
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Interplay between R-Ratio, Lattice QCD

[Blum et al., (2018)]

C(t) = 1
3
∑

~x,i 〈Vi (~x , t)Vi (0)〉

“Long distance”
R-Ratio Precise

“Short distance”
LQCD Precise

acont.
µ =

∫∞
0 dt K(t)Ccont.(t) alatt.

µ =
∑

t wtC latt.(t)

Ccont.(t) =
∫∞

0 d
√

s s R(s) e−
√

st C latt.(t) =
∑

n | 〈Ω| O |n〉 |
2e−Ent

wt from D. Bernecker, H. Meyer: 1107.4388 [hep-lat]

R-Ratio+Lattice QCD precise in complimentary regions
=⇒ combine results to improve total theory precision

Lattice uncertainty dominated by long-distance region
=⇒ LQCD-only calculation can be improved by addressing long-distance
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Interplay between R-Ratio, Lattice QCD

[Blum et al., (2018)]

C(t) = 1
3
∑

~x,i 〈Vi (~x , t)Vi (0)〉

“Long distance”
R-Ratio Precise

“Short distance”
LQCD Precise

acont.
µ =

∫∞
0 dt K(t)Ccont.(t) alatt.

µ =
∑

t wtC latt.(t)

Ccont.(t) =
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0 d
√

s s R(s) e−
√

st C latt.(t) =
∑

n | 〈Ω| O |n〉 |
2e−Ent

wt from D. Bernecker, H. Meyer: 1107.4388 [hep-lat]

Split the contributions into windows, take from the best of both methods
aµ = aSD

µ + aW
µ + aLD

µ

aSD
µ =

∑
t C(t)wt [1−Θ(t, t0,∆)]

aW
µ =

∑
t C(t)wt [Θ(t, t0,∆)−Θ(t, t1,∆)]

aLD
µ =

∑
t C(t)wt [Θ(t, t1,∆)]

Θ(t, t′,∆) = {1 + tanh [(t − t′)/∆]} /2
7 / 32



How does this translate to the time-like region?

Supplementary Information – S1

SUPPLEMENTARY MATERIAL

In this section we expand on a selection of technical de-
tails and add results to facilitate cross-checks of di↵erent
calculations of aHVP LO

µ .

Continuum limit: The continuum limit of a selec-
tion of light-quark window contributions aW

µ is shown in
Fig. 8. We note that the results on the coarse lattice di↵er
from the continuum limit only at the level of a few per-
cent. We attribute this mild continuum limit to the fa-
vorable properties of the domain-wall discretization used
in this work. This is in contrast to a rather steep contin-
uum extrapolation that occurs using staggered quarks as
seen, e.g., in Ref. [42].

The mild continuum limit for light quark contribu-
tions is consistent with a naive power-counting estimate
of (a⇤)2 = 0.05 with ⇤ = 400 MeV and suggests that
remaining discretization errors may be small. Since we
find such a mild behavior not just for a single quantity
but for all studied values of aW

µ with t0 ranging from 0.3
fm to 0.5 fm and t1 ranging from 0.3 fm to 2.6 fm, we
suggest that it is rather unlikely that the mild behav-
ior is result of an accidental cancellation of higher-order
terms in an expansion in a2. This lends support to our
quoted discretization error based on an O(a4) estimate.
In future work, this will be subject to further scrutiny by
adding a data-point at an additional lattice spacing.

Energy re-weighting: The top panel of Fig. 9 shows
the weighted correlator wtC(t) for the full aµ as well as
short-distance and long-distance projections aSD

µ and aLD
µ

for t0 = 0.4 fm and t1 = 1.5 fm. The bottom panel of
Fig. 9 shows the corresponding contributions to aµ sep-
arated by energy scale

p
s. We notice that, as expected,

aSD
µ has reduced contributions from low-energy scales and

aLD
µ has reduced contributions from high-energy scales.

In the limit of projection to su�ciently long distances, we
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µ with t0 = 0.4 fm
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FIG. 9. Window of R-ratio data in Euclidean position space
(top) and the e↵ect of the window in terms of re-weighting
energy regions (bottom).

may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di↵erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di↵erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.

Supplementary Information – S1

SUPPLEMENTARY MATERIAL

In this section we expand on a selection of technical de-
tails and add results to facilitate cross-checks of di↵erent
calculations of aHVP LO

µ .

Continuum limit: The continuum limit of a selec-
tion of light-quark window contributions aW

µ is shown in
Fig. 8. We note that the results on the coarse lattice di↵er
from the continuum limit only at the level of a few per-
cent. We attribute this mild continuum limit to the fa-
vorable properties of the domain-wall discretization used
in this work. This is in contrast to a rather steep contin-
uum extrapolation that occurs using staggered quarks as
seen, e.g., in Ref. [42].

The mild continuum limit for light quark contribu-
tions is consistent with a naive power-counting estimate
of (a⇤)2 = 0.05 with ⇤ = 400 MeV and suggests that
remaining discretization errors may be small. Since we
find such a mild behavior not just for a single quantity
but for all studied values of aW

µ with t0 ranging from 0.3
fm to 0.5 fm and t1 ranging from 0.3 fm to 2.6 fm, we
suggest that it is rather unlikely that the mild behav-
ior is result of an accidental cancellation of higher-order
terms in an expansion in a2. This lends support to our
quoted discretization error based on an O(a4) estimate.
In future work, this will be subject to further scrutiny by
adding a data-point at an additional lattice spacing.

Energy re-weighting: The top panel of Fig. 9 shows
the weighted correlator wtC(t) for the full aµ as well as
short-distance and long-distance projections aSD

µ and aLD
µ

for t0 = 0.4 fm and t1 = 1.5 fm. The bottom panel of
Fig. 9 shows the corresponding contributions to aµ sep-
arated by energy scale

p
s. We notice that, as expected,

aSD
µ has reduced contributions from low-energy scales and

aLD
µ has reduced contributions from high-energy scales.

In the limit of projection to su�ciently long distances, we

 120

 140

 160

 180

 200

 220

 240

 260

 280

 300

 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014

x 
10

-1
0

a2 / fm2

t0 = 0.4, t1 = 0.9, Light
t0 = 0.4, t1 = 1.0, Light
t0 = 0.4, t1 = 1.1, Light

FIG. 8. Continuum limit of light-quark aW
µ with t0 = 0.4 fm

and � = 0.15 fm.

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

x 
10

-1
0

t / fm

C(t) wtC(t) wt θ(t,1.5fm,0.15fm)
C(t) wt [1-θ(t,0.4fm,0.15fm)]

1E-03

1E-02

1E-01

1E+00

1E+01

1E+02

1E+03

1E+04

1E+05

 0.1  1  10  100
sqrt(s) / GeV

Σt C(t) wt
Σt C(t) wt θ(t,1.5fm,0.15fm)

Σt C(t) wt [1-θ(t,0.4fm,0.15fm)]

FIG. 9. Window of R-ratio data in Euclidean position space
(top) and the e↵ect of the window in terms of re-weighting
energy regions (bottom).

may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di↵erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di↵erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.

Most of ππ peak is captured by window from t0 = 0.4 fm to t1 = 1.5 fm,
so replacing this region with lattice data reduces the dependence on
BaBar versus KLOE data sets.

8 / 24

[C. Lehner; Lattice 2018]
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Window method with fixed t0 = 0.4 fm

4

a ud, conn, isospin
µ 202.9(1.4)S(0.2)C(0.1)V(0.2)A(0.2)Z 649.7(14.2)S(2.8)C(3.7)V(1.5)A(0.4)Z(0.1)E48(0.1)E64

a s, conn, isospin
µ 27.0(0.2)S(0.0)C(0.1)A(0.0)Z 53.2(0.4)S(0.0)C(0.3)A(0.0)Z

a c, conn, isospin
µ 3.0(0.0)S(0.1)C(0.0)Z(0.0)M 14.3(0.0)S(0.7)C(0.1)Z(0.0)M

a uds, disc, isospin
µ �1.0(0.1)S(0.0)C(0.0)V(0.0)A(0.0)Z �11.2(3.3)S(0.4)V(2.3)L

a QED, conn
µ 0.2(0.2)S(0.0)C(0.0)V(0.0)A(0.0)Z(0.0)E 5.9(5.7)S(0.3)C(1.2)V(0.0)A(0.0)Z(1.1)E

a QED, disc
µ �0.2(0.1)S(0.0)C(0.0)V(0.0)A(0.0)Z(0.0)E �6.9(2.1)S(0.4)C(1.4)V(0.0)A(0.0)Z(1.3)E

a SIB
µ 0.1(0.2)S(0.0)C(0.2)V(0.0)A(0.0)Z(0.0)E48 10.6(4.3)S(0.6)C(6.6)V(0.1)A(0.0)Z(1.3)E48

a udsc, isospin
µ 231.9(1.4)S(0.2)C(0.1)V(0.3)A(0.2)Z(0.0)M 705.9(14.6)S(2.9)C(3.7)V(1.8)A(0.4)Z(2.3)L(0.1)E48

(0.1)E64(0.0)M
a QED, SIB

µ 0.1(0.3)S(0.0)C(0.2)V(0.0)A(0.0)Z(0.0)E(0.0)E48 9.5(7.4)S(0.7)C(6.9)V(0.1)A(0.0)Z(1.7)E(1.3)E48

a R�ratio
µ 460.4(0.7)RST(2.1)RSY

aµ 692.5(1.4)S(0.2)C(0.2)V(0.3)A(0.2)Z(0.0)E(0.0)E48 715.4(16.3)S(3.0)C(7.8)V(1.9)A(0.4)Z(1.7)E(2.3)L
(0.0)b(0.1)c(0.0)S(0.0)Q(0.0)M(0.7)RST(2.1)RSY (1.5)E48(0.1)E64(0.3)b(0.2)c(1.1)S(0.3)Q(0.0)M

TABLE I. Individual and summed contributions to aµ multiplied by 1010. The left column lists results for the window method
with t0 = 0.4 fm and t1 = 1 fm. The right column shows results for the pure first-principles lattice calculation. The respective
uncertainties are defined in the main text.

We furthermore propagate uncertainties of the lattice
spacing (A) and the renormalization factors ZV (Z). For
the quark-disconnected contribution we adopt the addi-
tional long-distance error discussed in Ref. [29] (L) and
for the charm contribution we propagate uncertainties
from the global fit procedure [22] (M). Systematic errors
of the R-ratio computation are taken from Ref. [1] and
quoted as (RSY). The neglected bottom quark (b) and
charm sea quark (c) contributions as well as e↵ects of
neglected QED (Q) and SIB (S) diagrams are estimated
as described in the previous section.

For the QED and SIB corrections, we assume domi-

nance of the low-lying ⇡⇡ and ⇡� states and fit C
(1)
QED(t)

as well as C
(1)
�mf

(t) to (c1 + c0t)e
�Et, where we vary c0

and c1 for fixed energy E. The resulting p-values are
larger than 0.2 for all cases and we use this functional
form to compute the respective contribution to aµ. For
the QED correction, we vary the energy E between the
lowest ⇡⇡ and ⇡� energies and quote the di↵erence as ad-
ditional uncertainty (E). For the SIB correction, we take
E to be the ⇡⇡ ground-state energy.

For the light quark contribution of our pure lattice re-
sult we use a bounding method [37] similar to Ref. [38]
and find that upper and lower bounds meet within errors
at t = 3.0 fm. We vary the ground-state energy that en-
ters this method [39] between the free-field and interact-
ing value [40]. For the 48I ensemble we find Efree

0 = 527.3
MeV, E0 = 517.4 MeV + O(1/L6) and for the 64I en-
semble we have Efree

0 = 536.1 MeV, E0 = 525.1 MeV
+ O(1/L6). We quote the respective uncertainties as
(E48) and (E64). The variation of ⇡⇡ ground-state en-
ergy on the 48I ensemble also enters the SIB correction
as described above.

Figure 5 shows our results for the window method with
t0 = 0.4 fm. While the partial lattice and R-ratio contri-
butions change by several 100 ⇥ 10�10, the sum changes
only at the level of quoted uncertainties. This provides
a non-trivial consistency check between the lattice and
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FIG. 5. We show results for the window method with t0 = 0.4
fm as a function of t1. The top panel shows the combined
aµ, the middle panel shows the partial contributions of the
lattice and R-ratio data, and the bottom shows the respective
uncertainties.

the R-ratio data for length scales between 0.4 fm and
2.6 fm. We expand on this check in the supplementary
material. The uncertainty of the current analysis is min-
imal for t1 = 1 fm, which we take as our main result
for the window method. For t0 = t1 we reproduce the
value of Ref. [1]. In Fig. 6, we show the t1-dependence
of individual lattice contributions and compare our re-
sults with previously published results in Fig. 7. Our
combined lattice and R-ratio result is more precise than
the R-ratio computation by itself and reduces the ten-
sion to the other R-ratio results. Results for di↵erent
window parameters t0 and t1 and a comparison of indi-
vidual components with previously published results are
provided as supplementary material.

For t = 1 fm approximately 50% of uncertainty comes from lattice and 50% of
uncertainty comes from the R-ratio. Is there a small slope? More in a few slides!
Can use this to check experimental data sets; see my KEK talk for more details
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Results - Combined Analysis

[Blum et al., (2018)]

RBC-UKCQCD all-lattice calculation currently compatible with both
R-ratio and no new physics scenarios
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QED + SIB
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IB corrections on the lattice

Expansion around IB symmetric: QED corrections

I expand the path integral in α [RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

〈O〉 = 〈O〉e=0 +
1

2
e2 ∂2

∂e2
〈O〉

∣∣∣∣∣
e=0

+O(α2)

I same order in α as hadronic light-by-light scattering

I diagrams with one photon

QED correction to quark-connected HVP

QED correction to quark-disconnected HVP

QED corrections for sea quarks
Vera Gülpers (University of Edinburgh) SchwingerFest2018: g-2 Dec 4, 2018 4 / 15

[V. Gülpers talk; Dec 4, 4:00pm]
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IB corrections on the lattice

Summary IB corrections to the HVP

I connected aQED, conn
µ = 5.9(5.7)(1.7)× 10−10

I disconnected aQED, disc
µ = −6.9(2.1)(2.7)× 10−10

I at least 1/Nc suppressed→ assign 30% systematic error

I strong IB correction asIB
µ = 10.6(4.3)(6.8)× 10−10

I disconnected sIB SU(3)f and 1/Nc suppressed→ assign 10% error

I unquenched sIB ∆mu ≈ −∆md suppressed

Vera Gülpers (University of Edinburgh) SchwingerFest2018: g-2 Dec 4, 2018 14 / 15

[V. Gülpers talk; Dec 4, 4:00pm]
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τ Decays
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Neutral vs Charged
i
2
(
ūγµu− d̄γµd

)
,

[
I = 1
I3 = 0

]
→ j

(1,−)
µ = i√

2

(
ūγµd) ,

[
I = 1
I3 = −1

]

Isospin 1 charged correlator GW11 = 1
3

∑

k

∫
d~x 〈j(1,+)

k (x)j(1,−)
k (0)〉

δG(1,1) ≡ Gγ11 −GW11

= Z4
V (4πα) (Qu −Qd)4

4

[
+

]

Gγ01 = Z4
V

(Q2
u −Q2

d)2

2 (4πα)
[

+ 2× + + . . .
]

+Z2
V

Q2
u −Q2

d

2 (mu −md)
[

2× + . . .
]

. . . = subleading diagrams currently not included

7 / 13
[M. Bruno talk; Dec 3, 4:30pm]
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Lattice: Preliminary results - I
∆aµ from Gγ01 (QED and SIB):

0 1 2 3 4 5

t [fm]

−0.2

0.0

0.2

0.4

0.6

0.8

∆
a
µ
(t

)

conn , SIB

discon ,QED

conn ,QED

Pure I = 1 only O(α) terms:

0 1 2 3 4 5

t [fm]

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

∆
a
µ
(t

)

V = F = S =

M = O = relevant, negative, neglected

8 / 13
[M. Bruno talk; Dec 3, 4:30pm]
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Consolidated Continuum Limit
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Add a−1 = 2.77 GeV lattice spacing

I Third lattice spacing for strange data (a−1 = 2.77 GeV with
mπ = 234 MeV with sea light-quark mass corrected from global fit):
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In this figure, we have attempted a linear fit in a2. The p value of all shown
fits is good and does not resolve the a4 or a2 log(a2) coe�cients from zero. We
can, however, allow them to be included in the fit (for now just a4), which
significantly increases the uncertainty of the extrapolation
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A better way to study the quality of agreement of di↵erent discretizations
is to look at correlated di↵erences between the di↵erent methods on the same
ensemble. In these di↵erences virtually all statistical noise cancels

4

I For light quark need new ensemble at physical pion mass. Proposed
for early science time at Summit Machine at Oak Ridge later this
year (a−1 = 2.77 GeV with mπ = 139 MeV).
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I = 1 Exclusive Channels
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Operator Construction
Operators in I = 1 P-wave channel with ~pCOM = 0, to impact on aHVP

µ

Designed to have strong overlap with specific target state,
but all operators unavoidably couple to all states in HVP spectrum

Local vector current operator:
I O0 =

∑
x ψ̄(x)γµψ(x), µ ∈ {1, 2, 3}

Three 2π operators with O1,2,3 given by ~pπ ∈ 2π
L × {(1, 0, 0), (1, 1, 0), (1, 1, 1)}:

I On =
∣∣∣
∑

xyz ψ̄(x)f (x − z)e−i~pπ·~zγ5f (z − y)ψ(y)
∣∣∣

2

Correlators arranged in a 4× 4 symmetric matrix:

⊗ O0 O1 O2 O3
O0 C(2)

ρ C(3)
ρ→ππ C(3)

ρ→ππ C(3)
ρ→ππ

O1 C(4)
ππ→ππ C(4)

ππ→ππ C(4)
ππ→ππ

O2 C(4)
ππ→ππ C(4)

ππ→ππ

O3 C(4)
ππ→ππ

Inclusion of extra operator with ~pπ = 2π
L × (2, 0, 0)

to estimate systematics from excited state contamination
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Spectrum/Overlap Results
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C(t) V = C(t + δt) V Λ(δt) , Λnn(δt) ∼ e+Enδt

Scatter points from solving GEVP at fixed δt
Black lines are from fit ansatz: fi (t) = Ei + ai e−(EN−Ei )t

Colored bands are results for Ei from fitting to ansatz
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Spectrum/Overlap Results
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PRELIMINARY

C(t) V = C(t + δt) V Λ(δt) , Vim ∝ 〈Ω| Oi |m〉

Overlaps determined from single-t GEVP result, different t for each state
ts picked to get approximately same excited state contamination for each
Bands include systematics from difference between 4- and 5-operator GEVP basis
First two states well-determined, third state has larger systematics
=⇒ checked for 4π contribution, resolvable and negligible
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Correlation Function Reconstruction
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1-state reconstruction
2-state reconstruction
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PRELIMINARY

aHVP
µ =

∑
t wtC(t)

GEVP results to reconstruct long-distance behavior of
local vector correlation function needed to compute connected HVP

Explicit reconstruction good estimate of correlation function at long-distance,
missing excited states at short-distance

More states =⇒ better reconstruction, can replace C(t) at shorter distances
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(Improved) Bounding Method

Use known results in spectrum to make a precise estimate of
upper & lower bound on aHVP

µ

C̃(t; tmax,E) =
{

C(t) t < tmax

C(tmax)e−E(t−tmax) t ≥ tmax

Upper bound: E = E0, lowest state in spectrum

Lower bound: E = log[ C(tmax)
C(tmax+1) ]

Good control over lower states in spectrum with exclusive reconstruction:

Replace C(t)→ C(t)−
∑N

n |cn|2e−Ent

=⇒ Long distance convergence now ∝ e−EN+1t

=⇒ Smaller overall contribution from neglected states

Add back contribution from reconstruction after bounding correlator
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Improved Bounding Method
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PRELIMINARY

No bounding method: aHVP
µ = 577(31)× 10−10

Bounding method tmax = 2.3 fm, no improvement: aHVP
µ = 564.0(9.1)× 10−10

Bounding method tmax = 1.7 fm, 1 state improvement: aHVP
µ = 561.5(4.5)× 10−10

Bounding method tmax = 1.6 fm, 2 state improvement: aHVP
µ = 559.5(3.8)× 10−10

Very large lattice spacing: a−1 = 1.015 GeV, finite volume effects
Could expect 10− 20% systematic errors on HVP
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Finite Volume Correction
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Brief aside: LQCD Two-Particle States and Resonances
For solo stable particles, interpretation of spectrum is clean =⇒ Emeasured = Estate

Multiparticle states and unstable states are not so straightforward:
I Two particles confined to box cannot be isolated =⇒ no asymptotic states
I Need to enforce energy/momentum conservation with discretized momenta
I Avoided level crossings =⇒ E eigenstates are superposition of N-particle states

Argument can be turned on its head:
finite volume corrections give access to scattering phase shifts on the lattice

Luscher, Nuc.Phys.B 364, p237.

Mρ

Mπ
= 2.2

Mρ

Mπ
= 3.0 ρ Stable

ρ Unstable
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Finite Volume Corrections on the Lattice
To have a complete error budget, need to extrapolate aHVP

µ to infinite volume limit

In recent RBC/UKQCD publication [Blum et al., (2018)],
FV shift unknown but estimated

With improved precision from exclusive study, FV shift can be measured directly
=⇒ First time this shift resolved from zero at physical Mπ!
=⇒ Previous bound by [E. Shintani 2018]

Check direct computation with Gounaris-Sakurai-Luscher (GSL) procedure,
first introduced by Mainz [Phys.Rev. D88 (2013)]:
I Gounaris-Sakurai parametrization of pion timelike form factor Fπ(s)

[Phys.Rev.Lett. 21, 244]
I Luscher prediction of FV corrections to scattering state masses on lattice

[Nucl.Phys.B 354]
Proceeds as follows:

I Use FV spectrum and overlaps to predict 2π scattering phase shift
I Phase shift used to determine mρ and Γρ
I Rho mass and width are only two inputs to GS, Fπ(s)
I Invert procedure on different lattice volume, extract FV spectrum and overlaps

This procedure used to infer FV correction on different ensembles!
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First constrain the p-wave phase shift from our L = 6.22 fm
physical pion mass lattice:
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Gounaris-Sakurai Phase-Shift Parametrization
32ID lattice data (6.2fm box at phys. pion mass)
24ID lattice data (4.7fm box at phys. pion mass)

Eρ = 0.766(21) GeV (PDG 0.77549(34) GeV)
Γρ = 0.139(18) GeV (PDG 0.1462(7) GeV)
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Predicts |Fπ(s)|2:
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We can then also predict matrix elements and energies for our
other lattices; successfully checked!

19 / 24[C. Lehner; Lattice 2018]
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Finite Volume Shift Summary

Can compare FV shift predictions from various techniques

aHVP
µ (L = 6.22 fm)− aHVP

µ (L = 4.66 fm) =

{
12.2× 10−10 sQED

21.6(6.3)× 10−10 LQCD
20(3)× 10−10 GSL

Using GSL, can compare to data in [Blum et al., (2018)]
=⇒ computed FV correction:

aHVP
µ (L =∞)− aHVP

µ (L = 5.47 fm) = 22(1)× 10−10

=⇒ agreement with FV spectrum & overlaps

Good agreement with GSL in range of energies probed by LQCD
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Summary & Conclusions
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Summary

Large program of calculations for controlling all systematics:
I Calculations at physical Mπ with QED+QCD and physical light quark masses
I Results for both pure lattice QCD and combined lattice+R-ratio
I Work being done to reconcile τ prediction of aµ with traditional methods
I Multiple ensembles with different lattice spacings, control of continuum limit
I Dedicated study of long-distance contribution to reduce statistical error
I First time first principles QED finite volume correction resolved from zero,

cross checked against sQED, GSL
I Possible next year that pure lattice could distinguish between

“no new physics” and “R-ratio” scenarios
Full control of all systematic errors

Expect an updated calculation in the next few months!

Lattice QCD calculation alone expected to achieve precision at level of R-ratio by 2020

Thank you for your attention!
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